
436 Probleme propuse

PROBLEMS FOR COMPETITIONS AND OLYMPIADS

Junior Level

C.O:5043. Show that the number 10012 + 10022 + . . . + 20092 is divisible
by 35.

Gh. Achim, Mizil, Prahova

C.O:5044. Consider the triangle ABC with A = 90◦ and C = 30◦. Let

D ∈ (BC), P ∈ (AB), such that
BD

DC
=

1

3
,

AP

PB
=

3

2
and let E be the foot of the

bisector of the angle B. Show that the lines CP , AD, BE are concurrent.
Marian Teler, Costeşti, Argeş

C.O:5045. Find all non-negative integers m, n so that:

5n2 + 7n + 8 =
(
m2 + m

)
(2n + 1).

Petre Stângescu, Bucharest

C.O:5046. Show that in any triangle ABC the following inequality holds:

b2 + c2

ma

+
c2 + a2

mb

+
a2 + b2

mc

≤ 12R.

Gh. Szöllösy, Sighetu Marmaţiei

C.O:5047. Consider a ∈ N∗. Prove that the fraction
a6n+2 + a3n+1 + 1

a6n+4 + a3n+2 + 1
reduces by a2 + a + 1.

Ioan Ucu Crişan, Arad

C.O:5048. Let a, b ∈ R∗ and x, y ≥ 0. Prove that:

2
(
a2y + b2x

)

ab(a + b)2
≤ 1

2

( x

a2
+

y

b2

)
≤ x + y

(a + b)2
+

a4y + b4x

a2b2(a + b)2
.

Ovidiu Pop, Satu Mare

C.O:5049. Find all non-negative integers n such that 2n + 1 divides

nn+3 · 2n + 4n2 + 5n + 8.

Petre Stângescu, Bucharest

C.O:5050. Consider a, b, c > 0 with a + b + c = 1. Show that:

1

a + b
+

1

b + c
+

1

c + a
+ 3(ab + bc + ca) ≥ 11

2
.

Gh. Ghiţă, Buzău

Senior Level

C.O:5051. Prove that there are infinitely many real numbers x such that{
1

xn

}
= {x}n for all n ∈ N∗.

Francisc Bozgan, student, Bucharest
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C.O:5052. A scalene triangle ABC has the internal bisectors AD, BE and
CF , where D ∈ (BC), E ∈ (CA), F ∈ (AB). The bisector lines of the segments
[AD], [BE] and [CF ] intersect the lines BC, AC and AB at points A′, B′ and C ′

respectively. Prove that the points A′, B′ and C ′ are collinear.
Dan Nedeianu, Drobeta Tr. Severin

C.O:5053. Let m,n ∈ N∗ and consider the complex numbers z1, z2, . . . , zn.
Prove that:

2n (|z1|m + |z2|m + . . . + |zn|m) ≤
∑

|±z1 ± z2 ± . . . ± zn|m ,

for all choises of the signs + and −.
Dan Ştefan Marinescu and Viorel Cornea, Hunedoara

C.O:5054. a) Let p be an integer, p ≥ 2. Show that for any x ∈ (0,∞) and
n ∈ N∗, one has:

[
p
√

[x]

n

]
=

[
p
√

x

n

]
.

b) Let q ∈ (1,∞). Show that there exists n ∈ N∗ and x ∈ (0,∞) such that:

[
[x]q

n

]
6=
[
xq

n

]
.

Paul Georgescu and Gabriel Popa, Iaşi

C.O:5055. Show that for any n ≥ 3 there exists a permutation σ of the set
{1, 2, . . . , n} such that σ(i) + σ(k) 6= 2σ(j), for all i, j, k with 1 ≤ i < j < k ≤ n.

Vasile Pop, Cluj-Napoca

C.O:5056. Let I ⊆ R be an interval and f : I → R a continuous function.
Prove that the following statements are equivalent:

a) ∀n ∈ N∗, ∀x, y ∈ I,|x − y| =
1

n
⇒ |f(x) − f(y)| ≤ |x − y|;

b) |f(x) · f(y)| ≤ |x − y|, ∀x, y ∈ I.

Dan Ştefan Marinescu and Viorel Cornea, Hunedoara

C.O:5057. Let f : [0, 1] → R be a continuous function and consider

s : [0, 1] → [0, 1] defined by s(x) = sup



c ∈ [0, x]

∣∣∣∣

x∫

0

f(t)dt = xf(c)



, ∀x ∈ [0, 1].

a) Show that

x∫

0

f(t)dt = xf (s(x)), ∀x ∈ [0, 1].

b) Prove that s is a non-decreasing function.

Dan Ştefan Marinescu and Viorel Cornea, Hunedoara
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C.O:5058. For an integer n ≥ 2, denote by M2,n ({0, 1}) the set of 2 × n
matrices whose elements belong to {0, 1}. For A ∈ M2,n ({0, 1}) let mA be the
number of nonzero 2 × 2 minors of A. Find

m = max
A∈M2,n({0,1})

mA.

Laura Năstăsescu, Bucharest

Editor’s note. The problems CO:5051-C.O:5057 were on the long list of
the Romanian Mathematical Olympiad, 2009.
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Filialelor S.S.M.R. şi Inspectoratelor Şcolare Judeţene
ı̂n perioada iulie – decembrie 2009

Iulie 2009

25 iunie-4 iulie – Concursul Revistei de matematică a elevilor din Constanţa –
Constanţa, jud. Constanţa
25 iunie-5 iulie – Tabăra de matematică – Dărmăneşti, jud. Bacău
3 iulie – Masa rotundă Matematica ı̂n Europa: tradiţii şi perspective – Universitatea
din Craiova, jud. Dolj
12 iulie – Concursul internaţional M.C.M – Tabăra internaţională Poiana Pinului,
jud. Buzău
15 iulie – Dezbaterea Modalităţi de acţiune pentru ı̂mbunătăţirea rezultatelor ac-
tivităţii de predare-̂ınvăţare a matematicii – C. T. Ioan Ciordaş Beiuş, jud. Bihor
17-25 iulie – Tabăra judeţeană de matematică – Costineşti, jud. Constanţa
17-27 iulie – Tabăra interjudeţeană de matematică – Durău, jud. Neamţ
21-31 iulie – Tabăra de matematică pentru elevii din grupele de excelenţă – Voina,
jud. Argeş
27-31 iulie – Tabăra judeţeană de matematică pentru elevii de gimnaziu – Crivaia,
jud. Caraş Severin
27 iulie-6 august – Şcoala de vară pentru profesorii de matematică – Buşteni, jud.
Prahova
4-5 august – Prima sesiune de vară de comunicări metodico-ştiinţifice a S.S.M.R.
– Buşteni, jud. Prahova
28 iulie – Concursul interjudeţean – Voina, jud. Argeş

August 2009

1-10 august –Tabăra de matematică – Poiana Pinului, jud. Buzău
16-20 august – Concursul Gazetei Matematice Nicolae Teodorescu – Piteşti, jud.
Argeş
21 august-11 septembrie – Concursul interjudeţean Clepsidra-Aniversare Marius
Giurgiu – Tabăra de matematică Voineasa, jud. Vâlcea
23-31 august – Tabăra de matematică Recreaţii matematice – Muncel, jud. Iaşi
24-30 august – Tabăra de matematică – Vatra Dornei, jud. Suceava


