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ANIVERSARI

Profesorul Ioan Tomescu la a 70-a aniversare

La 5 noiembrie 2012 domnul profesor universitar loan Tomescu, mem-
bru corespondent al Academiei Romane, a implinit frumoasa varsta de 70
de ani. La ceas aniversar imi revine onoarea si placerea de a trece in revista
principalele capitole ale unei vieti si cariere de exceptie, aga cum le cunosc in
urma celor aproape patruzeci de ani de colaborare cu dansul.

Toan Tomescu s-a nascut in oragul Ploiesti, judetul Prahova, intr-o fa-
milie de distingi intelectuali.

Universitatea

In perioada 1960-1965 a urmat cursurile Facultatii de Matematica a
Universitatii din Bucuresti, pe care a absolvit-o cu Diploma de Merit susti-
nand lucrarea de licenta cu titlul ,,Analiza si sinteza multipolilor cu contacte“.
In timpul studentiei a obtinut premiul intai si premiul al doilea la Olimpiada
Nationala de Matematica pentru studenti, Bucuresti, 1961 si 1962.

Titlul de doctor l-a obtinut in anul 1971 cu teza ,,Metode combinatorii
In teoria automatelor finite“ sub conducerea academicianului Gr. C. Moisil.
In aceasta teza se propune o metoda matriciala pentru determinarea tuturor
perechilor de stari compatibile ale unei masini secventiale Mealy i se arata ca
minimizarea unei astfel de magini poate fi redusa in anumite cazuri la proble-
ma determinarii partitiei cromatice de cardinal minim a multimii varfurilor
unui graf. In acelasi an, 1971, a obtinut Premiul pentru matematici aplicate la
First Balkan Mathematics Competition for Students and Young Researchers,
Bucuregti. Peste numai patru ani, in 1975, avea sa obtina Premiul Gheorghe
Titeica al Academiei Roméane pentru cartea ,Introducere in combinatorica*,
care a fost tradusa in engleza si maghiara.

Cariera universitara

In cadrul catedrei de Informatic a Universitatii din Bucuresti a parcurs
treptele carierei universitare gi a fost pe rand preparator in perioada 1965—
1968, asistent in perioada 1968-1972, lector in perioada 1972-1990, iar din
1990 a devenit, direct, profesor universitar.
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Sub conducerea sa, 18 matematicieni din tara si din strainatate si-au
sustinut tezele obtinand titlul de doctor in matematica: Eugen Mandrescu,
Virgil Domocos, Laurentiu Modan, Cristina Vertan, Hazim A. Farhan, Petri-
sor Guta, Laura Ciupala, Akhlaqg Ahmad Bhatti, Imran Javaid, Mohammad
Tariq Rahim, Mircea Adam, Syed Ahtsham Ul Haq Bokhary, Gabriela Mi-
hai (Cristea), Ruxandra Marinescu-Ghemeci (Verman), Muhammad Imran,
Salma Kanwal, Sana Javed, Ayesha Riasat.

Activitatea si pozitii ocupate

Incepand cu anul 2005 a fost visiting professor la Abdus Salam School of
Mathematical Sciences — Government College University, Lahore, Pakistan,
unde a primit premiul Best Ph. D. Advisor in anul 2009. De asemenea, a fost
visiting professor la Department of Computer Science — Auckland University,
New Zealand, in anul 1995 gi la Department of Applied Mathematics — The
University of Tirana, Albania, in anul 1974, precum si Visiting Professor
Research Fellow la School of Computing — National University of Singapore,
in anul 2002.

In perioada 1990-2007 a fost seful catedrei de Informatici din Univer-
sitatea din Bucuresti.

Dintre numeroasele pozitii academice ocupate trebuie remarcate acelea
de membru in Comisia Nationala de atestare a titlurilor, diplomelor si grade-
lor universitare a Ministerului Educatiei Nationale, din anul 1996 pana in anul
2006, precum si cea de secretar al Comisiei de stiinte exacte la C.N.E.A.A .|
din anul 1994 pana in anul 2005.

Domnul profesor Ioan Tomescu a fost conducatorul delegatiei Romaniei
la Olimpiada Internationala de Matematica in intervalele de timp 1983—
1986 si 1990-1994, iar in perioada 1990-1994 a fost conducatorul delegatiei
Romaniei la Olimpiada Balcanica de Matematica.

Este referent la un numar impresionant de publicatii si edituri: Revue
Roumaine de Mathématiques Pures et Appliquées, Bulletin Mathématique
de la Société des Sciences Mathématiques de Roumanie, Studii si Cercetari
Matematice (Bucuresti), Analele Universitatii Bucuresti, seria Matematica,
Gazeta Matematica seria A (Bucuresti), Journal of Graph Theory, Discrete
Mathematics, Discrete Applied Mathematics, Random Structures and Algo-
rithms, Communications in Mathematical Chemistry (MATCH), Graphs and
Combinatorics, Discussiones Mathematicae Graph Theory, Journal of Com-
binatorial Theory (A), Australasian Journal of Combinatorics, Electronic
Journal of Combinatorics, International Journal of Mathematical Sciences,
Journal of Applied Mathematics & Computing, Ars Combinatoria, Utilitas
Mathematica, Mathematical Reviews (din 1976), Zentralblatt fir Mathe-
matik (din 1968), la editurile Academiei, Stiintifica, Didactica si Pedagogica,
Tehnica (din 1967).

Este editor gef al revistei Bulletin Matherhatique de la Société des Sci-
ences Mathématiques de Roumanie si membru in comitetele de redactie ale
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unor reviste de prestigiu, cum ar fi Electronic Journal of Graph Theory and
Applications.

In anul 1987 a fost unul dintre organizatorii conferintei Semester of
Combinatorics, Stefan Banach Mathematical Center, Warszaw, Poland.

Cursuri predate

La Facultatea de Matematica din Universitatea din Bucuresti a pre-
dat cursurile: ,,Structuri de date*, ,Introducere in programare®, ,,Algoritmi
numerici si nenumerici®, ,,Programare liniara*“, ,,Metode numerice in infor-
matica“, ,,Combinatorica si teoria grafurilor“, ,, Teoria grafurilor si aplicatii®,
,» Tehnici de optimizare combinatoriala“ si ,, Teoria automatelor “.

A mai predat de asemenea cursurile ,,Numerical and Nonnumerical Pro-
gramming Techniques® si ,,Graphs and Operations Research® (International
Graduate UNESCO Courses, 1978-1982), ,Data Structures® (Department
of Computer Science, Auckland University, New Zealand, 1995), ,Sorting
and Searching“ si ,,Applications of Graph Theory to Operations Research“
(Department of Applied Mathematics, The University of Tirana, Albania,
1974).

Opera

De-a lungul unei prolifice cariere de cercetator, neintrerupta pana astazi,
domnul profesor loan Tomescu a obtinut importante rezultate in teoria cir-
cuitelor combinationale, teoria extremala a grafurilor (in special in probleme
privind colorarea varfurilor unui graf si polinoame cromatice), hypergrafuri si
conexiunea lor cu inegalitati de tip Bonferroni, probleme Hamiltoniene pen-
tru anumite clase de grafuri, aplicatii ale grafurilor in chimie, combinatorica
cuvintelor, teoria metrica a grafurilor.

In ultima perioada, activitatea stiintifica a domnului profesor loan
Tomescu s-a desfagurat in urmatoarele directii: Teoria cromatica a hiper-
grafurilor; Dimensiunea metrica si dimensiunea partitie a grafurilor; Indicele
distanta grad si indicele Randi¢ ale unui graf; Proprietati asimptotice ale
factorilor cuvintelor peste un alfabet dat; Teorie Ramsey pentru perechi de
grafuri particulare; Proprietati asimptotice ale grafurilor si hipergrafurilor
relative la un diametru dat.

Este autorul a peste 155 lucrari stiintifice publicate in reviste de specia-
litate — printre cele mai bine cotate din lume, a prezentat 9 lucrari in volume
ale unor conferinte sau colectii, a publicat 4 cursuri si manuale universitare,
11 carti, o monografie si 29 de alte articole — multe din acestea inregistrand
numeroase citari. A sustinut 17 expuneri la conferinte si 12 conferinte la
universitati.

In anul 2009 a fost ales membru al International Academy of Mathe-
matical Chemistry.

De asemenea, din anul 2008 este presedinte de onoare al Societatii de
Stiinte Matematice din Romaénia.
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In anul 2000, domnul profesor Joan Tomescu a fost ales membru cores-
pondent al Academiei Roméane.

Personalitate senina si luminoasa, innobilata de naturalete, modestie,
sobrietate gi caracter, domnul profesor loan Tomescu este creatorul unei
opere matematice greu de cuprins pentru a fi descrisa in cateva randuri,
o opera in realizarea careia adancimea adevarului matematic descoperit si
estetica in care acesta este prezentat au dat intotdeauna aleasa marca a
cercetatorului.

Domnule profesor loan Tomescu, va urez cu aceastd ocazie sanitate
§i succes In aventura cercetarii matematice cu care v-ati identificat intreaga
viata, devenind astfel un minunat exemplu pentru noi toti. La Multi Ani !

Conferentiar doctor Dragog-Radu Popescu

ARTICOLE

Variatiuni pe o problema de olimpiada
Mina1 CrpuY)

Se dedica unwi mare problemist,
Profesorul Toan Tomescu

Abstract. After studying by elementary techniques the integers repre-
sentable as %, we shall consider the same problem from a different

viewpoint. In the second part of the paper we shall study the integers ¢
2+b2+ 2

liab+bcica :

Keywords: generalized Pell equations; inhomogeneous ternary quadrics;

quadratic reciprocity
MSC : Primary: 11D09; Secondary: 11D72; 11Y50

for which there exist integers a, b, ¢ such that ¢ =

1. PROBLEMA

La cea de a 29-a olimpiada internationala de matematica, desfagurata
in 1988 in Australia, concurentii au avut de rezolvat urméatoarea problema:

P6. Daca a, b si q = ‘fbibf sunt intregi pozitivi, q este patrat perfect.

Problema, propusa din partea R.F.G. de catre Stephan Beck, are o is-
torie deosebit de interesanta, relatata cu nume si date precise de A. Engel [4].
Potrivit acestuia, niciunul dintre cei sase problemisti faimosi insarcinati cu
selectarea problemelor pentru olimpiada nu a reusit sa o rezolve, asa ca au
apelat la patru renumiti specialigti in teoria numerelor din Australia. Nici
acegtia nu au produs o solutie completa in sase ore (ceea ce reprezintd un

Dinstitutul de Matematicd ,Simion Stoilow* al Academiei Romane, Unitatea de cerce-
tare nr. 5, C. P. 1-764, 014700 Bucuresti, Mihai.Cipu@imar.ro
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interval de timp mult mai mare decat cel la dispozitia concurentilor, care
au de rezolvat trei probleme in patru ore si jumatate). Cu toate acestea,
comisia de selectie a plasat problema pe lista scurta supusa votului juriului,
notand-o cu doud stelute, iInsemnul rezervat problemelor extrem de dificile,
putin probabil a fi date elevilor. Totusi, dupa dezbateri indelungate, juriul a
hotarat a o selecta ca ultima problema din concurs.

Dupa aceasta decizie curajoasa, istoria problemei intra in domeniul pu-
blic. Dintre cei 268 de participanti la OIM, 11 au gasit solutii perfecte. Pentru
aceasta performanta, dar mai ales pentru cele ulterioare, acesti ,,recordmeni “
merita a fi nominalizati. Doi dintre ei sunt din Bulgaria: Emanouil Atanassov
(devenit cercetator in informatica la Institutul pentru Calcul Paralel al Aca-
demiei Bulgare de Stiinte) si Zvezdelina Stankova (din acest an profesor vi-
zitator la University of California din Berkeley); alti doi elevi au reprezen-
tat R.P. Chineza: Hongyu He (acum profesor la Louisiana State University,
Baton Rouge, S.U.A.) si Xi Chen (University of Alberta, Canada); echipa
Romaniei a avut si ea doi membri cu punctaj perfect in concurs: Nicugor
Dan (cercetator la IMAR) si Adrian Vasiu (profesor la Binghamton Uni-
versity, State University of New York); iar din U.R.S.S., Nicolai Filonov
(actualmente cercetator la Institutul de Matematica Steklov al Academiei
Ruse de Stiinte si conferentiar la Facultatea de Fizicd a Universitatii de
stat din St. Petersburg) si Sergei Ivanov (exista doi omonimi: unul la St.
Petersburg, cercetator la Institutul de Matematica Steklov, celalalt profesor
la University of Illinois din Urbana-Champaign, S.U.A.). Au mai obtinut 7
puncte la problema a sasea cate un elev din Austria, anume Wolfgang Stocher
(matematician si programator la firma SKF Osterreich AG, Austria), Canada
— Ravi Vakil (profesor preferat al studentilor de la Stanford University) si
R.P.D. Vietnam — Ng6 Bao Chau (acesta, dupa studii la Ecole Normale
Supérieure din Paris, a demonstrat complet ,lema fundamentala“ pe care se
bazeaza programul lui Langlands, astfel ca in 2010 a obtinut Premiul Fields si
un post de profesor la Universitatea din Chicago). S-a mai notat cu 6 puncte
lucrarea lui Mouaniss Belrhiti Alaoui, care a reprezentat Regatul Maroc, dar
care a studiat la Ecole Polytechnique, acum ocupandu-se, in calitate de ad-
ministrator principal de portofoliu la Agentia de Investitii a Emiratului Abu
Dhabi, de sporirea valorii petrodolarilor. Aproape de solutia completa a fost
si Julien Cassaigne (Franta), notat cu 5, actualmente cercetator la Institutul
de Matematica de la Luminy. Cu exceptia unei note de 4, obtinuta de John
Woo (S.U.A.), care n-a mentinut contactul nici cu matematica, nici cu vre-
unul din domeniile cu vizibilitate pe internet, lucrarile celorlalti concurenti
contineau mai putin de jumatate din rezolvarea completa. Sa mentionam
ca printre cei ce au obtinut un singur punct se afla gi un elev din Australia
ce tocmai Tmplinise 13 ani in timpul competitiei si care rezolvase perfect
cele cinci probleme precedente din concurs — Terence Tao, gi el laureat al
Premiului Fields (in 2006, insa) si acum profesor la UCLA.
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Problema a gasea din 1988 a avut multa vreme reputatia de cea mai
dificila chestiune data la OIM, cu media punctajelor pentru cei 268 de partici-
panti de 0,634, 11 rezolvari perfecte si 189 note de 0. Intre timp, insa, a
pierdut acest titlu: problema a treia din 2007 are media 0,304, fiind rezolvata
in concurs de doar doi elevi (Caili Shen din R.P. Chineza si Mladen Radojevié
din Serbia), iar media pentru ultima problema din aceeasi editie este de
doar 0,152, in conditiile in care a fost rezolvata complet de 5 din cei 520
competitori, iar 473 de lucrari au fost notate cu 0.

2. SOLUTIA

In aceasti sectiune este prezentata rezolvarea problemei P6 si a catorva
altora, strans inrudite.

Sunt posibile mai multe abordari. Doua dintre ele invoca principiul
extremal si cel al coborarii infinite. Desigur, o solutie completa contine o serie
de alte detalii, a caror combinare nu este lipsita de rafinament si atractivitate,
asa cum ne vom convinge imediat mai jos. Pornind de la astfel de solutii,
problema initiala poate fi prezentata intr-o multitudine de moduri, limbaje,
parafrazari aparent departate de contextul initial. De pilda, cei cu preferinte
pentru geometrie vor fi poate mai atrasi de un enunt, de tipul Ardtati ca pentru
q numar natural, existd un punct cu ambele coordonate intregi pozitive situat
pe cuadrica x? + y? — qry — q = 0 dacd si numai dacd q este patrat perfect.

Fiecare solutie are propriile avantaje in comparatie cu celelate, furni-
zand informatii suplimentare despre obiectele studiate. Dupa ce in Subsec-
tiunea 2.1 vom determina toate numerele ¢ cu proprietatile cerute in P6,
vom reusi acelagi lucru si pentru numerele a, b. In Subsectiunea 2.3 vom
examina modificarile induse in structura solutiilor prin renuntarea la conditia
ca Intregii sa fie pozitivi. In finalul acestei sectiuni indicam un punct de
vedere superior din care poate fi abordata P6 si o parte din conexiunile sale
cu chestiuni de teoria aproximarii numerelor algebrice.

2.1. Alta ipoteza, aceeasi concluzie. O extindere efectiva a problemei de
concurs a fost gasita de Shaidesh Shirali (profesor la un liceu din India) [8]:

P1. Daca a, b si ¢ sunt intregi strict pozitivi astfel ca
1 §a2+b2—abc§c+1,

atunci a® + b®> — abc este patrat perfect.

O problema asemanatoare (in care marginea c¢ + 1 din inegalitate este
inlocuita prin ¢) a fost publicata sub numarul 1240 in revista canadiana Cruz
Mathematicorum.

Autorul incepe rezolvarea problemei P1 cu examinarea cazurilor in care
c este mic. Notam

d = a* + b* — abe. (1)
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Daca ¢ = 1, atunci d < 2. Se observa ca pentru d = 1 problema este
rezolvata, iar d = 2 nu este posibil din motive de paritate. Daca ¢ = 2, clar
d = (a — b)?. In continuare se considers ¢ > 3.

Sa presupunem ca d dat de relatia (1) nu este patrat perfect, de unde se
deduce ca d > 2. Pentru c i d fixate, vom considera toate perechile (u,v) de
numere naturale strict pozitive supuse restrictiei d = u?+v? — cuv. Ordonim
astfel de perechi dupa valoarea luata de suma componentelor. Observam ca
pentru indiferent care pereche (u,v) cu toate proprietitile enuntate avem
u # v (in caz contrar, egalitatea u?(2 — ¢) = d nu poate avea loc intrucat
membrul stang este strict negativ, In vreme ce membrul drept este pozi-
tiv). Pentru a face o alegere, consideram ca u > v. Este clar ca (up,v), cu
uj = cv — u, este o pereche de numere intregi ce verifica d = u? + v? — cujv.
Conditia ca d sa nu fie patrat perfect impreuna cu egalitatea data de relatiile
lui Viete uu; = v? — d asigurd ci u; este nenul. Admitand cd ar fi strict
negativ, s-ar obtine d = u? — cujv + v? > 1+ cv + v? > ¢ + 1, contradictie.
Prin urmare, u; > 1. In acest moment conchidem ci (u1,v) face parte din
multimea de perechi considerata mai sus. In plus, din alegerea u > v rezulta

vP—d wu?—d

Uy = < <u,
u u

astfel cd u; + v < u + v. Iterdnd, ajungem la concluzia cd exista un gir
infinit strict descrescator de numere naturale. Contradictia provine din pre-
supunerea ca d nu ar fi patrat perfect.

Exemplul @ = 1, b = 2, ¢ = 1, pentru care a® + b?> — abc = 3 = ¢ + 2,
arata ca, inlocuind valoarea c+1 cu una mai mare, nu putem obtine concluzia
din problema P1 fara a impune ipoteze suplimentare.

2.2. Informatii suplimentare. In acest moment, problema P6 este rezol-
vata. Privind cu luare aminte rationamentul din subsectiunea precedenta, se
constata ca el furnizeaza suficiente informatii suplimentare despre tripletele
de numere naturale (a, b, q) pentru a le putea determina complet.

Ideea esentiala a solutiei date problemei P6 este construirea unui sir de
numere naturale a > a1 > --- > ap_1 > ap = 0 astfel ca

a%—l—a%ﬂ o a%—i—aQ 7a2—|—b2
a;ai+1 + 1 _q_aa1—|—1 ab+1

pentru:=1,2,... k—1.

La incheierea procesului, atunci cand a; = 0, se obtine ¢ = aiq'

Campbell [2] interpreteaza aceasta egalitate un pic diferit decat ar fi de
asteptat, anume g = (c.m.m.d.c.(ak,l,ak))Q. Intrucat ai+1 = qa; — a;—1, O
inductie simpla ce foloseste relatia c.m.m.d.c.(a;—1, a;) = cm.m.d.c.(a;y1, a;)
conduce la concluzia ci avem totdeauna ¢ = (c.m.m.d.c.(a,b))".

Dacé numerele naturale a, b, ¢ verifici ¢ = t? = ‘fbibf, rationamentul
din Subsectiunea 2.1 asigura ca a si b sunt termeni succesivi ai girului recurent
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liniar o341 = t2xx — 23— (k > 1) cu termenii initiali o = 0, 21 = ¢. Acest
rezultat apare in multe locuri, printre care [1] si [6].

2.3. Valori negative. Acum, cia avem o solutie pentru problema initiala,
putem sa consideram variatiuni ale sale. O prima tentatie ar fi s& renuntam
la cerinta ca toate numerele sa fie naturale. Este simplu de vazut ca o situatie
nous apare efectiv doar cand ab < 0. In aceste conditii parafrazim P6 astfel:

a’+b?
ab—1 "

P2. Gasiti numerele intregi strict pozitive a, b, ¢ pentru care ¢ =

Aceasta problema a constituit obiectul mai multor discutii In forumuri
de pe internet si apare si in [6].

Trangam rapid chestiunea pentru valori mici.

Daca b = 1, conditia este ca a — 1 sa dividd a® + 1 = a? — 1+ 2, ceea ce
are loc doar pentru a = 2 sau a = 3. In ambele cazuri, rezultd ¢ = 5. Daci
min{a,b} > 2, cu inegalitatea mediilor se deduce ¢ > 3, iar din faptul ca 2
nu are divizori pozitivi de forma a? — 1 rezulta a # b.

Pentru b si ¢ fixate, ecuatia 22 — bex 4+ b? + ¢ = 0 are, in afard de a, o
radicind a; = be — a, care este Intreagd, strict pozitiva (cici aa; = b? + ¢) si
mai mica decat b daca a > bc — a. intr—adevér,

be — \/b?(c? —4) — 4c

a; = 5 <be=c<b(c—2).

Ultima inegalitate este consecinta imediata pentru b > 2, ¢ > 3.
Daca a1 > 2, rationamentul poate fi reluat cu aq in loc de a si se gaseste

o . aZ4b? w o

un numar natural as > 1 astfel ca a; > ag si aibfl = ¢. Dupa un numar
. . . . 2 < <

finit de pasi se ajunge la relatia % = ¢, care am vazut ca nu poate avea

loc decat pentru ¢ = 5.

Ca i in Subsectiunea 2.2, se constata ca multimea solutiilor proble-
mei P2 poate fi descrisa complet: invariabil ¢ = 5, iar a si b sunt termeni suc-
cesivi in unul din sirurile date de relatia de recurenta liniara yx4+1 = 5yr —yr—1
(k > 1) cu termenii initiali yo = 1, y1 € {2, 3} (vezi, de pilda, [6]).

2.4. Un punct de vedere erudit. In esenta, rezolvarea problemelor P6
si P2 depinde de capacitatea noastra de a rezolva in numere intregi ecuatia
a®? +b? — gab— ¢ = 0. Dup# inmultirea cu 4 si completarea patratului, devine
evident ca avem de-a face cu o ecuatie Pell generalizata
2 —(¢® —4)y* = 4q. (2)
Pentru aceasta clasa de ecuatii diofantice s-a pus la punct o teorie bine
articulata si algoritmi eficienti de rezolvare (prezentati cu lux de amanunte
in [5]). Se stie, de pilda, ca toate solutiile Intregi pentru ecuatia (2) se obtin
combinand, intr-un mod simplu si descris precis, un numar finit de solutii
fundamentale ale acesteia cu solutia minimald pentru ecuatia Pell atagata
(in care membrul drept este 1). Solutia minimald pentru o ecuatie Pell de
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forma X2 —DY? = 1 se obtine din dezvoltarea in fractii continue a numérului
irational v/D. Acelasi lucru este valabil pentru ecuatia Pell generalizati
X2 - DY? =(C daci 1 < C < v/D. Aceste rezultate decurg dintr-o teorems,
a lui Legendre potrivit cdreia daca % este o fractie pozitiva ireductibila si «
este un numar irational astfel incat ]a - <
a dezvoltarii in fractii continue pentru o.

Este de asemenea binecunoscut un mod alternativ de prezentare a solu-
tiilor unei ecuatii Pell generalizate, si anume, ca termeni ai unor siruri liniar
recurente de ordinul doi. Pana acum am folosit de fapt aceasta reprezentare.
Pentru completitudine, citam din [7] o reformulare a teoremei din Subsecti-
unea 2.2 in contextul schitat aici:

252’ atunm L este o convergenta

Teorema 1. Toate tripletele de numere naturale (a,b,q) astfel ca a < b gi
2 2
9= aabibl

. (ty, t:v-l—t Y 42), cua? — (' — 4)y* =4 it impar, sau
° (ty,tx + 7,752), cux? — (4t* — 1)y? =1 si t par.

sunt de forma

Rezolvarea pentru problema P6 prezentata anterior se bazeaza pe prin-
cipii frecvent folosite iIn matematica elementara gi nu invoca rezultate din teo-
ria ecuatiilor Pell. Incercand s& rezolve direct ecuatia (2), autorii lucrarii [7]
constata cd abordarea ce utilizeaza dezvoltarea in fractii continue egueaza
din cauza lipsei unui analog pentru teorema lui Legendre, astfel ca purced
sa demonstreze o generalizare a sa, in care membrul drept sa fie 512 in loc de
ﬁ. Aceasta modificare a ipotezei induce o schimbare dramatica a concluziei,
aparand trei cazuri in plus fata de ceea ce a gasit Legendre. Cele mai generale
rezultate de acest tip apar in [3] si permit, de exemplu, demonstrarea unor
rezultate de urmatoarea factura:

Teorema 2. Fie k un intreg impar supmunitar Dacd t este un numar
natural nenul mai mic decat 2v'k% — 4 si ecuatia x* — (k* — 4)y? = 4t are
solutii in intregi strict pozitivi coprimi, atunci fiet =1, fiet =k + 2.

3. O ALTA PROBLEMA

Variatiunile pe o tema data sunt mai totdeauna posibile. De pilda, in [6]
este propus urmatorul analog al problemelor discutate anterior:
2,12, .2
. . 3y a+b°+c
P3. Gasiti toti intregii a, b, ¢ pentru care q = este
o tot g a9, ep 1= T ab+ be+ca

intreg.

Autorii se marginesc sa formuleze sapte intrebari, prima dintre ele fi-
ind ,,Ce proprietati ale solutiilor problemei P3 putem descoperi examinand
solutiile gasite cu calculatorul?” Probabil cd imaginea rezultata din experi-
mentele lor este deconcertanta, prea aproape de haos, mult prea complicata
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pentru a sugera raspunsuri imediate sau conjecturi cat de cat plauzibile.
Cresterea complexitatii era de asteptat, dat fiind faptul ca pentru fiecare ¢
nu mai avem de a face cu curbe, ci cu suprafete.

In aceast’ sectiune vom studia multimea

a? + b+ ¢
= {(a,b Zt : q=
Q = {(a,b,c,q) € 1= T ab+ be+ ca

}

si fibrele sale
Qq = {(a,b,¢) € Z* : (a,b,¢,q) € Q} (g € Z).

Sa notam ca orice multime nevida ), va contine, impreuna cu un triplet
(a,b,c), opusul sau —(a, b, c) = (—a, —b, —c) si orice permutare o(a, b, c) a sa.
Iata primele informatii despre solutiile problemei P3.

Propozitia 3. Pentru (a,b,c,q) € Q, urmatoarele proprietati sunt indepli-
nite:

a) cel putin unul dintre numerele a, b, ¢ este par;

b) (c.m.m.d.c.(a, b, c))2 divide q;

¢) q este multiplu de 4 daca si numai dacd c.m.m.d.c.(a,b,c) este par.

Demonstratie. a) Atunci cand abc este impar, numaratorul fractiei ce
da q este impar, in vreme ce numitorul sau este par, prin urmare se contrazice
cerinta ca ¢ sa fie intreg.

b) Patratul acestui c.m.m.d.c. divide numaratorul si este coprim cu
numitorul, astfel ca fractia nu se poate simplifica cu niciun divizor al sau.

c¢) Rezulta din partea b) si dintr-un rationament simplu si scurt modulo
8.

O

Intrucat P3 se specializeaza la P6, din cele prezentate in Sectiunea 2
rezulta ca multimea Q2 este infinita pentru orice intreg k si elementele sale
sunt date de recurente liniare.

Teorema 4. Pentru orice intreg k, multimea Q2 contine toate tripletele
(a,b,c) constind din trei termeni cu indici consecutivi din sirul dat de relafia
de recurenta liniara

Tntg = k:2(acn+2 +Zpt1) —xn (MEZ)
si conditia initiala (vo,x1,x2) = 0(0,0,%k).
In fapt, un rezultat asemanator este valabil in conditii mai generale.

Teorema 5. Fie q un intreg pentru care mulfimea @, este nevida si fie
(ap,bo,co) € Qq. Atunci Qg contine toate tripletele (a,b,c) constand din trei
terment cu indici consecutivi din sirul dat de relatia de recurenia liniara

Yn+3 = q(Yn+2 + Yn+1) —Yn  (n € Z)
si conditia initiald (yo, y1,y2) = o(ao, bo, co).
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Aceste rezultate raspund altor intrebari din [6]: ,Exista relatii de recu-
rentd intre solutii?”, ,Exista forma explicita pentru solutii?”, ,Multimea
solutiilor este bine ordonata sau apare o structurd de ordine mai compli-
cata?’. De pilda, in Q4 se gasesc tripletele formate din termeni cu indici
consecutivi ai sirurilor

Tn:  ...,—190,-40,-8,—2,0,0,2,8,40,190,912,4368, ...,
zl ...,720,152,30,8,0,2,0,8, 30, 152, 720, 3458, . . . .

n

(Termenul de indice nul al fiecarui sir este scris cu caractere ingrosate.)

Ambele giruri sunt generate de relatia de recurentd liniara
an+3 = 4(ant2 + any1) — an (n € Z) folosind conditia initiala zo = x; = 0,
xg = 2 gi respectiv z(, = 2, = 0, ) = 2. Ecuatia caracteristica relevanta pen-
tru aceasta discutie are radacinile —1, a = ‘r’*—gﬁ, «@
pentru orice n € Z avem

(V21 —3)a" — (v21 + 3)@" + 6(—1)"
Tn = )
21
, 2ot 42Tl —10(—-1)"
x, = .
7
Sirul diferenta y, = x, — x], are toti termenii de indice cel putin 4 strict
pozitivi, in vreme ce toti termenii de indice negativ sunt negativi. Din aceasta
analiza se conchide, de exemplu, ca tripletul (8,30,152) din Q4 nu poate fi
gasit in sirul (z,,)nez.

Este clar ca descrierea pentru @), indicata in Teorema 5 este ineficienta,
existdnd multa redundanta. Ea ar putea deveni eficienta in masura in care ar
fi descoperit un criteriu simplu de a decide daca doua astfel de giruri au sau
nu termeni comuni. Primii pagi in aceasta directie de cercetare sunt continuti
in rezultatul urmator, care clarifica situatia pentru valori mici ale lui q.

= 5,T V21 Prin urmare,

Propozitia 6. a) Q_; este vida.

b) Qo = {(07070)}
c) Q1 ={xo(a,a,a+1) : a€Z}.

Demonstratie. a) Presupunand contrariul, se ajunge la concluzia ca trei
numere pozitive (2a + b+ ¢)?, 3b% + 2bc + 3c?, 4 au suma nula.
c) Pentru (a, b, c) € Q1 arbitrar se obtine ecuatia

a? —ab+c)+b* —bc+c* —1=0,
al carei discriminant (b+ c)? —4(b> —bc+c? — 1) = 4 — 3(b — ¢)? este pitrat
perfect. Rezulta fie b = ¢, fie ¢ = b+ 1, deci ecuatia devine (a — b)? = 1 si
respectiv a? —a(2b+ 1) +b(b+ 1) = 0, avand radacinile a = b=+ 1 si respectiv
a=bsaua=>b=x1. g

In continuare vom presupune |¢q| > 2 si vom da conditii necesare pentru
ca un astfel de intreg ¢ sa fie reprezentabil ca in P3.
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Teorema 7. Dacad |q| > 2 si Qg # 0, atunci:
a) g # 2 (mod 4),

b) ¢ + 2 nu are divizori pozitivi congruenti cu 5 sau 7 modulo 8.

Demonstratie. a) Conform Propozitiei 3 a), cel mult doi dintre intregii
a, b, ¢ sunt impari. Daca toti ar fi pari, atunci g ar fi multiplu de 4 in virtutea
Propozitiei 3. Daca unul singur este impar, numaratorul va fi impar, la fel si
g. In situatia In care a si b, sa zicem, ar fi impari, numaratorul ar fi congruent
cu 2 modulo 4, iar numitorul ar fi evident par, astfel ca fractia ce da ¢ s-ar
simplifica prin 2, rezultand ¢ impar.

b) Ecuatia a? — qa(b + ¢) + b* + ¢ — gbc — ¢ = 0 de gradul doi in a are
radacinile intregi. Prin urmare, discriminantul sau

(* —4)(0* + ) + 2¢(q + 2)be + 4q

trebuie sa fie patrat perfect. Acest patrat este congruent cu —8 modulo orice
divizor impar p al lui g+ 2. Altfel spus, —2 trebuie sa fie rest patratic modulo
p, ceea ce se petrece doar pentru numerele pozitive p = 1 sau 3 (mod 8). O

In ciuda simplitatii, aceste conditii necesare pentru a avea (), nevida
sunt foarte eficiente. De pilda, dintre primele 100 de numere naturale strict
pozitive, 10 sunt patrate perfecte, 25 sunt pare, dar nu divizibile prin 4, iar
pentru alte 46 exista cel putin un divizor al lui ¢+ 2 care este congruent cu 5
sau 7 modulo 8. Astfel, pentru 81 de intregi ¢, 1 < ¢ < 100, am putut decide
daca este sau nu reprezentabil ca in P3.

Cu ajutorul calculatorului au fost gasite reprezentari in care intervin
intregi 1 < a < b <1000 si —2000 < ¢ < 4000 pentru inca alte 17 numere ¢
din intervalul indicat, ramanand incert statutul a doar doua valori: ¢ = 32 si
57. Pentru simetricul fata de origine [—100, —1], situatia se prezinta astfel:
25 de numere sunt congruente cu 2 modulo 4, 43 sunt eliminate cu ajutorul
criteriului din partea b) a teoremei precedente, —5 este reprezentabil (a se
vedea Subsectiunea 2.3), in vreme ce —1 nu este (cf. Proporzitia 6), iar pentru
alte 28 de numere reprezentarile dorite au fost gasite cu ajutorul calculatoru-
lui. Ramane cititorului curios placerea de a decide daca —20 gi —84 apar sau
nu pe lista numerelor negative reprezentabile ca in problema P3.

In general, pentru orice x > 0, folosind Teoremele 4 si 7 se stabilegte
dacd multimea @, este sau nu vida pentru mai mult de /z+ % dintre intregii
pozitivi ¢ care nu depasesc x.

Criteriile din Teorema 7 permit s& raspundem si altor intrebari referi-
toare la multimea

M={qeZ : Q4 #0}.

Avand in vedere P6, este clar cd multimea numerelor pozitive care

. . 2432 PR . o
admit o reprezentare de tipul aabibl este inchisa la inmultire. M nu are insa

aceasta proprietate: de pilda, 4, ca orice patrat perfect, apartine multimii
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M, la fel §i 7 (caci (2,3,36) € Q7), dar 28 € M pentru ca 30 este divizibil
cu 5.

Rezultatul urmator ilustreaza ideea ca in contextul actual existd un
analog pentru Teorema 1.

Teorema 8.
Qi = {£0(2u,2v — 4u, 4v — 4u + 2w) : u,v,w € Z §i Wu*— 30°+ w?=1}.

Demonstratie. O incluziune fiind ugor de verificat, vom arata doar ca
orice triplet (a,b,c) din Q4 are o reprezentare ca in enuntul teoremei.

Conform Propozitiei 3, exista intregi u, d, e astfel ca a = 2u, b = 2d,
c=2esie?—de(d+u)+d®+u?—4du — 1 = 0. Prin urmare, pentru un
intreg convenabil w avem

4(d +u)? — d? —u? + 4du + 1 = 3(d* + u® + 4du) + 1 = w?

si e = 2(d + u) + w. Similar, trebuie ca 36u? — 3(3u? + 1 — w?) s fie patrat
perfect, ceea ce inseamna ca exista un intreg v pentru care sa aiba loc relatiile
d=v—2usi 9u?+w?—1=32
O
Pentru a raspunde inca unei intrebari formulate in [6], construim familii
infinite de Intregi negativi ¢ care admit reprezentarea ceruta in P3.

Teorema 9. Pentru orice intreg m avem
(2m +2,—2m, 2m? + 2m — 1, —4m* — 8m*® — 8m? — 4m - 5) € Q,
(m+1,—m,m2+m—2,—m4—2m3+m2+2m—5) € Q.

Demonstratie. Cautam intregi a, b, ¢ pentru care ab + bc + ca = —2.
Aceasta egalitate are loc daca si numai daca ¢ = _(3):112' Alegem mai intai a

si b astfel ca suma lor sa fie 2. Din cerinta ca c sa fie intreg se deduce ca a
si b trebuie sa fie simultan numere pare. Substituind, se gasesc formulele din
enunt, ce descriu prima familie.

Celalalt exemplu se construieste analog, impunand (la fel de arbitrar)
ca a+ b sa fie 1. O

Similar se pot indica familii infinite de intregi pozitivi, niciun membru
nefiind patrat perfect, cu reprezentarea dorita.

Teorema 10. Pentru orice intreg m avem

4 2
(@ bera) = (m+1’_m’m2+m+17m3+2m2+2m+1+¥> €Q.

Daca m # 0 sau 7 (mod 8), g nu este patrat perfect.

Demonstratie. Deoarece m*+2m3 +5m? +4m+2 = (m? +m+2)? -2,

conditia de a avea ¢ patrat este echivalenta cu existenta unui numar natural

y astfel ca 3% — 2(% + 1)2 = —1. Solutiile In numere naturale ale ecuatiei
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Pell negative Y2 —2X2 = —1 sunt date de formula yy, +x,v/2 = (14+/2)2FF1,
unde k£ € N. Termenii girului (x); sunt obtinuti din relatia de recurenta
liniard xg41o = 6xk4+1 — xf si conditia initiala zp = 1, 1 = 5. Folosind
aceasta informatie, se vede imediat ca pentru orice numar natural £ avem
xr = 1 (mod 4). La fel de simplu se verifica apoi ca % = 1 (mod 4)
daca gi numai daca m = 0 sau 7 (mod 8). O

Notam ca pentru m = 0 si m = 7 se obtine ¢ = 1, respectiv ¢ = 1681 =
= 412, in vreme ce pentru m = 8 avem ¢ = 2737 = 7- 17 - 23, iar pentru
m = 15, ¢ = 29281 = 7 - 4183. Mai general, pentru m = 8 sau 16 (mod 40)
rezultd ¢ = 7 (mod 10), astfel ca pentru aceste valori ale lui m cu siguranta
q nu este patrat perfect. Concluzii similare se obtin pentru valori negative
ale parametrului m observand ca transformarea m — —m — 1 are ca efect

permutarea valorilor pentru a si b date in teorema.
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1. INTRODUCERE

Orice numar intreg pozitiv n poate fi descompus intr-o suma de unul
sau mai multe numere intregi pozitive \;,

n:)\l—l—)\Q—l—---—i-)\k.

Daca ordinea numerelor intregi A; nu este importanta, aceasta reprezen-
tare se numeste partitie a numarului intreg n, altfel, se numeste compunere.
Cand

AL < A < <,

avem o compunere ascendentd. Numarul partitiilor lui n este dat de p(n),
functia lui Euler pentru partitii [1]. Sirul

{p()},50 = {1,1,2,3,5,7,11, 15,22, 30,42, 56, 77,101,135, 176, ...}

este bine cunoscut in literatura [10, sirul A000041]. Pentru mai multe detalii
referitoare la p(n) se poate consulta [1].

Primii algoritmi pentru generarea partitiilor intregi au fost descoperiti
de catre R. J. Boscovich in anul 1747 si K. F. Hindenburg in anul 1778, a
se vedea Dickson [3, pag. 101-106]. In anul 2005, Lin [7] a propus patru
structuri de date pentru memorarea partitiilor intregi: doua structuri liniare
(directa si multiplicativa), o structura arborescenta si o structura de tip
diagrama.

Utilizarea structurilor arborescente pentru stocarea partitiilor intregi
nu este o idee chiar atat de recenta. Fenner si Loizou [4] au introdus arborii
binari pentru reprezentarea partitiilor intregi in 1979 si apoi s-au ocupat de
generarea partitiilor intregi cu ajutorul metodelor de parcurgere a arborilor
binari, a se vedea Fenner si Loizou [5, 6].

DDepartment of Mathematics, University of Craiova, mircea.merca@profinfo.edu.ro
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Ideea utilizarii structurilor arborescente pentru stocarea partitiilor unui
numar intreg se bazeaza pe faptul ca doua partitii ale aceluiagi numar pot
avea mai multe parti comune. De exemplu, compunerile ascendente

1,1,1,1,1,1] s [1,1,1,1,2]

au patru parti comune. In aceastd situatie, o secventi de arce dintr-un arbore
poate stoca aceste parti comune.

Lin [7] a creat structura arborescenta pentru stocarea partitiilor intregi
conform urmatoarei reguli: radacina arborelui este etichetata cu (1,n) si
(',y") este un descendent direct al nodului (x,y) daca si numai daca

xle{x,x—f—l,...,[%],y} si Yy =y—a,

unde [z] este notatia uzuald pentru partea intreagd a lui . Daca 2/ = y
atunci (2/,y") = (y,0) este un nod terminal. Este clar ca orice nod terminal
este de forma (x,0), 0 < z < n. Lin [7] a demonstrat ca [z, z2,...,x] este
o compunere ascendenta a lui n daca si numai daca

($07?/0)a (x17y1)7 ey (kayk‘)

este un drum care leaga radacina (xg,yo) de nodul terminal (x,yx). Apoi,
bazandu-se pe acest fapt, a aratat ca numarul total de noduri necesar pentru
a stoca partitiile lui n este 2p(n), iar numarul nodurilor terminale este p(n).
In continuare, vom utiliza pentru aceasta structura arborescenta denumirea
de arbore Lin.

Arborele Lin care stocheaza toate partitiile numarului 6 este prezentat
in Figura 1. Cum poate fi utilizat acest arbore pentru a genera toate partitiile
numarului 6?7 Pornind de la radacina, vom parcurge arborele in adancime
si, cand ajungem la un nod terminal, listam drumul parcurs. De exemplu,
drumul

(1,6)(1,5)(1,4)(1,3)(1,2)(2,0)
leaga radacina arborelui de nodul terminal (2,0). Daca elimindm din acest
drum prima pereche si pastram din fiecare pereche ramasa numai prima va-
loare, obtinem compunerea ascendenta [1,1,1,1,2].

In arborele Lin, descendentii directi ai nodului (1,n) sunt noduri de
forma (k,n — k). Din regula de construire a arborilor Lin deducem ca toti
descendentii directi ai nodului (k,n — k), 2 < k < [%], sunt descendenti
directi ai nodului (1,n—k). Aceasta observatie i-a permis lui Lin [7] s& trans-
forme acest arbore intr-un graf orientat aciclic, prin eliminarea descendentilor
nodului (k, n—k) din arbore si crearea legaturilor corespunzatoare intre nodul
(k,n — k) si descendentjii directi ai nodului (1,n — k). Structura de date ast-
fel obtinuta este denumita de catre Lin [7] diagrama partitiilor unui numar
intreg. Vom utiliza pentru acest tip de diagrama denumirea de diagrama
Lin. In F igura 2 este prezentata diagrama Lin obtinuta prin transformarea
arborelui Lin din Figura 1.
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FIGURE 2. Diagrama Lin pentru numarul 6

Este clar ca diagrama Lin este o reprezentare concisa a arborelui Lin.
Din acest motiv vom pastra pentru nodul (1,n) denumirea de nod radacina,
iar pentru nodurile (k,0), £ = 1,2,...,n, denumirea de noduri terminale.
De fapt, nodul radacina este singurul nod din diagrama Lin care are gradul
intern zero, iar nodurile terminale sunt singurele noduri din diagrama Lin
care au gradul extern zero. Este evident ca, in diagrama Lin a numarului n,
exista p(n) drumuri intre radacina si cele n noduri terminale si fiecare dintre
aceste drumuri reprezinta o partitie a lui n.

Lin [7] a demonstrat urmatoarea teorema:
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Teorema 1. Numarul nodurilor din diagrama Lin a numdrului intreg pozitiv
2
n este egal cu [”T} +n+1.
Pentru a avea o imagine si mai clara asupra dimensiunii diagramelor

Lin, am stabilit in [9] formula pentru numaérul arcelor din diagrama Lin.

Teorema 2. Numarul arcelor din diagrama Lin a numarulut intreg pozitiv
n este egal cu

1 5 7 5 5
— — — 1.
{36?% —1—24n —1—12n+

2. DIAGRAME BINARE

Un arbore orientat este definit formal ca o multime A de unul sau mai
multe noduri, astfel incat exista in A un nod special numit radacina arbore-
lui gi celelalte noduri din A sunt repartizate in m > 0 multimi disjuncte

Ay, ..., Ay, fiecare multime fiind la randul ei un arbore orientat. Arborii
Ay, ..., Ay se numesc subarborii radacinii. Daca ordinea relativa a subarbo-
rilor Aq,..., A, este importanta spunem ca arborele orientat este un arbore

ordonat. Un arbore ordonat in care fiecare nod are cel mult doi subarbori se
numegte arbore binar. Arborii binari In care fiecare nod neterminal are exact
doi subarbori se numeste arbore binar strict. Daca intr-un arbore orientat
stim care dintre noduri este radacina atunci sensurile arcelor sunt complet
determinate si nu mai este necesara reprezentarea lor.

Este bine cunoscut faptul ci orice arbore ordonat poate fi convertit
intr-un arbore binar schimband legaturile dintre noduri: primul descendent
al unui nod A devine descendent stang al nodului A, iar urmatorul frate al
nodului A devine descendent drept al nodului A. Aplicand aceasta transfor-
mare asupra arborilor Lin se obtine un arbore binar. Eliminadnd apoi radacina
acestui arbore binar, obtinem un arbore binar strict care memoreaza toate
partitiile numarului intreg n. In Figura 3 este prezentat arborele binar strict
obtinut in urma transformarii arborelui Lin din Figura 1.

Pentru a genera compunerile ascendente, parcurgem in adancime ar-
borele binar strict pentru stocarea partitiilor. Cand ajungem la un nod ter-
minal, listam din drumul care leagd radacina de acest nod terminal numai
nodurile care sunt succedate de descendentul stang. De exemplu,

(1,5)(1,4)(1,3)(2,2)(2,0)

este un drum care leaga nodul radacina (1,5) de nodul terminal (2,0). Din
acest drum nodul (1, 3) este eliminat la listare deoarece este urmat de nodul
(2,2) care este descendent drept. Pastrand din fiecare pereche ramasa numai
prima valoare, obtinem compunerea ascendenta [1,1,2,2]. Pe de alta parte,
observam ca mai exista doua drumuri care leagd nodul radacina (1,5) de alte
doua noduri terminale etichetate (2,0):

(1,5)(1,4)(1,3)(1,2)(1,1)(2,0) si (1,5)(2,4)(2,2)(2,0).
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FiGure 3. Arborele binar strict pentru stocarea partitiilor numarului 6

Aceste drumuri reprezinta compunerile ascendente
[1,1,1,1,2] si (2,2,2].

Arborele binar strict pentru stocarea partitiillor numarului intreg n
poate fi construit dupa urmatoarea regula: radacina arborelui este etichetata
cu (1,n — 1), nodul (z,,ys) este un descendent stang al nodului (z,y) daca
si numai daca

x, daca 2z <y . (3)
Tg — 51 = — Ts,
*T Yym, altfel o YT

iar nodul (z4,y4) este un descendent drept al nodului (z,y) daca si numai
daca

r+1, daca2+4+z< .
xd—{ Y si Ya =T +Yy — Tq. (4)

r+vy, altfel

Arborii binar stricti pentru stocarea partitiilor intregi au fost derivati
din arborii Lin si sunt diferiti de arborii binari introdusi de Fenner si Loizou.
Avantajele utilizarii structurilor arborescente binare sunt bine cunoscute si
in acest caz au fost concretizate in [8] prin obtinerea celui mai rapid algoritm
pentru generarea partitiilor intregi.

In Figura 3 observiim ci subarborele stang al nodului (2,4) este identic
cu subarborele drept al nodului (1,3). Aceasta redundantd a informatiilor
este confirmata de urmatoarea teorema prezentata in [9].

Teorema 3. Fie (x,y) un nod intern din arborele binar strict pentru sto-
carea partititlor unui numdr intreg, astfel incat x > 1. Daca 2x <y, atunci
subarborele stang al nodului (x,y) este identic cu subarborele drept al nodului
(x — 1,y —x+1). Daca 2x >y, atunci subarborele stang al nodului (z,y)
este identic cu subarborele drept al nodului ([4],y — [4]).
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Conform acestei teoreme, in orice arbore binar strict pentru stocarea
partitiilor intregi, subarborele stang al oricarui nod intern (z,y) cu = > 1
este identic cu subarborele drept al unui nod (2, y). Pentru orice nod intern
(z,y) cu > 1, eliminam subarborele sau stang si introducem un arc de la
nodul (z,y) la descendentul drept al nodului (2',y"). Astfel, obtinem un graf
orientat aciclic care a fost denumit in [9] diagrama binara a partitiilor intregi.
In Figura 4 este prezentatd diagrama binara obtinutd prin transformarea
arborelui binar strict din Figura 3.

Doua rezultate care caracterizeaza dimensiunea diagramelor binare au
fost prezentate in [9].

Teorema 4. Numarul nodurilor diagramet binare a partitiilor intregului po-

zitiv n este egal cu ["72] +n.

Teorema 5. Numarul arcelor diagramei binare a partitiilor intregului pozitiv

2
n este egal cu [%}

FIGURE 4. Diagrama binar pentru stocarea partitiilor num&rului 6

Comparand Teoremele 1 si 4, nu putem spune cd diagramele binare
sunt mai eficiente in stocarea partitiilor intregi decat diagramele Lin. Ceea ce
difera este numarul arcelor care este considerabil mai mic in cazul diagramelor
binare. In plus, nodurile diagramei binare a partitiilor intregului pozitiv n
pot fi rearanjate intr-un tablou bidimensional cu [%] + 1 linii gi n coloane,

denumit tabloul compunerilor ascendente [9]. In acest tablou, fiecare nod
ocupd o celula conform urmatoarei reguli: celula indexata (i, j) este ocupata
de nodul (z,y) daca si numai daca

x

] —|+1, dacay=0, o

i= [2] Y si j=xz+y. (5)
z, altfel
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Este clar ca exista celule in tablou care nu sunt ocupate. Utilizand Teorema
4 deducem ca numarul celulelor neocupate este un patrat perfect, [%] 2 (sirul
A007894 in [10]). De exemplu, conform (5), nodurile diagramei binare din
Figura 4 sunt rearanjate in Figura 5.

Notam cu S(i,7) si D(i,7) pozitiile succesorilor directi ai nodului de
pe porzitia (i,7) din tabloul compunerilor ascendente. Tinand cont de (5),
deducem ca

(4,5 — 1), pentru 3¢ < j,
S, . = .
0] (]22]—1—1,,]'—2'), pentru 27 < j < 3¢
si
Dij=(i+1,j),  pentru 2i<j.

1010 (12 (1.3 }——(14)

FIGURE 5. Tabloul compunerilor ascendente ale numarului 6

Astfel, tabloul compunerilor ascendente pentru numarul intreg pozitiv
n poate fi reprezentat concis de urmatoarea matrice

A= (Xij)ict, n/241,j=1,n
definita astfel:
i, daca 2i <j,
)\’i,j = j, daCé 7= |:%:| + ]-7
0, altfel.

In [9], aceasta matrice a fost denumita matricea compunerilor ascen-
dente. De exemplu, matricea compunerilor ascendente a numarului 6 este

11111

OO O

2
0
0

O O W
O =N

2
3
6

[eo RN R \V]
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3. OBSERVATII SI CONCLUZII

Alegerea structurilor de date pentru stocarea partitiilor intregi este de
o importanta cruciala pentru eficienta algoritmilor de generare a partitiilor.
Metoda generarii partitiilor intregi prin parcurgerea structurilor arborescente
utilizate pentru stocarea lor a fost introdusa de catre Fenner si Loizou [4, 5,
6]. In [8], am adaptat algoritmul general pentru parcurgerea in inordine a
arborilor binari la cazul particular al arborilor binari stricti pentru stocarea
partitiilor intregi si am obtinut cel mai eficient algoritm pentru generarea
partitiilor intregi [8, Algorithm 6]. In [9], diagramele binare pentru stocarea
partitiilor ne-au permis sa obtinem o versiune usor imbunatatita pentru acest
algoritm.

Notam cu ¢1(n) timpul mediu de executie pentru [8, Algorithm 6], cu
to(n) timpul mediu de executie pentru algoritmul Fenner-Loizou [4, 5] si cu
r(n) raportul dintre t1(n) si t2(n),

ti(n)

r(n) = )

In Tabelul 1 sunt prezentate cateva dintre valorile r(n) obtinute uti-
lizand Visual C++ 2010 Express Edition pe un calculator cu procesor Intel
Pentium Dual T3200 2.00 GHz. Pentru fiecare algoritm, timpul mediu de
executie a fost obtinut in urma efectuarii a zece teste. In cazul n = 130, se
poate observa ca timpul mediu de executie pentru [8, Algorithm 6] reprezinta
43,5% din timpul mediu de executie al algoritmului Fenner-Loizou.

TABELUL 1. Rezultate experimentale pentru r(n)

n 75 90 95 110 115 130
r(n) 0,426 0433 0448 0435 0435 0,435

Pe de alta parte, analiza eficientei algoritmilor obtinuti in [8] si [9]
pentru generarea partitiilor intregi ne-a permis sa descoperim noi inegalitati
care implica functia partitiilor p(n) (se considera p(n) = 0 pentru n < 0).
Inegalitatea

p(n) —p(n—1) —p(n—2)+pn->5)<0, n>0,

descoperita gi demonstrata in [8], este utilizata pentru a dovedi eficienta
celui mai rapid algoritm pentru generarea partitiilor intregi. Ulterior, aceasta
inegalitate a fost prezentata in [2] ca un caz particular al unei familii infinite
de inegalitati. Urmatoarea inegalitate

p(n) —5p(n —3) +5p(n—5) >0,  n#3,

a fost descoperita in [9] pe parcursul efectuarii testelor de eficienta a algo-
ritmilor propusi pentru generarea partitiilor intregi. Aceasta inegalitate nu
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este demonstrata si se afla in continuare in stadiul de conjectura. O varianta
imbunatatita a acestei inegalitati este prezentata in urmatoarea conjectura.

Conjectura 3.1. Fie n un numar intreg. Inegalitatea
p(n) — 5p(n — 3) + 5p(n — 5) — p(n — 14) > 0

este adevarata, dacd $i numai dacd n # 3.

Pentru
Zn = p(n) — 5p(n — 3) + 5p(n — 5) — p(n — 14)
obtinem
{xn}nzo = {17 17 27 _27 07 27 17 07 27 07 27 17 27 17 47 07 47 47 57 37 117

7,15,15,23,27, 44,44, 68,84, 113,135, 189, 223,298, . . .}

sl constatam experimental ca sirul {x,, },,>21 este crescator. Se poate demon-
stra acest fapt?

Autorul multumeste domnului Dr. Mihai Cipu de la Institutul de
Matematica ,,Simion Stoilow“ al Academiei Romane pentru sugestiile sale
utile in ceea ce privegte aspectul si continutul acestui articol.
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Conform regulamentului concursului, acesta a avut o singurd proba
constand din patru probleme. Prezentam mai jos aceste probleme insotite
de solutii, dintre care unele au aparut in lucrarile concurentilor, iar altele in
juriu. Pentru solutiile oficiale facem trimitere la http://www.seemous.eu.

Problema 1. Aflati functiile continue f : [1,8] — R cu proprietatea ca

8 2
. 2 .
1/ F)dt 1/ (t

Universitatea din Patras, Grecia

2

2
/ t3dt+2/ft3dt
1

1

OJI[\J

Aceasta a fost consideratd de juriu drept o problema usoard.

3

Solutie. Facem substitutia t = z° si avem ca

8 2
1/f(t)dt: 31/:c2f(x3)d:c.

Inlocuind in relatia initiala obtinem
2

2 2 2
/ (t3) dt+21/ft3 dt—21/ (t3)dt—1/(t2

1

D Universitatea din Bucuresti, Facultatea de Matematica si Informatica, RO-010014
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Trecem totul in partea stanga si relatia se scrie astfel:
2
/ FPE) +2f (%) — 262 F(¢%) + (#* — 1)*] dt = 0.
1

Se observa imediat ca f2(t3)+2f(t3) =262 f(#3) + (#2 = 1) = [f(3) - (t*—1)]%.

Asadar,
2
/ [F(#*) +1—¢%dt = 0.
1

Deoarece f este functie continua rezults ci f(¢3) = t2—1 pentru orice t € [1, 2]
si de aici obtinem ci f(z) = 2%/% — 1 pentru orice z € [1,8]. O

Problema 2. Fie M, N € M,(C) matrice nenule cu proprietatea ca
M? = N2 =0y 5i MN + NM = I,. Aritati ci existd o matrice inversabila

AeMg(C)astfelincétM_A<8 é)AlgiN_A<(1) 8>A1.

Cornel Baetica, Romania
Aceasta a fost considerata de juriu drept o problema de dificultate medie.
S-au gasit multe solutii la aceastd problemd, unele de cdtre concurenti iar

altele de catre membrii jurivlui. Studentii care au rezolvat problema au ales
abordari similare celor din primele doud solutit prezentate in continuare.

Solutia 1. Deoarece M? = 09, singura valoare proprie a lui M este 0.
Folosind forma canonica Jordan a unei matrice de ordin 2 obtinem ca exista o

matrice inversabila P € My(C) astfel incat M = P~} ( 8 (1) > P. Inmultind
relatia M N + NM = I, la stanga cu P si la dreapta cu P~ rezulta c#

(PMP~ Y (PNP™ Y+ (PNPY(PMP™) = I,.
Notand PNP~! = ( CCL Z > si inlocuind in relatia de mai sus obtinem:
01 a b a b 0 1
<0 O><c d>+<c d><0 0)‘12'
Deducem imediat ci ¢ = 1 §i d = —a. Dar (PNP71)? = PN?2P~! = 0y, de

a —a? . .
1 —a . Din relatia

o) (o) (o )= =)

unde rezultd cd b = —a?. In consecinti, PNP~! = (
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obtinem ca

e et = ().

10
unde B = ( é Cll . Acum notdm A = B~!'P si nu ne mai ramane decat si
VY 1 0 1
verificam ca AMA™" = 00 ) O

Solutia 2. Fie Eip = (8 (1)> gi Fop = ((1) 8) Cautam

A € M;(C) care sa satisfaca cerintele problemei si, in plus, det A = 1. Fie
agadar A = ( i y > cuxt—yz=1. Avemca A~ = ( bty ) Atunci

t -z
2 2
-1 [ —xz x . 1 [yt —y
AElgA = < —2’2 o ) Sl AE21A = ( t2 —yt > .
Pe de altd parte, o matrice X € My(C) satisface X? = 0 daci si
numai dacad trX = 0 gi det X = 0. Aceasta ne arata ca putem scrie
/ /
M:(a b >cua2+bc:0§iN:<a, b,>cua’2+b’c’:0.
c —a d —a

Asadar avem de gasit x,y, z,t € C cu ot — yz = 1 astfel incat

—zz x? . yt —y2
M_< —22 xz) §1N_<t2 —yt )
Obtinem a = —xz, b = 22, ¢ = =22, d = yt, V = —y?, ¢ = t°
Evident putem afla pe x si z din primele trei ecuatii, respectiv pe y si t din
ultimele trei ecuatii. Mai trebuie sa verificAm conditia 2t — yz = 1. Dar din
MN + NM = I rezulti ca 2aa’ + bc’ +b'c = 1, adica (zt — yz)? = 1. Daca
xt —yz = —1, atunci schimbam pe x cu —x gi pe z cu —z, deoarece —x si —=z
satisfac gi ele primele trei ecuatii, deci putem alege xt — yz = 1. ]

Solutia 3. Consideram f,g : C> — C? date prin f(z) = Mz si
g(z) = Nz. Avem f? = ¢> =0si fg+ gf = idce.

S# remarcim ca ker f # 0, altminteri din f2 = 0 rezulta f = 0, fals.
Analog ker g # 0. Mai mult, ker f Nkerg = 0: daca f(z) = g(z) = 0 din
f(g(x)+9(f(x)) = z deducem ci z = 0. In concluzie, C? = ker f @ker g. Fie
acum vy € ker f, v; # 0 si vy € ker g, vo # 0. Atunci B = {v1,v9} formeaza o
bazd in C2. In aceastd bazd matricea asociatd transformérii liniare f este de

0 « . . C Coes 7 s
forma ( 0 0 ) @€ C, a # 0, iar matricea asociata transformarii liniare

0

0
g este de forma ( 3 0

af = 1.

), BeC,3#0. Din fg+ gf = idg2 deducem ca
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Pentru a obtine matricele dorite pentru f si ¢ nu avem acum decat sa
schimbam baza B in baza B’ = {avi,vs}. O

Solutia 4. Ca si la solutia precedents, consideram f,g : C? — C?
date prin f(z) = Mz si g(z) = Nx. Avem f? = g2 = 0si fg+ gf = idce.
Compunem ultima relatie la stanga cu fg si obtinem ca (fg)? = fg, deci fg
este o proiectie a Iui C2. Daci fg = 0, atunci gf = idce, deci f i g ar fi
inversabile, ceea ce contrazice f2 = 0.

Asadar fg # 0. Fie u € Im(fg) \ {0} si w € C? astfel incat u = fg(w).
Obtinem fg(u) = (fg9)*(w) = fg(w) = u. Fie v = g(u). Vectorul v este
nenul, altfel am avea u = f(v) = 0, fals. Mai mult, v si v nu sunt coliniari,
deoarece v = \u cu A € C implicd u= f(v) = f(\u) = Af(u) =Af%(g(w)) =0,
contradictie.

S& consideram acum baza ordonata B a lui C? formata din vectorii

wsiv. Avem f(u) = f2(g(u)) = 0, f(v) = flg(u)) = u, g(u) = v si
g(v) = ¢g*(u) = 0. Asadar matricele lui f si ¢ in raport cu B sunt 01 )

00
. . (0 0 >
Sl respectiv 10 )
Matricea A va fi matricea de trecere de la baza canonici a lui C2
la B. O

Remarca 1. Aceastd problema isi are originea in incercarea de a
da o demonstratie elementara teoremei Skolem-Noether pentru cazul par-
ticular al C-algebrei Ms(C). In acest caz teorema spune ca singurele C-
automorfisme ale C-algebrei Ms(C) sunt cele interioare. Asadar, daca ¢ este
un C-automorfism al lui M3(C), existd o matrice inversabila A astfel incat
©(X) = AXA~! pentru orice X € M(C). Pentru a demonstra acest fapt
este suficient si gasim o matrice inversabils A astfel incat ¢(E12) = AE12 A7}
si gO(Egl) = AE21A_1. Observam 1nsa ca [SO(E12)]2 = [gO(Egl)]2 = 0o si
o(E12)p(E21) + ¢(Ea1)p(Fi12) = Ia.

Remarca 2. Solutiile 3 si 4, bazate pe considerente de spatii vectoriale,
au avantajul ca sunt valabile peste orice corp comutativ, nu numai peste C.

Problema 3. Determinati valoarea maxima a integralei
1
1
[ 17w @) s
0
pe multimea functiilor f : [0,1] — R de clasi C' pentru care f(0) = 0 si

17 de < 1.
0

Pirmyrat Gurbanov, Turkmenistan
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Aceasta problema a fost consideratd de catre juriu de dificultate putin
peste medie. Rezultatele au ardtat insa ca prin prisma participantilor aceasta
a fost cea mai dificild problema din concurs; niciun concurent nu a reusit mai
mult decat tatonari ale problemei.

Solutie. Notand E(f f\f )W f(z )\\}de, avem

1 1

)2
/ /f Hdt| da go

0

/\f Jdt | de. (6

Conform inegalitatii Cauchy-Schwarz,

T 2 T
[1rwia) <z [170Pa:
0 0
1/ J(f'(¢))?dt dz; punand
0

1

B < [ o@)Valir = VoGP <
0

de aici si din (6) obtinem E(f) <

OSH

g(z) = [(f'(t))*dt, aceasta inegalitate devine
0

Wil N

Valoarea maxima ceruta este %, ea fiind atinsa de pilda pentru f(z) =z. O

Problema 4. Fie A € M3(Q) pentru care exista n € N* astfel incat
A" = —1I5. Aratati ca A% = —], sau A3 = —,.
Vasile Pop, Romania

Aceasta problemd a fost consideratd dificila de cdtre juriu. In pofida
acestui fapt, sapte studenti au reusit sa obtind punctajul maxim. Abordarile
lor au folosit cu precadere tehnicile din prima solutie pe care o vom prezenta.
Solutia 2 a aparut mai intai in juriu; un singur concurent a rezolvat probema
folosind un rationament asemandtor.

Solutia 1. Notam polinomul caracteristic al lui A cu Py, iar valorile
proprii ale lui A cu Ay si A2. Conditia A" = —I5 ne conduce la A\ = \j = —1.
Cum Pj4 are gradul doi gi coeficientii rationali, radacinile sale sunt ﬁe reale,
fie complexe conjugate.

Daca A2 € R, din AT = A} = —1 deducem ca n este impar si A\; =
= Ay = —1. De aici rezulta ca (A + I2)? = 0; n fiind impar, putem scrie
I = (A+ 1o — )" = n(A+ 1) — L. In consecinta, A = —1Is, deci si
A3 = — .



R. ZAMFIR, BOUNDS FOR THE REAL PART OF POLYNOMIAL ROOTS 29

Daca A; 2 sunt complexe conjugate, din A} =—1 deducem |A\i|=|A2|=1.
Punand A\; = cosa + isina, din AT = —1 obtinem cosna + isinna = —1,
deci cosna = —1.

Dar 2 cos acosna = cos(n + 1)a + cos(n — 1)a, iar cos ka = T (cos ),
unde T} € Z[X] sunt polinoamele Cebagev de primul tip obtinute pornind
de la formula Tj(z) = cos(narccosz) pentru —1 < z < 1. Se stie (sau se
probeaza cu usurintd, de exemplu prin inductie) ca T} are gradul k, coefi-

cientul dominant 2~1 si termenul liber M
Deducem o relatie de forma cosa - P(2cosa) = —2cosa cu P € Z[X]
monic de grad n. Obtinem cosa = 0 sau P(2cosa) = —2. Cum

2cosa = A1 + A2 = tr(A) € Q, pentru a satisface ecuatia P(x) +2 =0 el va
trebui sa fie intreg. Dar avem i |2 cos | < 2, deci cosa € {—1, —%,0, %, 1}.

e Pentru cos a = —1 obtinem cazul deja studiat Ay = Ao = —1.

e Daci cosa = —3, Py = X?+ X +1,deci A>— 1, = (A—L)(A’+ A+
I3) = 0, de unde A% = I,. De aici, —Iy = A" € {I5, A, A%}; oricare dintre
variante contrazice insi relatia A3 = I.

e Daci cosa =0, Py = X2 +1, deci A2 = —1I5.

e Daca cosa = %, Py =X? - X +1, deci
A3—|—IQ = (A—l—[g)(AQ —A—l—[g) :0,
de unde A% = —I,.

e Pentru cosa = 1 am ajunge la Ay = Ay = 1, deci la contradictia
1=t =1 O

Remarca. Unii studenti au dat solutii care debutau similar cu solutia
1, folosind apoi fara demonstratie urmatorul rezultat: ,Dacd a € Qm si
cosa € @, atunci cosa € {—1,—%,0, %,1}“. Comisia de corectura a de-
cis acordarea punctajului maxim gi pentru solutii complete bazate pe acest
rezultat.

Solutia 2. Notam cu g4 polinomul minimal al lui A. Din ipoteza
deducem ci pg | X™ +1 | X2 — 1. Prin urmare, p4 este un produs de
polinoame ciclotomice care nu are radacini multiple. Cum insa gradp4 < 2,
factorii sai au si ei aceeasi proprietate. Intrucat ¢(a) < 2 numai pentru
a€{1,2,3,4,6} (¢ desemnand indicatorul lui Euler),

pa €{X—1,(X -D(X+1),X°+ X+, X +1,X*+1,X* - X +1}.

Primele doua situatii contrazic insa 4 | X™+1, iar a treia ne conduce la
A3 = I, deci —Iy = A" € {I5, A, A?}, aceste relatii neputand fi ins# simultan
adevarate. Ramane deci ci pg € {X +1, X2 +1,X? — X + 1}; primele doui
variante conduc la A3 = —I, iar cea de-a treia la A2 = —Is. ]
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Abstract. In this article we give new bounds for the real part of poly-
nomial roots by using the Frobenius generalized companion matrix and
Bombieri’s norm.
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MSC : 12D10

1. INTRODUCTION

Let
fnlx) =2" — a1zl — g™ — - — a1 — ay (1)

be a polynomial with complex coefficients.

We suppose that a,, # 0 and there are complex numbers by, ba, ..., b,_1,
c1,C,...,Cp, such that
ap = C1, a2 = Cle, as = C3b1b2, ey Qp = Cnble e bn—l- (2)

If we consider the Frobenius generalized companion matrix

0 bpb-1 O ... O
A 0 0 bpao ... 0 € M,(C), 3)
e ot Caa o
then we have the equality (see [3, pp. 43])
fu(x) =det (zI,, — A) (4)

which shows that the roots of the polynomial f, are the eigenvalues of matrix

A.

Using the classical Frobenius matrix, Kittaneh [2, Theorem 1] proved
the following

Theorem 1. If f(z) = 2" +a,2" '+ - -+asr+ay is a monic polynomial
of degree n > 2 with complex coefficients then for every root z of f we have
the inequalities

a < Re(z;) < B, (5)

1)Professor, Bucuresti, rzamfir620gmail. com
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where

1
=3 —Re (an) — , | (Re (an))?* + Z laj|* | + cos nnj_rl

and

1 nmw
525 —Re(a,) + , | (Re(an)) +Z|a]| +cosn+1.

In what follows we give new bounds using the generalized Frobenius
companion matrix. Afterwards we give a bound for the real part of polyno-
mial roots using the Bombieri’s norm.

2. MAIN RESULTS

If A is the generalized Frobenius companion matrix, then
A= S +1T, (6)

where S = 1 (A + A*) and T = & (A — A*) are hermitian matrices (here A*
is the adjoint of A, i.e., the conjugate transpose of A).

For a hermitian matrix X, the eigenvalues A1 (X), A2(X), ..., Ay (X) are
real and we arrange them so that

A(X) € Aa(X) < -+ < Ap(X).

In the following we will use the next two results from [2].
Lemma 1. If A € M,(C) and A = S 44T with S,T € M,(R), then
for every j € {1,2,...,n} we have
A(S) < Re(A(4)) < An(S). (7)

Lemma 2. If B,C € M,(C) are hermitian matrices, then for every
j€{1,2,...,n} we have

N (B) + M(C) < \(B +C) < X(B) + An(C). (5)
In particular,
M(B) +M(C) £ M(B+0) (9)
and
A(B+C) < M(B) + M\ (C). (10)
If in (2) we choose by = by = ... =b,_1 = b > 0 we can prove the next
result.

Theorem 2. For every root z; of

fo(@) =2" — a2t —agz™ E — o —ap_1x — ay,
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we have
a < Re(zj) <8, (11)
where
2 2
== (Re(cl) - J (Re(e1))” + z; |c;] ) + bcos -
]:
and
1 2 o 2 nm
625 Re(cl)—kJ(Re(cl)) +Z2\cj| +bcosn+1.
j:
Proof. We have
1 1_
ib 0 §b 0 §Cn—1
1 1_
0 —b 0 0 7Cn—2
1 . 2 . %
S=5M+A0=1 969 0o b ... 0 “Tns
2 2
1 _
0 0 0 0 B (b+7¢2)
1 1 1 1
36 -1 5Cn-2 3 (b+c2) Re(er)
We write
S=P+Q, (12)
where
0 x*
pP= ( z Re(cr) ) € M, (C), (13)
1
0 =b O 0 0
1 2 1
—b —b
2 10 2 0 0
=] ° " ¢ OV emm), (14)
0 0 O 0 %b
1
b
0 0 O 5 0
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and

xr= 2

N —

Similarly to [2, pp. 662] we obtain the eigenvalues of P:

M(P) = 5 | Re(er) — | (Refen)® + 3 lesl |
j=2

A2(P) = A3(P) = ... = A1 (P) =0,

M(P) = 5 | Reer) + | (Reen))? + Doy
=2

Indeed, we observe that if P, (\) = det(P — A\I,) then

1
—A 0 ... 0 §En
1
0 —A 0 §En_1
Pa(\) = -
0 0 el A —Co
1 1 2
5671 §En,]_ 552 RG(C]_) - A

Expanding the determinant along the first row we get
_ R nl 2\n—2
Pa(d) = AP (V) = (<1)" e\

and inductively we arrive at
nyn— 1 S
Py(A) = (=1)"A"2(\ = Re(er)A = ¢ z; i)
j=

The eigenvalues of ) are

n—j+m

=1,...,n.
7’L+]. y J ) ;1

(@) = bcos

(15)

(20)
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In order to prove this it is enough to consider the tridiagonal matrix
o 1 0 0 ... 0 O

10 1 0 0
0o 1 0 1 0
0 0 1 0 0

O OO

(21)
0 1 0 0 ... 0
0 0 0 0 .. 1

1
0
Once again the characteristic polynomial R, (\) = det(R — AI,,) can
be computed by an iterative process: R,(A) = —AR,_1(A) — Ry—2()), with
Ro(A) =1 and Ri(A) = =\
By Gershgorin Circle Theorem, all roots Ay of R, () satisfy |Ag| < 2.
The characteristic equation of the recurrence R, (\) = —AR;,—1(\) — Ry—2()
is 2 + Az +1 =0 with A = A\? —4 < 0. Then the equation has two complex
conjugate roots 1o = % VA-A2 Putting cosa = _T/\ and sina = V45A2,
the general solution of the recurrence is R,,(\) = ¢; cos na + ¢ sin na, where
the coefficients ¢; and c¢o can be determined from the starting conditions as

follows: ¢; =1 and ¢y cosa+cosina = —\. We find ¢y = \/ﬁ = tarlla, and
therefore R, (\) = cos na + S22

In order to find the eigenvalues of R we have to solve the equation
R,(\) = 0. If R,(\) = 0, then cosna + 222 = ( & sinacosna +

tan o

+cosasinna = 0 < sinn+ 1)a =0 (n+ o = kr & a = nk—L,
k=1,...,n. Solving for A the equation tan a = —¥==- 4_A2 we get A2 = 4cos® a
and we may take A\ = 2cos «, which gives us )\k = 2c0s n+1’ k=1,.

Now this leads us immediately to (20).
If we apply Lemma 1 and Lemma 2 we get

A(P) 4+ 21(Q) < Ai(S) < Re(A(A)) < An(S) < An(P) + (@) (22)

We have
MP) M Q) =2 [ R (Re( beos ——— (23
1(P)+M(Q)=73 | Re(er) — e(ct) +Z\Ca! +beos ——, (23)
A (P)+ M (Q) :% Re(c1) + , | (Re(er) —I-Z ]cj\ + bcos nn—:—Tl’ (24)
Re(A;(A4)) = Re(z;), (25)

and the conclusion follows from (23), (24), (25), and (22). O
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Remark 1. If we choose b = 1, from (11) we get Kittaneh’s theorem.

In the next theorem we give a bound for the real part of polynomial
roots by using Bombieri’s norm. We remind that if

f(@) = apa™ + ap_12" ' + - + 17 + ag € Cla]
and p > 1, then the Bombieri’s norm of order p is
n 1/p

[/l = }jéﬁfl . (26)

If f,g € C[X], deg(f) = n and deg(g) = m, we have the Bombieri
inequality (see [1])

e > —— [l (27)

n—+m
n
Theorem 3. Let f € R[X] be a monic polynomial which has a root
a € C\ R. We have the inequality

Re(a) <)/ (5) 1 -1 29

Proof. Because a € C\ R and f € R[X], @ is also a root of f. We can
write

f(x) = (z — a)(z —a)g(x)
and apply Bombieri’s inequality. Thus we obtain

@B > 7 [ 0) (-~ @) lo()B
()

and therefore

[f(2))3 = G Az —a) (z -a); (29)

because [g]a > 1 (g is monic). We have the identity
(z —a) (z — @) = 2% — 2Re(a)z + |af?,
so we obtain
(@~ a) (@ — @) = 1+ 2Re(@)? + Jaf*
> 1+ 2Re(a)? 4+ Re(e)* = (1 4 Re(e)?)”.
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Using (29) we get

tere(? < /() 1

which leads to the conclusion. O
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Coeficienti binomiali si margini ale radacinilor unui polinom
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Abstract. Elementary properties of binomial coefficients are used to lo-
calize positive roots of univariate polynomials with real coefficients. These
results are thereafter employed to compute bounds for the modulus of com-
plex roots for polynomials over the complex field.
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INTRODUCERE

Calcularea radacinilor reale ale unui polinom intr-o variabila ce are
coeficientii numere reale se realizeaza parcurgand mai multe etape. Prima
dintre acestea consta in gasirea unor intervale cat mai mici care sa contina
aceste radacini. Pentru a atinge acest scop este necesara gasirea unor margini
ale radacinilor. Pentru aceasta, un procedeu este acela de a calcula margini
pentru modulele radacinilor complexe ale polinoamelor, vezi [1], [2]. Exisa
Insa si metode specifice radacinilor reale.

D Universitatea din Bucuresti, Facultatea de Fizica, Bucuresti, Roménia,
doru.stefanescu@fizica.unibuc.ro
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In aceastd notd vom ariita cum pot fi folosite rezultate privind coefi-
cientii binomiali, vezi [3], la gasirea unor intervale care sa contind radacina
pozitiva a unui polinom care are o singura schimbare de semn. Procedeul
permite gasirea unui interval care sa contina si radacinile pozitive ale derivatei
polinomului.

Astfel de rezultate sunt utile si la calcularea marginilor modulelor ra-
dacinilor complexe ale unui polinom cu coeficientii complecsi. Se stie ca o
astfel de margine este chiar unica radacina pozitiva polinomului asociat prin
metoda lui Cauchy, vezi [2].

MARGINI PENTRU RADACINI POZITIVE

O clasa importanta de polinoame este aceea a celor care au coeficientii
reali iar girul coeficientilor are o singura schimbare de semn. De exemplu,
daci se considers polinomul Q(X) = X" +a; X" 1 +---+a, € C[X], atunci,
dupa o teorema lui Cauchy [2], unica radacina pozitiva a polinomului

F(X) = X"~ |a| X" =+ —|an| € RIX]
este o margine superioara a modulelor radacinilor complexe ale polinomului
considerat Q.

Pentru inceput vom calcula o margine superioara a radacinii pozitive a

unui polinom de o forma speciala.

Lema 1. Fie intregii d > e > 0 gi polinomul

P(X) = X4 aq 1 X 4 aen X =X be 1 X -+ b1 X + b,
unde coeficientii a;, v si b; sunt pozitivi. Numarul /=€) este o margine
superioard a raddcinilor pozitive ale polinoamelor P, pentru toti i € N.

Demonstratie. S& observam ci dacd 8 > 7V/(@=¢) avem g4-¢ > ~,
asadar %€ — v > 0. Deci
P(B) = B(B"° =)+ ag1B" "+ + aer1 BT +be1 B -+ bg > 0.

Pe de alta parte, pentru polinomul
P(X) =dX 4 (e4+1D)aep1 X —veX (e —1)be_1 X724 +b
observam ca avem

dB'! =y et = BTN (B = =y) > dBT (BT =) > 0.

Rezulta ca avem P’'(8) > 0. O

Propozitia 2. Fie intregii d > e > 0 §i polinomul
d

k
R(X) = Z (e)aka_e—’y, unde ag=1,7>0 sitoti a; > 0.
k=e+1
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Notam M = max{aq,aq—_1,...,0c+1}. Unica radacing pozitiva o a polino-
mului R satisface inegalitatea

14+ 1/d
i — 1.
a>(M>

Demonstratie. Sa observam ca polinomul R are coeficientii reali gi o
singura schimbare de semn, asadar regula lui Descartes a semnelor ne asigura
ca avem o singura radacina reala pozitiva.

Sa observam ca, punand a, = 1, avem

kK
(&

k=e+1

Pe de alta parte

] d
(6%?]) < () pentru toti 5 =0,...,d—e,
J J

de unde obtinem

d L d—e e+ i d—e d—e d '
e - e - J
k=e 7=0 =0 =0

Intrucat

rezulta

< —1—’y—|—M((1—|—o¢)d—ad) <—1—y+M(1+a),
de unde concluzia. O

Corolarul 3. Fie intregii d > e > 0 gi numerele reale v >0, ag =1, a; > 0,
cu e <t <d. Radacina pozitiva a polinomului
d

R(X) = Y (i)aka_e—'y

k=e+1

se afld in intervalul ((77)1“ 1, 71/(d7e)) .



PROPOSED PROBLEMS 39

Demonstratie. Cu notatiile din Lema 1 si Propozitia 2, este suficient sa
observiim ¢ R = P, O

Invitam cititorul sa gaseasca particularizari cat mai interesante pentru
rezultatele indicate aici.

Nota. Autorul multumesgte referentului anonim si editorilor pentru
sugestiile pertinente care au dus la imbunatatirea manuscrisului initial.
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[3] I. Tomescu, Introducere in combinatoricd, Editura Tehnica, Bucuresti, 1972.
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PROBLEMS

Authors should submit proposed problems to gmaproblems@rms.unibuc.ro.
Files should be in PDF or DVI format. Once a problem is accepted and considered
for publication, the author will be asked to submit the TeX file also. The referee
process will usually take between several weeks and two months. Solutions may also
be submitted to the same e-mail address. For this issue, solutions should arrive
before 15th of November 2013.

PROPOSED PROBLEMS

379. For any prime p we denote by |- |, : Q — R the p-adic norm given
by |0] =0 and [p‘a/bl, = 1/p" if a,b € Z, p { ab. The p-adic field Q,, is the
completion of (Q, |- |,).
Prove that for every prime p and every a1, ...,a, € Q, we have
max  min (0 —a;) — (@ — o)l 2 1/4"™" mina; — al,.
Proposed by Alexandru Zaharescu, University of Illinois at Urb-
ana-Champaign, USA.

380. Let p be a prime and let A € M, (Z) be a matrix such that p | tr A* for
all integers k > 1.

(i) Prove that if n < p then there is some integer m > 1 such that
A™ e pM,(Z).
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(ii) Prove that if n = p then AP — (det A)I, € pM,(Z).
Proposed by Vlad Matei, student, University of Wisconsin,
Madison, USA.

381. Prove or disprove: for any ring A there exists a map f : A — Z(A)
such that f(1) = 1 and f(a +b) = f(a) + f(b) for all a,b € A. Here Z(A)
denotes the center of A, Z(A) ={r € A:ra=ar,Va € A}.

Proposed by Filip-Andrei Chindea, student, University of
Bucharest, Romania.

382. Let a1,b1,...,as,bs € Zo and let f: Z%S — Lo,
S
FXL Y, X Ye) =) (aiX + XY+ bY7).
i=1
Determine |f~1(0)].
Proposed by Constantin-Nicolae Beli, Simion Stoilow Institute of
Mathematics of the Romanian Academy, Bucharest, Romania.

383. Let C = R? x R-( be the the parameter space of all plane circles. Let
n > 0 and denote by Hj the subset of C" parameterizing the configurations
of n plane circles whose interiors contain a fixed point (), such that any two
circles intersect and no k circles pass through the same point. Show that H,
is path connected.

Proposed by Marius Cavachi, Ovidius University of Constanta,
Romania.

384. Let M € M5(C) be an invertible matrix and let £ > 1 be an integer.

a) Show that if M is not scalar, then for any two matrices A, B € M3(C)
with A¥ = B¥ = M there exists E € My(C) such that B = AE = FA,
E* =I5, and [tr(E)| < 2.

b) Is the converse of a) true?

Proposed by Cornel B&detica, University of Bucharest, Romania

1 1
385. Let x € (0,7m) and f(x) = - Prove that f("(z) < 0 for

tan x
n=20,1,....

George Stoica, Department of Mathematical Sciences, University

of New Brunswick, Canada.

386. Let n > 1 be an integer. Find the minimum of

floy="Y o)+ Y o (i),

i<n/2 i>n/2
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taken over all permutations o € S,. Determine an explicit value of o that
realizes this minimum.

Proposed by Filip-Andrei Chindea, student, University of
Bucharest, Romania.

387. Let a > 0 and let (an)n>0 be the sequence defined by ap = 0 and
an+1 = \/a + ay for all n > 1. Prove that the set of all n such that a, € Q
is finite.

Proposed by Marius Cavachi, Ovidius University of Constanta,
Romania.

388. Let a,b,c € (0,1) be real numbers. Prove the following inequality:
1 1 1
— t — = —_—.
Zl—a4 Zl_a%c—zl_a:sb
cyc cyc sym
Proposed by Cezar Lupu, University of Pittsburgh, USA, and

Stefan Spataru, International Computer High School of Bucharest,
Romania.

389. Let F be the real vector space of the continuous functions f : [0, 1] — R.
1

We consider on F the distance d(f,g) = [ |f(z) — g(z)|dz.
0

a) Show that the intersection of any affine line directed by a nowhere
zero function with any sphere consists of at most two points.
b) Does this property hold for every affine line in F?

Proposed by Gabriel Mincu, University of Bucharest, Romania.

390. Let ag,...,a, € C be pairwise different. Solve the linear system of

equations
L 0, ifk=0,...,n—1,
E a;z; =
5% :
, 1, ifk=n.
J=0

George Stoica, Department of Mathematical Sciences, University
of New Brunswick, Canada.

391. Let z, be the sequence defined by z; =1, x,,41 = pg,,, where p,, is the
nth prime number. Determine the asymptotic behavior of {/z,, i.e., find a
function f such that {/z, ~ f(n) as n — oo.

Proposed by Constantin-Nicolae Beli, Simion Stoilow Institute of
Mathematics of the Romanian Academy, Bucharest, Romania.

392. We consider on R” the following norm:
n
z= (21,32, 20) = [l =Y Jax:
k=1
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a) Prove that if n = 2 then the norm || - || has the property
(M) For all 2,2/,d € R?, ||z|| > ||z —d|| and ||2'|| > ||2' — d|| imply
|z + 2| > ||z + 2" —d|.
b) Does the norm || - || havee the property (M) if n = 37

Proposed by Gheorghitda Zbaganu, University of Bucharest,
Romania.

SOLUTIONS

351. Let (an)n>1 be a sequence of positive integers and let o > % such that

> a,®* = oco. Prove that for any k there is an integer that can be represented
n>1
in at least k ways as a sum of two elements of the sequence.

Proposed by Marius Cavachi, Ovidius University of Constanta,

Romania.

Solution by the author. For any n € N let p(n) = {7 : a; < n}|. We
note that there is m € N such that p(27+1) — p(2™) > 2k - 2"/2, otherwise
we would have

1 1 2k - 2m/2 e ]

— il ke —m(a—3)
D=2 X m S a2k 2T <o
n>1 " m>02m<qg;<2m+l T m>0 m>0

For such m we take x = 2™ and denote by b1, ..., b the terms of our

1(1-1)

sequence belonging to the interval [x,2z). Then there are sums b; + b;
with ¢ < j and they take values in the interval [+ (x+1), (22—2)+(22—1)] =
= [2x + 1,42 — 3]. Thus there are at most 2z — 3 < 2z possible values for
these sums.

Since | = p(2z) — p(x) > 2k/z we get l(lgl) > 2kﬁ(2§ﬁ_1) > 2kx, for
k > 2. It follows that there is at least an S € [2x + 1,42 — 3] which is the
value of b; 4 b; for at least k pairs (¢, j) with ¢ < j. Thus S can be written
in at least k& ways as a sum of two elements in the sequence (ap)n>1. O

352. Let K be a field and let m,n, k be positive integers. Find necessary
and sufficient conditions the integers a,b,c should satisfy such that there
exist some matrices A € My, ,(K) and B € M, ;(K) with rank(A4) = a,
rank(B) = b and rank(AB) = c.

Proposed by Constantin-Nicolae Beli, Simion Stoilow Institute of
Mathematics of the Romanian Academy, Bucharest, Romania.

Solution by the author. Let A € My, ,(K) and B € M, ;(K) with
rank(A) = a, rank(B) = b and rank(AB) = ¢. We have a < min{m, n},
b < min{n, k} and ¢ < min{a, b} and, by Sylvester’s theorem, ¢ > a + b — n.
Hence we have the following three necessary conditions:

(1) 0 < a <min{m,n}.
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(2) 0 < b < min{n, k}.

(3) max{0,a + b —n} < ¢ < min{a, b}.

We prove that these conditions are also sufficient.

Let {e;; |1 <i<m, 1< j<n} be the canonical basis of My, ,(K),
where egyj has 1 on position (7, j) and 0 everywhere else.

Similarly we consider the canonical bases {e;: ; |[1<i<n, 1<j<k}
and {e;; | 1 <i<m,1<j <k} for My, ,(K) and M, ,(K), respectively.

We have
o €ir, if .] =T,
e,i jeq r — .
wow 0, otherwise.
a C
We define A = 3 e, and B = e, + Z €nricyi- (Here we make
i=1 i=1

a
the convention that a sum of the type > x; is 0. Since a,c,b —c¢ > 0, the
i=a+1
three sums from the definitions of A and B are defined.) First note that A
and B are well defined. The terms of the sum giving A are defined because
a < min{m,n}, which is simply (1). The first sum from B is defined because
¢ < min{n, k}, which follows from (2) and (3) (we have ¢ < b < min{n, k}).
For the second sum of B we note that its terms are of the form e, with
a+l1<g<a+b-candc+1 <7 <b Butep, is defined only for 1 < g <n
and 1 < r < m. We have a,c > 0, so 1 < a+1c+1 so we still need
a+b—c<mnandc<k. Butthe first condition follows from (3) (we have

a+b—n < c¢) and the second from (2) and (3) (we have ¢ < b < k).

By (3) we have a < ¢. Hence AB = Z ei;i- (See the formula for €} ef ...)

The a x a matrix made by the ﬁrst a rows and the first a columns of
Ais I,. All larger minors of A are zero, so that rank(A) = a. By a similar
argument rank(AB) = c¢. For B we note that the b x b matrix made of the
rows 1 to ¢ and a+ 1 to a + b — ¢ and the first b columns of B coincides with
I. All larger minors of B are zero, so rank(B) = b. O

353. Let f :[-1,1] — R be a continuous and differentiable function in 0.

Denote
h

I(h) = /f(:c)d:c,h € [0,1].
—h
Show that

Tim =S (RI(L/B)] = 5 1£(0)]
k=1
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(Here ¢ denotes the Euler’s totient function.)

Proposed by Cezar Lupu, University of Pittsburgh, USA, and
Calin Popescu, Simion Stoilow Institute of Mathematics of the
Romanian Academy, Bucharest, Romania.

Solution by the authors. Let us consider the function ¢ : (0,1] — R
defined by
I(h) —2f(0)h
oy = L2100

which can be extended continuously in 0 because we have

lim p(h) = fim L= 2FOR) o F() + F(—h) —2£(0)

h—0 h—0 2h h—0 2h
L (L0 _ SR 10))
2 h—0 h —h
= S(F'0) - () =0

It follows that v is bounded on (0, 1]. Let M = sup{|¢(h)| : 0 < h < 1}.
It follows that

[I(h) — 2f(0)h| < MR*,¥ h € (0,1].
For h = 0 the above inequality is obvious. Since
[[I(h)] —2£(0)h] < |[I(h) —2f(0)h| < Mh2,V0O < h <1,
it follows that
2|£(0)|h — Mh?* < |I(h)| < 2|f(0|h + Mh%, Y0 < h < 1.

Thus, we obtain

which is equivalent to

S
S
—~
w
~
S

£ k) =MD E < (k! (E> <
k=1

k=1 k=1

<2AFO)S (k) + a3 2B
k=1

k
Let us consider the sequence (a,),>1 defined by

0 = %égp(k:)k‘](%)'.
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We obtain that

M~ p(k 1 < M = ok
2O Yo - 533 P <o A0 S+ 13 3 AP
k=1 k=1 k=1
In what follows we prove the following

Lemma. The followz'ng estimations hold true:

) Jim e St

ok 6
,Hoonz -2

Proof. 1) Let p(n) be the Mobius function defined by

_ DR = (=120, i w(n) = Q(n),
pln) = {O, if w(n) < Q(n),

where w(n) is the number of distinct primes dividing the number n and (n)
is the number of prime factors of n, counted with multiplicities. Firstly, we
prove by induction the following identity:

B Al )

The base case is n = 1 and we see that the claim holds:

e(1) . p(d)
oot

For the induction step we need to prove that
p(n+1) —l— 1 +1
Z p(k n PJ 4 p(n+1) '
n+1 k n+1

The key observation is that

n+1 _{EJ )1, ifE|(n+1),
k kl )0, otherwise,

so that the sum is

> ), skl 5

n+1 k-
k|(n+1) k|(n+1)
k<n+1
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Now the fact that > # = £ i5 4 basic totient identity. To

k| (n+1) i
see that it holds, let p}'p5? ... py" be the prime factorization of n + 1. Then
CURSVIN ; JETED S G
n+1 m ko’

=1 k|(n+1)

by definition of p(k). This concludes the proof of (30).
Now, we prove the identity

> o) = (1 W L%f) . (31)
k=1 k=1

112
The base case is n = 1 and we have p(1) = 1 = 3 1+ p(1) {—J )

which is true. The induction step requires us to show that

n+1 n |2 1 n+1|2
p(n+1) Zu <{ J —LEJ > + iu(n—kl) {”‘FlJ .
Next observe that

VJAJQ_WJQ _ {2”7“—1, if k|(n + 1)

k k 0, otherwise.

k

Therefore, the right side of the desired equality is

e B )

kl(n+1) kln+1
k<n+1

that is

) 3 M DS )
kln+1 kln+1

The first of these two terms is precisely ¢(n + 1) as we saw earlier, and
the second is zero, by a basic property of the Mdbius function (using the

q
same factorization of n + 1 as above, we have > pu(k) = [[(1—-1)=0.)

k|n+1 =1
This concludes the proof of (31).
Now, we are ready to prove that
1 & 3 logn
ﬁZgo(k):P-i—O( - ) (32)
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Using the elementary inequalities x — 1 < |[z] < x, we get the upper

bound
" n |2 " n |2 n |2
S|zl =X 7] - X 7] s
k=1 k=1 k=1
p(k)=1 p(k)=-1
"L n? “ n? n
< Z T3 Z 5} 2]4: +1),
k=1 k=1
p(k)=1 n(k)y=—1
that is
o~ (k) —~ (N o~ (k) -
Y ES e Y (2 -1) <nY Er om0 1
k=1 k=1 k=1 k=1
n(k)=—1 u(k)=—1

Similarly, we have the lower bound

SH-C B (Fge)- X e

u(k)=1 n(k)=—1 u(k)=1 n(k)=—1
that is
n n n n
2 (k) n 2 (k)
k=1 k=1 k=1 k=1
u(k)=1 w(k)=1

1
where H, =1+ 3 + .-+ 4 — is the harmonic sequence.
n

Now using the asymptotic expansion of the harmonic sequence H,,, we
have

2nH, € O(nlogn), Z 1€ O(n), and Z 1€ O(n).
u(kk:)il u(:):=1—1

The term ) % is O(1) by comparison with ((2), where ((s) is the
k=1

Riemann zeta function

So far we have shown that
1 & 1 <= (k) logn
WZ@(I{) =52 52 0 <—n .
k=1

It remains to evaluate
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asymptotically, which we have seen converges.
The Euler product for the Riemann zeta function is

o) =] (1 _ i>1 for R(s) > 1.

p
P
Now it follows immediately from the definition of the M&bius function that
1 1 p(n)
— = 1—-— )= —.
L) s
This means that
(k)

1 11 1
o).
2 — 2((2) n
oo
where the integral [ t% dt was used to estimate % But
n+1 k>n
and (32) is established.

Py
w"“
N

I
>1M|w

1,
2
ii) The above techniques together with the identity
(k) = plk) PJ
Z ko Z k k
k=1 k=1
also yield a proof that
IL~pk) 6 1
Ly pk) _ 6 o (logn)
n k 2 n
k=1
Reasoning as before, we obtain the upper bound
=~ p(k) VLJ k) o~ ]
LA SAVAN e P 2AY -
;; DS kD D

and the lower bound

S
=
—~
w
~—
—
S
3
=
—
Sy
SN—
S
—_

k=1 k=1 k=1

The proof of the Lemma is now finished. O
Returning to our problem, we showed the double inequality

n

1 M ok 1 & M = p(k
20104 3 ol — 23 E <o <op0) L ) + 2030 2B
n n k n n k
k=1 k=1 k=1 k=1
By applying the above lemma and the squeeze theorem, we obtain the desired

conclusion. n



PROPOSED PROBLEMS 49

too
354. For z > 1, define the function f(z) = [ e dt. Prove that there exists

1
L € C* such that
lim zf(z) = L.
Proposed by Moubinool Omarjee, Jean Lurcat High School, Paris,

France.

Solution by the author. With the change of variable © = t* and an
integration by parts we get

po =1 femuimtau= () [ oot
T T T T
! 1

By the Lebesgue dominated convergence theorem we have

oo o0

. 1_ w —
lim [ e™u>"2du = /ewu 2du =: C,
T—00

1 1

so f(z) = L1(ie' —iC + o(1)), which implies that

lim zf(x) = L:=i(e" — C).
T—00
To prove that L # 0 we write L = ie’ [ (1 — ez(“_l)) u~2du and we note
1

o0

that the real part of the integral is [(1 — cos(u — 1))u=2du > 0.

1
Note that, again by an integration by parts, we have a simpler formula,

m .
L= [e*uldu. O
1

.z

12

Prove that for any n € N*, n > 1, there is no m € N* such that cos (na) =
Proposed by Vlad Matei, University of Cambridge, UK.

355. Let p be an odd prime number and o € [0 ] such that cosa =

1

>
1
prog

Solution by the author. We argue by contradiction. Assume indeed that

cos (na) = L.

By Moivre’s formula we know that

(I+iyp* ="+ (1 —dy/p* = 1" 5

cos (na) = o = p
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It would follow, since p is prime, that there exists a positive integer [
such that { < n and m = p, thus

2l .
> et (y) =t (33)

=0

Ln/2] [n/2]
i(2 (") = n
We have that E (=D*(p*—1) <22> = E (21> (mod p), thus

1=0 1=0

[n/2] ‘ i
Z (—1)'(p* - 1) (21) =2""1  (mod p).

i=0
If | < n this would lead to p | 2 so p = 2, in contradiction with the hypothesis.
Thus | = n. From this we can rewrite (33) as

[n/2]—1 ' ‘ n
> (=D - 1)‘<21. +2) =0. (34)

=0
In what follows vy () denotes the exponent of 2 in the natural number

x, also known as the 2-adic valuation.
Let va(p? — 1) = a and va(n(n — 1)) = b. We note that a > 3 since p

is odd. Our aim is to prove that vy <(102 —1) (21 2)) > b for i > 1, since
i

n
the first term in our sum is 5 and it has 2-adic valuation b — 1.

We have that

w (620, ,) ) = - 00+ (1)) -

=ait+vy(n(n—1)(n—2)--- (n—2i—1)) —va((20+2)!) > ai+b—wv2((20 +2)!).

Using Legendre’s formula we know that va((2i42)!) = 2i4+2—s9(2i+2),
where sg(z) is the sum of digits in the base two expansion of z, thus
v2((2¢ + 2)!) < 2i + 1. Putting it all together, from our first observation
a > 3 and the fact that ¢ > 1 it results that

UQ((pQ—l)i<2Z_Tj_2)> >ai+b—2—1>b+3i—2—1=b+i—1>b.

Thus we have obtained our desired inequality and this gives an imme-
diate contradiction in the equality (34), by looking at the 2-adic valuations
of the first term () and of the others (p* — 1) (2&2), for i > 1. O
356. Let {b,}n>0 be a sequence of positive real numbers. The following
statements are equivalent:
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N AR ,
i) Y 2" < ooforall reR;

b
n=0 "
b b
i) > ‘”+bln nl < o0y
n=0
[e.°]

V) Z ‘b";rlﬂb Wl oo for all 7 € R.

Proposed by Alexandru Kristaly, Babes-Bolyai University,
Cluj-Napoca, Romania, and Gheorghe Moroganu, Central European
University, Budapest, Hungary.

Solution by the authors. First, we prove

b
Z'"H | oo = Im, M >0: m< by < M, ¥n >0 (35)

o0
Let a, = b’“’bl;b". From the hypothesis it follows that ) |ay,| < oo, and
" n=0

bn+1
bn

Note that in particular lim a, = 0. Therefore, we may assume without

=14a,, n>0.

n—oo
any loss of generality that |a,| < 1 for all n > 0. It follows from the above
relation that

ﬂ 1+ ). (36)

From (36) we obtain that

o< H 1fal) < TT(+Haeh) < [T exparl) = exp( faxl) = Mo < o,
k=0 k=0 k=0 k=0
thus

bn S boMo =: M.
Using again (36) we obtain that

b—" H (1 — |ag)) ZH1—|ak|
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The latter term is positive. We assume by contradiction that it is 0.
Consequently,

o
> —In(1 — |a]) = oc.
k=0
Since lin% W =1 and lilzn axr = 0, the above series has the same nature
T—

o0 o0
as Y |ap|. Contradiction. Thus, [] (1 — |ag|) =mo >0, i.e.,
n=0

b, > bgmg =: m.

ii) = i) If » = 0, we have nothing to prove. If r # 0, by the mean value
theorem we obtain that b}, , — b}, = rch~Y(byy1 — by), where m < ¢, < M.
This proves the claim.

In fact, 1) and ii) are equivalent because ii) is obtained by specializing

r = 11in i). It is also obvious that ii) = iii). We have just to notice that
[e.°]

|bp+1—bn| < oo implies that {b,, } is convergent. The converse implication,
n=0
iii) = ii), is trivial.
The equivalence of the last three statements follows by similar argu-
ments. O

357. Describe the functions ¢ : R — R with ¢(0) = 0 such that the set of
functions {¢ + y : y € R} is a semigroup with respect to the operation “o”,
the composition of functions. Prove that such a semigroup is a monoid if and
only if ¢ is the identity map.

Proposed by Dan Schwarz, Bucharest and Marcel Tena, Saint Sava
National College, Bucharest, Romania.

Solution by the authors. On the set of functions F = {f : f : R — R} let
define the relation fi ~ fo if fo — f1 is a constant function. One immediately
checks ~ is an equivalence relation. Then the class f of any function f
contains exactly one (canonical) representative ¢ with ¢(0) = 0.

Assume now that ¢ is a subsemigroup of (F, o). Let po(o+y) = p+vy .
Computed at x = 0 it yields p(y) = ¢/, thus po (¢ +y) = ¢+ ¢(y) for all y.
Computed at y = 0 it yields ¢ o ¢ = ¢, thus also (¢ +y) o ¢ = ¢ + y for all
Y, i.e., @ is a neutral element to the right.

Conversely, for a function ¢ satisfying ¢(0) = 0 and ¢(¢(z) + y) =
= p(x) + p(y) for all z,y, we have

((p+a)o(p+0)(z) = (¢ +a) (¢ +b)(2))
= (p +a)(p(x) +b) = (¢ + ((b) + a))(z),
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hence ¢ is a semigroup.?

Consider now K, = {k € R : p(k) = k}. From ¢ o ¢ = ¢ follows
K, =Imyp. We have 0 € K, and p(ki1+k2) = @(p(k1)+k2) = p(ki)+p(ke) =
= k1 + ka. Also, 0 = p(p(k) + (=k)) = k 4+ ¢(—k), hence o(—k) = —k. It
follows that (K,,+) < (R, +), an additive subgroup of R.

The improper cases are

e K, = {0}, corresponding to ¢ = 0;
e K, = R, corresponding to ¢ = idg.

Let 7 be a coset of R/ K; we have ¢(k+y) = k+¢(y) for k € K. Then
the function ¢ is defined by id on K, and (arbitrarily) on representatives y of
the cosets 7, prolonged to the whole coset by p(k+vy) = k+¢(y). Conversely,
any such function ¢ satisfies ¢(0) = 0 and ¢(¢(z) +y) = ¢(x) + ¢(y) for all
x,y. The function p(x) = || is such an example, for K, = Z, with ¢ # idr
(obviously, the semigroup will have no neutral element).

But if {¢ +y : y € R} is a monoid, then ¢ = £ 0 ¢ = ¢ (where ¢ is
the neutral element), hence ¢ is the neutral element of the monoid. Then
o+ o(y) =po(p+y) =p+y for all y, hence p = idg. On the other hand,
it is clear that for ¢ = idg the corresponding subset is a monoid (in fact a
group). O

358. Prove that for any coloring of the lattice points of the plane with a
finite number n > 1 of colors and for any triangle ABC having angles with
rational tangents there is a triangle with lattice vertices of the same color
which is similar to ABC.

Proposed by Benjamin Bogogel, West University of Timigoara,
Romania.

Solution by the author. Let tan A = 7= gggj and tan B = ¢ = Zgg@l,
with a,b,c,d € N*, ged(a,b) = ged(e,d) = 1. We consider the lattice points
D, E, F of coordinates (0,0), (b*cd + abd?,0) and (b?cd, abed), respectively.
By construction the triangle DEF is similar to ABC as tan A = tan D,
tan B = tan E.

From now on we will focus on points in the set
A={X] lﬁ:plﬁ—l—qﬁ, p,q € N}.
Given k points Py,..., P, € A in an arithmetic progression on a line parallel
to Oz, let P be a point with P, P||DF and P, P||EF so that the triangle
P, PP is similar to ABC. We denote by 0(P;, Pg, k) the set of the vertices
of the (k — 1)? congruent triangles similar to ABC' in which the triangle

PP, P can be divided. Then 6(Pi, Py, k) C A. We denote by o(n) the
smallest number of points Py, ..., Py, € A in an arithmetic progression on

2In fact this induces on R the associative operation a%b = a-+ ¢(b), with neutral element
to the right e = 0. To check, (axb)*xc=ax (bxc) =a+ @(b)+ ¢(c), ax0=a+ ¢(0) = a.
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a line parallel to Ox such that, regardless of the coloring, in 6(P1, Py (), 0(n))
there are three points of the same color that are the vertices of a triangle
similar to ABC. (Assuming that such number exists.) We will prove by
induction on n that o(n) is defined.

When n = 1 there is nothing to prove, as all points have the same color,
so o(l) =2.

For the induction step we use the Van der Waerden’s theorem, which
states that for any r,k > 1 there is a number N such that if the elements
of an arithmetic progression of length N are colored with r colors then we
can extract an arithmetic progression of length k£ with elements of the same
color. The smallest N with this property is the Van der Waerden number,
denoted W (r, k).

Assume that o(n) is defined. We will show that o(n + 1) is also defined
and o(n+1) < W(n+1,0(n)+1). We consider a coloring with n + 1 colors.
Let P1,..., Pw(nt1,0(n)+1) € A be some points in an arithmetic progression
on a line parallel to Ox.

We want to prove that 6(P1, Py (n+1,0(n)+1), W(n+1,0(n)+1)) contains
three points of the same color that are the vertices of a triangle similar
to ABC. By the Van der Waerden’s theorem there are Q1,...,Qun)+1 €
€ {P1, ..., PWn+1,0(n)+1)} in an arithmetic progression of the same color.
Obviously

5(@17 Qa(n)—l—h O-(n) + 1) - 6(P17 PW(?’L+1,U(7’L)+1)7W(n +1, O-(n) + 1))
We have

6(@17 Qa(n)+170(n) + 1) = {Qh s 7Qa(n)+1} U 5(R17 Ra(n)v U(n))v

where Ry,..., R,@) are the points of §(Q1, Qy(n)4+1,0(n) + 1) from the first
line parallel to [P, Pyn)41]- If 8(R1, Ro(n),0(n)) contains some point R of
the same color as the ();’s then R and two points Q);, (); are the vertices of
a triangle which is similar to ABC and they have the same color, so we are
done. Hence we may assume that all points of §(R1, Ry(,),o(n)) are colored
in the remaining n colors. By the induction hypothesis there are three points
of the same color in 0(Ri, Ry(ny,0(n)) that are the vertices of a triangle
similar to ABC' and again we are done. O

359. Determine how many permutations of the 81 squares of the Sudoku
grid have the property that for any solution of the Sudoku game, if we apply
the permutation to the 81 squares we obtain another solution of the Sudoku
game.

Proposed by Constantin-Nicolae Beli, Simion Stoilow Institute of
Mathematics of the Romanian Academy, Bucharest, Romania.

Solution by the author. Denote I := {1,...,9}. A completion of
the Sudoku grid with numbers from 1 to 9 can be regarded as a function
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f:IxI— I. Wedenoteby A the set of such completions that are solutions
of the Sudoku game.

For any set X we denote by X x its group of permutations. In particular,
Sn == 2{17'_'771}.

If c € Y747 and f: I x I — I then, after applying o to the 81 squares
of the grid, for any s € I x I the value on the square o(s) will be f(s). Hence
the value on a square s will be f(o~!(s)). Thus the new completion of the
grid will be the function f o 0=!. Hence we want to determine |G|, where
G={0€Xix;| foot € AVf € A}. Note that if 0,7 € G then for any
fe€Awehave foo '€ Aandso fo (o)™t = (foo l)or~! € G, whence
7o € A. Hence G is a subsemigroup of ¥;;. But X7«s is finite so G is a
subgroup.

For any ¢ € I we denote by r; and ¢; the ¢-th row and column, respec-
tively, r; = {i} x I, ¢; = I x {i}.

We have I = I; U Iy U I3, where I, = {3k — 2,3k — 1,3k}. Then
the grid can be divided into 3 blocks of 3 consecutive rows, Ri, Ro, R3, where
Ry = r3p_oUrsr_1Urs, = I x 1. Similarly we have the blocks of 3 consecutive
columns C1,Co,C3, Cf, = I x I}, For 1 < k,l < 3 we denote by Sj; the nine
3 x 3 squares of the grid, Si; = I x I; = R N C;. We have

A={f:IxI—=T|f(r)=fle)=IViel, f(Su)=IV1<kI<3}

For any i € I we have i € I,(;), where a(i) = [£]. Then the row r; is a
part of the block R,(;) and the column ¢; is a part of the block Cy ;). Also a
square (4,7) € I x I belongs to the 3 x 3 square S ;) a(j)-

If 0 € ¥; then we denote by ¢",0¢ € Y4 the corresponding per-
mutation of the rows and columns, respectively. Namely, ¢” is given by
(Zvj) = (O-(Z)vj) and o by (Zvj) = (IL?O-(])) Then UT(Ti) =To(5), Ur(ci) =G
and 0°(r;) = ri, 0°(c;) = ¢y Vi € L.

If o,7 € ¥y and ¢ = 0"7¢ then ¢(r;) = 75 and ¢(c;) = c,(y, s0 @
sends rows to rows and columns to columns. Also ¢((i,7)) = (o(i),7(4)).
In particular, this implies that ¢ is uniquely determined by ¢ and 7, i.e.,
if = 0"7¢ = o7/ then ¢/ = o, 7/ = 7. Conversely, if ¢ € Y. sends
rows to rows and columns to columns, i.e., if there are 0,7 € X such that
P(ri) = T and ¢(c;) = c-(;), then for any (i,5) € I x I we have {(i,j)} =
ri Ve 50 {6((0, 7))} = 6(ri) N 6(c;) = () N ery = {(0(0), 7(7))}. Thus
is given by (i,7) — (o(i),7(j)) and so ¢ = o"7¢. In conclusion, the mapping
(o,7) — o"7¢ is a bijection between ¥; x 31 and the permutations of I x I
sending rows to rows and columns to columns.

For any A € S3 we denote Hy = {0 € X; | o(ly) = I )} and
H = Uyecg,Hy). Note that HyHy C Hyy, which implies HH C H, so H
is a subgroup of ;. Note that Hy # () for any A € S3. Indeed, since for any
k,l the mapping ¢ — 3(I — k) + ¢ is a bijection from I} to I;, the mapping
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ox : I — I, given by i — 3(A(k) — k) + ¢ when i € I, is a bijection with
ox(Ix) = Iu), so it belongs to Hy.

We have a morphism ® : H — Ss given by o — X if ¢ € H). Then
ker® = H; and ® is surjective since Hy # (0 VA € S3. It follows that
|H| = |S3||H1|. But |S3] = 6 and Hy = {0 € X1 | o(Ix) = Ix Vk} is the
internal product of its subgroups Xy, Xr,,X1,, each of them having 3! = 6
elements, so |H;| = 63. Hence |H| = 6*.

Let 0 € Hy, 7 € H, for some \,u € S3 and let ¢ = o"7°. Then for
any 1 € I we have ¢(r;) = r,;) and ¢(c;) = c;(;). Also since ¢ is given
by (i,7) = (0(i),7(j)) we have ¢(Sk:) = ¢(Lx x L) = o(lk) x T(L) =
= Iy X Lygy = Sagyu@ VK1 € {1,2,3}. Tt follows that for any f € A
we have f o ¢(r;) = f(rou) = I, fod(ci) = flcrw) =1 and f o ¢(Sk) =
= f(Sx)yu@y) = I. Thus fop € A for any f € A, so ¢~ € G, whence
¢ €Q@q.

In conclusion, G contains H"H¢ = {o"7¢ | 0,7 € H}, which is the
image of H x H under the isomorphism (o,7) — o"7¢ defined above. We
have |[H"H¢| = |H x H| = 6. G also contains the reflexion in the diagonal
g, given by (¢,7) +— (j, 7). Indeed, if f € A we have foe(r;) = f(¢;) =1 and
foe(le) = f(ri) =1Vieland foe(Sky) = f(Sik) =1, k1 € {1,2,3},
so foe € A. 1t follows that G O H"H®U eH"H®. We claim that
G = H"H®U eH" H¢, which will imply that |G| = 2 x 6% = 3,359, 232.

Lemma. For any (i,7) € I x I we denote by A; ; the union of the row,
the column and the 3 X 3 square containing it, A; j = r;Uc; U Sy() a())-

If (i,7),(r,s) € I x I, (i,7) # (1, s), then the following are equivalent:

(1) f(,7) # f(r,s), Vf €A

(2) (T, 8) S Ai,j-

Proof. The implication (1)=-(2) follows from the fact that any f € A is
injective on every row, column and 3 x 3 square. For the reverse implication
we assume that (r,s) ¢ A;; and we prove that there is some f € A with
f(i,7) = f(r,s). Since (r,s) ¢ r; and (r,s) ¢ c; we have r # i and s # j.
Also (i,7) and (r, s) belong to different 3 x 3 squares, say Sj; and Sy, ,, with
(k,1) £ (m,n).

Let fo € A be arbitrary. In the square S, , there is some (p,q) with
fo(p,q) = fo(i,j). Since (i,j) and (p,q) belong to different 3 x 3 squares
they are different so, by the (1)=-(2) implication, (p,q) ¢ A;;. Arguing in
the same way as for (r,s), we get p # i, ¢ # j.

We consider the transpositions o = (r,p), 7 = (s,q) and we define
¢ = o"r¢. Since (r,s),(p,q) € Smn we have r,p € I, s,q € I,. This
implies that 0 € ¥, C H, 7 € ¥;, C H, so ¢ € H"H® C G. Therefore
fi=foop € A

We have o(r) = p, 7(s) = ¢ and, since i # r,p, j # s,q, we have
oi) = i, 7(j) = .
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Therefore ¢(i,75) = (i,7) and ¢(r,s) = (p,q), so f(r,s) = fo(p,q) =
= fo(i,7) = f(i,7), as claimed. O
We denote M ={X CIxI||X|=9, f(X)=1, VfeA}l

Corollary. M is the set of all rows, columns and 3 x 3 squares.

Proof. Obviously, by the definition of A, M contains all rows, columns
and 3 x 3 squares.

Conversely, assume that X € M. Then |X| = |I| = 9, so the condi-
tion that f(X) = I means that f|x is bijective. Hence if (i,7), (r,s) € X,
(4,7) # (r,s), then for any f € A we have f(i,7) # f(r,s), so, by the Lemma,
(r,s) € A; ;. Hence X C A, ;.

Let (Z,j) € X. Ifiely, je€ I then X C Ai,j = ?”Z'UCjUSk,l. IfX = Sk,l
then we are done. So we may assume that X N (r; \ Si;) or X N (¢ \ Sk,) is
nonempty. We consider the first case, so let (i, h) € X N (r; \ Sk,;). We have
h € I, with m # [ since otherwise (i, h) € I, x I} = Sj.

Since (i, j), (i,h) € X, we have X C A; ;N A; . But ¢; US,; C C, so
r; C Ai,j C r; U ;. Similarly, r; C Ai,h C r; UCy, sor; C Ai,j N Ai,h -
C(ruC)N(riuCy) =r;. (We have C;NC,, = 0.)

Thus X C A; ;N A; , =7, whence X = r;. (We have | X|=|r;| =9.)

Similarly, if X N (¢; \ Sk,) # 0 we get X = ¢; and we are done. O

Let now ¢ € G. We prove that ¢ € H"H°UeH"H® to get our claimed
result, G = H'H°UeH"H¢. 1If X € M then for any f € A we have
fogpe A so f(o(X)) = fop(X) = 1. It follows that ¢(X) € M. Hence
¢ will permutate the elements of M. We have M = M; U My, where
M, = {ri,ci | 1€ I} and My = {Sk:,l | 1<kl < 3} Note that |Ti ﬂCj| =1
Vi,j € I and if X = S, then for any ¥ € M, Y # X, we have either
| XNY| =3, whenY =r; withi € [ or Y =¢; withj€ [;,or [ XNY|=0
otherwise. Thus M; ={X e M |3IY € M, | X NY|=1}.

If X € M; then there is Y € M with |[X NY| = 1. It follows that
lp(X)No(Y)| = |p(X NY)| =1, s0o ¢(X) € M;. Hence ¢ sends M; to M;
and My to Ms, i.e., it sends rows and columns to rows and columns and 3 x 3
squares to 3 X 3 squares.

Note that if X NY # @ then ¢(X) N oY) # 0, so for any X € M,
¢psends {Y € My | XNY # 0} to{Y € My | ¢(X)NY # (}. Take
X =ri. Then ¢(r1) = ry or ¢, for some h € I. In the first case ¢ will send
{YGMl ’TlﬂY#m}:{Ci‘iEI}tO{YEMl‘ThﬂY#(D}:{Ci”L'EI}.
Hence ¢ sends columns to columns and rows to rows. In the second case ¢
sends {¢; |[i € I} to{Y € My | ep,NY # 0} = {r; | i € I}. Hence ¢ sends
columns to rows and rows to columns. We consider the two cases separately.

If ¢ sends rows to rows and columns to columns then ¢ = o”7¢ for some
o,7 € X. We have ¢(r;) = 7,y and ¢(¢;) = ¢y, Vi € I. Let k € {1,2,3}.
Then ¢ sends S} 1 to another 3 x 3 square, say Sy, . Then for any ¢ € I}, we
have 7; N Sy1 # 0 and therefore r, ;) N Sppn = ¢(ri) N ¢(Sk,1) # 0. It follows
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that o(i) € Ip,. Hence o(I) C I, so, since o is bijective, o(Iy) = Ip,. It
follows that there is some A\ € S3 with o(ly) = I\y) Yk € {1,2,3}. Hence
o € H. By a similar reasoning 7 € H and so ¢ € H"H®.

If ¢ sends rows to columns and columns to rows then so does €. Thus
e¢p € G will send rows to rows and colums to columns. It follows that
ep € H'H® so ¢p € eH"H®. a

Remark. Recall that H; is the kernel of the surjective homomorphism
®: H — S3and Hy = ®71()\) VA € S3. Hence H), are the classes of H/Hj.
Since o) € H), we have Hy, = o0,H,. So any ¢ € H writes as ¢ = 0g0’,
where 0g = o for some A € S3 and ¢/ € H;. But H; is the internal direct
product of X1, %1, Xy, so o' = 010203 with o, € X, .

It follows that ¢" = o(ojoj0%. Since op permutates by translation
the sets Iy, Iz, I3, o) permutates by translation the blocks Ri, R, R3. For
k=1,2,3 o} € Xy, so oy, will permutate the rows of the block Ry, = I}, x I.
We proceed similarly with 7¢ when 7 € H. In conclusion, an element of G
has the form

6 = *abolotoriTiTTs,
where s € {0,1}, ¢ is the reflection in the diagonal of the grid, o, permutates
the blocks R1, Rg, R3, o7,07,05 permutate the rows within Rq, Ra, R3, 7§

permutates the blocks C1, Cq, C3, and 71, 75, 75 permutate the columns within
the blocks C1, Cy, Cs.

360. Let M, (C) be the ring of square matrices of size n and A € M, (C).
The adjugate (classical adjoint) adj(A) of A is defined as follows: the (i, 7)-
minor M;; of A is the determinant of the (n — 1) x (n — 1) matrix that
results from deleting row i and column j of A, and the 7,j cofactor of A
as Cj; = (—1)"77M;;. The adjugate of A is the transpose of the “cofactor
matrix” Cj; of A.

Show that if for all positive integers k we have det((adj(A))* +I,) = 1,
then (adj(4))? = O,,.

Proposed by Marius Cavachi, Ovidius University of Constanta,
Romania, and Cezar Lupu, University of Pittsburgh, USA.

Solution by the authors. First of all, we prove the following.

Lemma 1. If A € M,(C) is a matriz such that the adjugate adj(A) is
nilpotent, then (adj(A))? = O,,.

Proof. From the hypothesis, it follows that det(adj(A)) = 0. If A would
be invertible, from the identity Aadj(A) = det(A)l, (which follows from
the Laplace development for the determinant) it would result that adj(A) is
invertible as well. This contradiction shows that one has det(A) = 0. Thus,
rank(A) <n—1. If rank(A) < n — 2 then adj(A) = O,, and the conclusion is
obvious. If rank(A) = n — 1, from Aadj(A) = O,, and Sylvester’s inequality,
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we deduce
0 = rank(Aadj(A)) > rank(A) + rank(adj(A)) — n = rank(adj(4)) — 1.
Since rank(adj(A)) = 1, it follows that there exist M € M; ,(C) and
N € M, ;(C) such that adj(A) = NM and MN = X € C. As adj(A) is

nilpotent, there exists a positive integer k such that (adj(A))* = O,,. On the
other hand, by iteration, we deduce that

O, = (adj(A)* = N - (MN)*1. M = N"INM = N~ adj(A).
Since adj(A) # Oy, we have A = 0 and the conclusion follows immediately
from (adj(A))2 = N - (MN) - M = Xadj(A). O
Lemma 2. If X is a square matriz of size n with complex entries such
that for any positive integer k we have det(X* + I,,) = 1, then X™ = O,.
Proof. Indeed, let A1, s, ..., A\, be the eigenvalues of the matrix X. It

is easy to see that 14+ A}, 1+ X5 ... 1+ )\ are the eigenvalues of X* + I,,.
By the hypothesis we have

A+MDHA+ X a4+ =1

By expanding this writes as

¥4+ ak =0,
where x1,...,2,, are the products A\;; ---A;, with 1 <t <nand 1 < <
. <iy <n. (We have m = 2" —1.)
We denote by Sy the elementary symmetric polynomials defined by
Sy = > :cl-1~~~xikande:xlf—i—---—i—:clﬁn. SinceP,=...=P, =0
1<it <...<ipg<m
(see above), from the well-known Newton’s identities

k
kSp =Y (1) 'Sk_iP,

i=1
valid for all integers k£ > 1 we readily get S1 = --- = S;, = 0. It follows
that 1 = -+ = x,, = 0. This in turn implies A\; = --- = A, = 0. By
Hamilton-Cayley theorem we deduce that X™ = O,,. g
Applying Lemma 2 for X = adj(A), we obtain that (adj(4))" = O,.
By Lemma 1 this implies (adj(A))* = O,. O

361. 88% of the surface of a sphere is colored in red. Prove that there is a
cube inscribed in the sphere with all vertices red.

George Stoica, Department of Mathematical Sciences, University
of New Brunswick, Canada.

Solution by the author. For 1 < i < 8 we denote by X; the event that
the vertex A; of a random cube with vertices Aj,..., Ag inscribed in the
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sphere is not red. By hypothesis

12
Prob(X;) = 100 fori=1,...,8,

where Prob(X;) is the probability of the event X;.
By Boole’s inequality we have

8 8

96

Prob (U XZ-> < ZProb(Xi) = 100"
=1 i=1

so the probability that at least a vertex of the cube is not red is < 1%60 Hence

the probability that all vertices are red is > 0 > 0. Thus there are cubes

with all vertices red.

362. Given a function f: X — X, we will make the notations

fo(X) = X, fu(X) i= f(far(X)) forn>1, fu(X):= ] fa(X

n>0

(i) Prove that f(f,(X)) C fu(X).

(ii) Prove that for X = R and f a continuous mapping, f,(R) is R, a

half-line, a bounded segment, a singleton, or the empty set (.
Moreover, let it now be given that f(f,(R)) = fu,(R).

(iii) Prove that if f,(R) is bounded, then it is a closed interval (inclu-
sively degenerate cases — a singleton, or the empty set (}); also give
examples for each of these cases.

(iv) Give an example for f,(R) being an open half-line.

Proposed by Dan Schwarz, Bucharest, Romania.

Solution by the author. (i) We have f,(X) C fo(X) C fn1(X) € X
for all n > 1. We also have f(f,(X)) C fu,(X), since

FE0) = £V £(X)) € () FU0) = () S (X) = fulX).

n>0 n>0 n>0

(ii) f being continuous, f,(R) is a connex set for all n, hence f,(R) is
a connex set, thus belonging to the given list.

(iii) An example for f,(R) = 0 is f(x) = 22 + 1; for f,(R) = {C} is
f(z) = C (constant); while for f,(R) = [a,b], a < b, is f(z) = a for z < a,
fx)=btfor b <z and f(zx) =2 for a <z <b.

Assume that f,(R) = (a,b), a <b. Let y, =a+ (b —a)/2n € (a,b) for
n > 1, hence nli)rgo Yn = a. Then there exists x,, € (a,b) for which y,, = f(z).

Since the sequence (z,),>1 is bounded, it will contain a convergent sub-
sequence (z, )n>1; let its limit be ¢. But then a = nh_)rgo Yk, = nh_)rréo flzy,) =

= f(¥¢), since f is continuous.
Will it be ¢ € (a,b), it would follow a = f(¢) € (a,b), absurd. So
¢ & (a,b), but as =, € (a,b), it will follow ¢ € Ia,b], hence ¢ € {a,b}.
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But f(a) = a is absurd, since then a € f,(R) = (a,b), thus f(b) = a.
A similar argumentation leads to f(a) = b, thus f(f(a)) = a, and again
a € fu,(R) = (a,b), absurd.

Analogously it is shown that f,(R) = [a,b) or f,(R) = (a,b], a < b,
leads to a contradiction.

(iv) Let f: R — R be given by f(x) =1 for z < 1 and

ef(z)=(1- {x})x(fl)m + {x}x(fl)m for x > 1.
(For n € N*, f(n) = n for n even, f(n) = L for n odd, while for > 1, f(x)

is defined as the broken line connecting th?ese points on the graph of f — f
is piecewise linear). It is then clear that f,(R) = f(R) = (0, 00). O

Remarks. Assume that f,(R) = [a,b], a < b. Consider the obviously
closed set f~'(a) = {x | f(z) = a}. Were it f=!(a) N [a,b] # 0, then
a € f([a,b]). Were it f~1(a) N [a,b] = 0, then there exists some £ > 0
such that f~'(a) Nja —&,b+ €] = 0, but this contradicts the fact that

a = supinf f,(R). Similar considerations lead to b € f([a,b]). It follows
n>1

[a,] € f([a,b]) € [a,b], therefore f(fu,(R)) = fu(R).

Thus, when f,(R) is bounded, then f(f,(R)) = f,(R) if and only if
fw(R) is a closed interval (inclusively the degenerate cases — a singleton, or
the empty set (), which strengthens point (iii).

363. For a given sequence (x,),>1 of real numbers and ng a fixed positive
integer, consider the following conditions:

(C1): n®*(xps1 — ) — (2n 4 1)z, has the same sign for all n > ng;
(C2): Tppm < Tp + Ty, for all n,m # nop;

(C3): > n2x, < oo
n=1

(Cy): lim % =o0.

n—oo N

Prove that:

(a) none of (C1), (C2), (Cs) implies (Cy);

(b) (C4) follows from (C3) and either (Cy) or (Cs);

(c) the converse of (b) is false.

Proposed by Arpad Benyi, Western Washington University,
Bellingham, WA, and Kasso Okoudjou, University of Maryland, College
Park, Washington DC, WA, USA.

Solution by the authors. Let us start by noting that the condition (C1)
about the sequence (n?(z,+1 — n) — (2n 4+ 1)2y,)n>n, having a constant sign
is equivalent to

(a) 1 (n722)n>n, 18 monotone (increasing or decreasing).
For example,
n?(Zpy1 — o) — (20 4+ D, > 0,1 > ng
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is equivalent to
Tn+1 L,

—, N > nyg.

n*en1 — (n+ 1%z, >0 & (n+12 = n2

For the remainder of our solution, we will work with statement (C;) instead
of (Cl)

(a) We want to show that neither one of the conditions (C), (C2), (Cs)
implies (Cy).

To see that (C1) # (C4), let x, = 2". Clearly, the sequence 7% = i—z is
increasing for n > 3. To make it decreasing, pick x,, = —2". In both cases,
%‘::I:%%:I:ooasn%oo.

For (Cy) # (Cy), let z, = —n?. Clearly, Tpym = —(n +m)? < —n? —
—m? =z, + T, but o= —p — —00.

Finally, for (C3) # (Cy), let 2, = (—=1)"n. We have > n~2z, =
= Y (=1)"n~! which is well known to converge as an alternating series,
while n=1x, = (—1)" diverges.

(b) We want to show that either of the combinations (Ci) A (C3) or
(C2) A (C3) implies (Cy). We start with the first combination.

(b1) We know that (n~2x,) is a monotone (increasing or decreasing)
sequence. If we combine this with the convergence of the series given in (C3),

and use Pringsheim’s theorem, we conclude that lim n-n =2z, =0, and we
n—oo

are done.

[e.e]
We recall here Pringsheim’s theorem: If ) a, < co and (a,) is mono-
n=1
tone (increasing or decreasing), then li_>rn na, = 0; see, for example, W.L.
n o

Ferrar, A Text-Book of Convergence, Oxford, 1938.

(b2) We note first that, given (C3), the sequence (n~'z,),>1 is conver-
gent on the extended line R, that is lim n ™'z, exists (and is either finite or
n—oo

—00). We sketch the proof of this “standard” fact here.
Let [ = inf n 'a,. If | > —oo, then for all € > 0, there exists m > 1

n>1
such that m~'z,, <+ e. For all n > m, we can write n = gm + r, for some
0 <r <m — 1. Therefore,

L<n oy = (gm+ 1) 2gmrr < (gm+1)"(qom + 27)

m m
=m 'z, +ntr, < (I+e) q +n "t
qgm +r
where in the second inequality we used the condition x4y, < x, + x,, for all
n,m. From here we immediately conclude that
| < liminf nilxn < lim sup nilxn <l+e,

which proves that lim n~ 'z, = . A similar argument works if | = —co.
n—oo

We turn now our attention to the other condition of the hypothesis.
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Using Kronecker’s lemma we see that the convergence of the series

oo n
> L(n~lz,) implies lim 1 > k7'z; = 0. Since (n~'a,) is convergent on
n=1 oo =1

the extended line, we can use the Cesaro-Stolz lemma to conclude that

n
.1 _ . _
0= lim — E k lxk: lim n lxn,
n—oo n n—o00
k=1
and we are done.
We recall Kronecker’s lemma: If (uy)n>1 is @ monotone increasing, un-

bounded sequence of positive numbers, and (v,),>1 i a sequence of real
o0 n
numbers such that the series ) 2 is convergent, then lim ui > v =0.

n=1"" n—oo U g

(c) To see that (Cy) # ((C1) Vv (C2)) A (Cs), select, for example,
n > 2. In this case, n~ 'z, = % — 0, so (Cy) holds, but

n

_ 1
Zn 2xn:z:nlnnzoo

Incidentally, for the sequence considered, both (C7) and (C2) are satisfied.

(Cs3) clearly fails since

The simple modification x,, = (_hll);”, n > 2, provides an example for which
neither one of (C1) or (C2) holds, while (C3) does. O

364. Let (x,)n,>1 be a sequence of real numbers such that

limsup(1l — z,,) logn < co.
n—o0

Show that if the series of positive reals > a, converges then the series

n>1
> a’n also converges.
n>1
Proposed by Cristian Ghiu, Politehnica University of Bucharest,
Romania.

Solution by the author. From limsup(l — x,)logn < oo we get that

n—oo
(1 —-zp)logn < M,sol—uz, < %, Vn > 2 for some M > 0 large enough.
Since Y a, is convergent, we have a,, — 0, so there is some N7 € N*
n>1
such that a,, < 1, Vn > Nj.
We take an integer No > €M, Then AL < %, Vn > Ns. In particular

logn

M < 1

for n > Ny we have 1 — z,, < ogn < 27

Let ng = max{Nl, NQ}.
If n > ng then a, € (0;1) and x,, > % There are two cases:

1
so that x,, > 3

Case I: x, < 1. We use the inequality
At B <tA4+ (1 —-t)B, Vtel[0;1], VA,Be(0;0), (37)
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which follows immediately from the concavity of the logarithm function.
Since xp, <1land 1 —z, < %, we have —1_1% > —kz\g/ln,

From (37) and the inequality above we get

1 1—zn 1
o 1 . 1 1—xp 1 1—xp

1
< z,a, + = zpa, + (1 — xn)m =
1

S8

:xnan—l—(l—xn 5 < an +

n2
e2M

It follows that a?" < 62M “an + S

M
Case II: x,, > 1. Now it is clear that we have a}" < a, < e2M.q, + 62

So we have proved that for any n > ng it holds

oM 62M
T
ann S € “Qp + n2 .

Since the series ) a, and ) # are convergent, this implies that
n>1 n>1
> a®" is also convergent, and so is ) aln. O
n>ngo n>1



