GAZETA MATEMATICA
SERIA A

ANUL XXVIII(CVII) Nr. 1 -2/ 2010

ARTICOLE STIINTIFICE SI DE INFORMARE
STIINTIFICA

Inegalitati geometrice de tipul Erdos- Mordell
intr-un poligon convex
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Abstract. Some Erdés -Mordel type inequalities for general convex poli-
gins are presented. The main tool in the proofs is the Cauchy-Buniakowski-
Schwarz inequality.
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Notiuni introductive

Fie Ay, Ao, ..., Ap,n > 3, varfurile unui poligon convex si M un punct
in interiorul sdu. Notam cu Ry distanta de la punctul M la varful Ay si cu
r distanta de la punctul M la latura [ApAky1] de lungime AxApiq1 = ag,
unde k = 1,n si A,+1 = A;. De asemenea, vom nota prin wy lungimea
bisectoarei duse din M 1n triunghiul AxM Ay 1, (V) k =1,n si Apr1 = A;.

Plecand de la inegalitatea lui Erdos-Mordell,

R1+R2—|—R322(7‘1+T2+T3),

pentru triunghi, L. Fejes Tdth conjectureaza o inegalitate asemanatoare,
referitoare la poligonul convex, aceasta fiind amintita in [1] si [3], astfel

Zn:rk < cos (%) Zn:Rk. (1)
k=1 k=1
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In anul 1961 H.-C. Lenhard demonstreazs inegalitatea (1), intrebuin-

tand inegalitatea
n n
T
< —
g wy, < cos (n) E Ry, (2)
k=1 k=1

pe care o stabilegte in lucrarea [5], unele dintre rezultate fiind mentionate si
in [7].

De asemenea, o alta solutie pentru inegalitatea (1) a fost data de M.
Dinca in revista Gazeta Matematica — Seria B in anul 1998, vezi [4].

Alta inegalitate de tipul Erdds-Mordell pentru poligoane este data de
N. Ozeki in [8] in anul 1957 si anume,

HRk > (sec %)n Hwk, (3)
k=1 k=1

inegalitate ce demonstreaza inegalitatea 16.8 din [3], adica:

n n
T\
> (gec —
HRk = <bec n) Hrk. (4)
k=1 k=1
D. Bugneag propune in G.M.-B nr. 1/1971 problema 10876, care este o
inegalitate de tipul Erdds-Mordell pentru poligoane, astfel:

n
2 2
PR (5)
Tk S
k=1
unde p este semiperimetrul poligonului A1 As...A,, iar S este aria poligonului.
In legatura cu inegalitatea (5), D. M. Batinefu stabileste in [2] inegali-

tatea
~ajp _ 2p
k=1
daca poligonul AjAs...A, este circumscris unui cerc de raza r.
Printre relatiile care se stabilesc intre elementele poligonului A;As... A,
remarcam relatia urmatoare:

25 = air1 +asre + ... +apry. (7)

Procedee de obtinere a unor inegalitati geometrice de tipul
Erdos- Mordell intr-un poligon convex

In continuare vom urmari cateva procedee utilizate in lucrarea [6], prin
care se vor obtine unele inegalitati geometrice de tipul Erdds-Mordell pentru
poligoane convexe. Vom pune accentul pe utilizarea inegalitatii Cauchy-
Buniakowski-Schwarz.

Lema 1.

R2_ 7“,%_1 + 'r,% + 27rp_17r) - cos A
k sin? A, ’




N. MINCULETE & A. GOBEJ, INEGALITATI GEOMETRICE 3

Demonstratie. Fie By proiectia punctului M pe latura [AgAgiq],
unde k =1,n si A1 = Ay, deci MBy, =1, (V) k =1,n . Aplicdm teorema
cosinusului in triunghiul By_1 M By, (vezi figura 1) si avem:

By 1B} = MB; |+ MB? —2MBy,_1 - M By, - cos By,_, M By,
M

dar MBy_1 =1ri_1, MBp =1 Bi_1Br = M A, sin Ay, iar m ({Bk_lMBk) =
= 180° —m (I Ag), in consecinta

MA% sin? A = r,%_l + r,% + 2717y - cos Ap,
ceea ce implica

7“,%_1 + rz + 27rp_17T) - cos A
sin? Ay,

R} = M A} =

Lema 2. Sa se arate cd in poligonul convex AiAs...A, au loc ine-
galitatile

Tk—1+ Tk

A
2sin—k
2

Ry,

v

S WM Ek=1,n, curg=ry. (9)

Demonstratie. Plecand de la lema 1, gasim o alta formula de expri-
mare a lui M A%, astfel,

2 2
MA% et TR B 7“,%71 + r,% + 2rp 17y - cos A | rEe1 e B
A B c 2 A =
2sin =~ sin” Ay 2sin =~
2 2
2 4124 2r . A 2 249
T p k—1Tk - COS Ag o1+ 7L+ 2rk—17Tk B
o A A N A o
4sin? ZF cos2 ZF 4sin? ZE
2 2 2
A A A
7“1%—1 (1 — cos? ;) + 7“,?; (1 — cos? 2k> + 2rp_qr) - <cos A — cos? 2k>

) k
48in? == cos2 ==&
2 2
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A
4 sin? cos2 =¥

2

= (rs—1 = 7k) >0, Vk=1,n, curg=rn,
4 cos?2 —=
deci:
R, = MA, > Tk 1+Ark, Vk=1,n, curg=ry
231n7k

Teorema 1.

k=1 k=1
Demonstratie. Din lema 2 avem relatiile, Ry > w, Vk=1,n,
2sin 7’“

cu rg =y, ceea ce ne arata ca, prin trecere la produs, vom obtine relatia:
n A n n
n . Ag
2 kl:[lsm2 -kl:[le Zkl:ll(rk1+7”k)7 (11)

dar, cum functia f : (O, z) — R, definita de f (z) = Insinz, este concava,

vom aplica inegalitatea lui Jensen, astfel:

Ay A, A, A As A,
ln51n—+lns1n—+ .+ Insin =2 — 4+ =4+ ...+ —
2 2 2 < Insin 2 2 2 _
n n

-2 -2
= lnsimu =In simu =1In (sin (E — E)) =In (COS E) ,
2n 2n 2 n n
deoarece Ay + A2 + ...+ A, = (n — 2) w, prin urmare:
- Ak T\
in -~ < ).
Hsm 5 = <COSn> (12)
k=1
Din inegalitatile (11) si (12), rezulta ca:

(2005—) HR Eﬁ (rk—1 +71),(ro = 70) .
=1

Observatie. Datorita faptulm ca media aritmetica este mai mare decat
media geometrica, rezulta ca

Tho1+7TE > 2Tp_17r, Vk=1,n, curg=rn,




N. MINCULETE & A. GOBEJ, INEGALITATI GEOMETRICE 5

ceea ce Inseamna ca

n n
I s +76) =27 [ [ 7, (13)
k=1 k=1
iar prin utilizarea inegalitatilor (10) si (13) se deduce usor inegalitatea (4).
Teorema 2.
ZRk sin > > Zrk. (14)
k=1 k=1

A
Demonstratie. De la lema 2 avem relatiile, 2Ry, sin 7k > rp_1+ g,

Vk=1,n,cury=ry, deci

k=1 k=1
adica
n n
QZRk sin <5 > QZrk,
k=1 k=1
ceea ce implica
n A n
. k
ZRk sin =5 > Zrk.
k=1 k=1

Teorema 3 (R. R. Jani¢ [3]).

n A n
Zerk sin— > Y rp_1Tk (15)
k=1 k=1
Demonstratie. Cum R, = M A, > k-1 t{k, Vk=1,n, curg=ry,
2sin ?k

- : A y
prin inmultire cu 2r sin 7k, rezulta

A
2Ry} sin 7k > re_1TE + r,%,

de unde, prin trecere la suma, obtinem
n n
A
ZQerk sin 7k > (rk_lrk + 7‘,%) ,
k=1 k=1
ceea ce implica
n A n n
. Ag 2
QZRka sin 35 > Zrk,lrk + Zrk.
k=1 k=1 k=1
Aplicand inegalitatea lui Cauchy-Buniakowski-Schwarz in modul urma-
tor:
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(r2 73+ 12 ) (P 2 rd) >

> (rirg +rors + ... + rnrl)z ,

deducem inegalitatea
r% + r% + ...+ r% > rirg + rors 4+ ... + 1.

Prin urmare,
n A n n n
. k 2
ZE Ryrp sin 5 > E Th_1Tk + E T, > 25 Th_1Tk,
k=1 k=1 k=1 k=1
adica
n n
. Ag
E Rypri sm? > E Th_1Tk-
k=1 k=1

Teorema 4.

T —l— T U
Z L TR < 9ncos —. (16)
n
Demonstratie. Datorlta lemei 2 avem inegalitatea
Tk—1+7
Ry = MA;, > ’“714:, Vk=T1,n,
2sin —
2
cu rg = ry, lar aceasta se poate rescrie astfel
Th_ A
Th-1+ Tk < 2sin =X
Ry, 2

iar prin trecere la suma, obtinem
n
Th—1 + Tk
S <o
k=1

Intrucat functia f : (0, g) — R, definita de f (z) = sinx, este concava,
vom aplica inegalitatea lui Jensen, astfel

A A An Al AQ An
sm——i—sm——i— .+ sin — —_—+ — 4+ ...+ —
2 2 2 < sin 2 2 2 _
n n
. (=27 . (71' ’7T) T
=sin——— =sin|(=- — — ) = cos —,
2n 2 n n
deoarece Ay, Ag, ..., A, = (n — 2) 7, prin urmare

AL L As . Ap s
sin — 4 sin — 4+ ... + sin — < n.cos —,
2 2 2 n



N. MINCULETE & A. GOBEJ, INEGALITATI GEOMETRICE 7

ceea ce implica inegalitatea

n
Tk—1 + Tk s
E ——— < 2ncos —.
Rk n

k=1

Consecinta.

,/r Tk
Z LA (17)
n

Datorita faptului ca medla aritmetica este mai mare decat media geo-
metrica, rezulta simplu din inegalitatea (16).

Teorema 5.
n R]% T n
5> -y R. 18
> > sec > "Ry (18)

Demonstratie. In inegalitatea Cauchy-Buniakowski-Schwarz
n 2
> 13t > (3o
k=1 k=1 k=1
Ry . o : .
vom lua xp = — i yp = /7%, iar inegalitatea devine

”
L (En)

k=1
deci ,
"R
Sk
k=1
n 2 n n n n
() (E0) &) Gl
> k=1 _ \k=1 k=1 > k=1 "\ :secIZRk,
> > >
k=1 k=1 k=1

de unde, deducem inegalitatea
n

Z‘fk > sec —ZRk

k=1 "=
Observatii.
a) Egalitatile au loc in teoremele de mai sus cand poligonul este regulat.
b) Tinand cont de egalitatea (7),

28 =air1 +asrg + ...+ aprn, = Zakrk,
k=1
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si de inegalitatea lui Cauchy-Buniakowski-Schwarz, unde vom lua xj = \/agTx

sl ye = 4 /‘:—:, atunci
k k 2
28y — = agr — > a =4
gﬁ“k E k kkglrk = E k D,

k=1 k=1
ceea ce demonstreaza inegalitatea (5).
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Hadamard Type Inequalities For Near Convex Functions

ABDALLAH EL FARISSIY), ZINELAABIDINE LATREUCH?,
BENHARRAT BELAIDI®)

Abstract. In this paper we give an estimate, from below and from above,
of the mean value of the function f : [a,b] — R such that f is continuous
on [a,b] and twice differentiable on (a,b).

Keywords: Convex functions, Hermite-Hadamard integral inequality,
Twice differentiable functions, Open question.

MSC : 52A40, 52A41.

1. Introduction and main results

Throughout this note, we write I and I for the intervals [a,b] and (a, b)
respectively. A real-valued function f is said to be convex on [ if

Af@)+ 1 =Nfly) = fAz+ (1= ANy)
for all z,y € I and 0 < A < 1. Conversely, if the opposite inequality holds,
the function is said to be concave on I. A function f that is continuous on
I and twice differentiable on I is convex on I if and only if f” (x) > 0 for all
x € I (f is concave if and only if f(x) < 0 for all z € I).

The classical Hermite-Hadamard inequality which was first published
in [5] gives us an estimate, from below and from above, of the mean value of
a convex function f: I — R,

f(a+b>§bia/bf(x)dx§‘w. (1.1)

2 2

An account on the history of this inequality can be found in [6]. Surveys
on various generalizations and developments can be found in [7] and [3]. The
description of best possible inequalities of Hadamard-Hermite type are due to
Fink [4]. A generalization to higher-order convex functions can be found in
[1], while [2] offers a generalization for functions that are Beckenbach-convex
with respect to a two dimensional linear space of continuous functions. For
some related results on convex functions and their applications, we refer the
reader to [8], [9].

In this paper, we give an estimate, from below and from above, of the
mean value of f: I — R such that f is continuous on I, twice differentiable

DDepartment of Mathematics, elfarissi.abdallah@yahoo.fr
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3>University of Mostaganem, B. P. 227 Mostaganem-(Algeria), belaidi@univ-mosta.dz
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on I and there exists m = inf f”(x) or M = sup f”(x). We obtain the
zel zel
following results:

Theorem 1.1. Assume that f : I — R is continuous on I, twice
differentiable on I.

(1) If there exists m = inf f”(x), then we have
zel

b
a+b m (b—a\?
f( ;)4—6( 5 ) Sbia/f(x)dxg

(1.2)
_ @) m(b—a)’
- 2 3 2
Equality in (1.2) holds if f(x) = az®+ Bx+7, a,B,v € R.
(ii) If there exists M = sup f"(z), then we have
zel
fl)+f) M (b—a)® _ 1 ¢

a+b M [(b—a\?
< — .
_f( 2 )+ 6 < 2 )
Equality in (1.3) holds if f(x) = az®+ Bz +~, o,B,7€R.

From Theorem 1.1, we obtain the following corollaries.

Corollary 1.1. Assume that f: I — R is continuous on I, twice diffe-

rentiable on I and there exist m = inf f"(z) and M = sup f"(z). Then we
zel xej
have

7;;L<z)—CL>2Sf(a)+f(b)bia/bf(xmg]‘34(b;“)2 (1.4)

2 2

and

(5 st o () () 0o

Equality in (1.4) and (1.5) hold if f(z) = az®+ Bx+7, a,B,v € R.

Corollary 1.2 Assume that f : I — R is continuous on I, twice diffe-

rentiable on I and there exist m = inf f (x) and M = supf" (z). Then we
zel zel
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have
(5 3) (5 it e
(e () (-0 e
and

2 \ 2 2 2 )= 2\ 2

Equality in (1.6) holds if f(x) = ax®+Bx+~v «,B,7 €R.

In the following corollary, ifo f I — R is continuous, convex or concave
on I and twice differentiable on I, then we obtain an estimation better than
(1.1) in [5].

Corollary 1.3 Assume that f : I — R is continuous on I, twice

differentiable on I.

(i) If there exists m = inf f"(z) and f is convex on I, then we have
zel

m<b—a>2§f(a)+f(b)f<a+b><M<b_a>2. (1.7)

b
f(a;b) szsbia/f@)dxﬂsw, (1.8)

a m —a 2 a rac m —a 2
where 1= J (%) + % (%3%)°, L = HOtfeet) gy (i)

(ii) If there exists M = inf f"(x) and f is concave on I, then we have
zel

b
Wﬁ)\gbia/f(az)dxéuéfCl;b), (1.9)

a

a rac —a 2 a —a 2
where A = HOrae®) M (boay? g (a52) 4 M (502,

Corollary 1.4 Assume that f : I — R is continuous on I, twice diffe-

rentiable on I and there exist m = inf f”(x) and M = sup f"(x). Then we
zel xel

have

<b_a>2max{m|7Ml} (1.10)

and
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b_la/bf(x)dx—f<a;b> sé(b;“)Qmax{\mr,\M|}. (111)

Remark 1.1 In the above if f € C?([a,b]), then we can replace inf
and sup by min and max respectively.

2. Proof of Theorem and Corollaries
Proof of Theorem 1.1. (i) Suppose that f I — R is continuous on
I, twice differentiable on I. Set g (z) = f(x) — 2a?. leferentlatlng twice

times both sides of g we get ¢ () = [ (z) —m 2 0 for all z € I, then g is
a convex function on I. By formula (1.1), we have

b

g<a;b>§bia/9(x)d$§m)2ﬂl@ (2.1)

a

Substituting g (z) = f(z) — %2? into (2.1), we get

f<“;“b>—2<b+“> _a/xde</f )dz <

SICEF UL /d

—-m
2

(2.2)

By simple calculus from (2.2), we get (1.2).

(ii) Suppose that f : I — R is continuous on I, twice differentiable on
I. Set h(z) = —f(z) + 2 22, Differentiating twice times both sides of h we
get h'(z) = —f"(x) + M >0 for all z € I, then h is a convex function on I.
By formula (1.1), we have

b

h<a+b>b_a/h a);rh(b)_ 2.3)

a

Substituting h(x) = —f(x) + %xQ into (2.3) we get

b

_f<a+b>+]\24< ) _a/ 2o < — ia/f(x)dx

a
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a b a® + b?
S_f();‘f() M 1_ b_a/$2dx (2'4)

By simple calculus from (2.4), we get (1.3).

Proof of Corollary 1.1. This can be concluded by using Theorem
1.1.

Proof of Corollary 1.2. By Corollary 1.1, we have

R

and

() st [ (50) < () e

By addition from (2.5) and (2.6), we get (1.6). Now we prove (1.7).
By using Corollary 1.1, we have

?(b;CL)ng();f b—a/f S]\gf(b;a>2 (2.7)

and

R R R G PR () B

By addition from (2.7) and (2.8), we get (1.7).

Proof of Corollary 1.3. (i) By f is convex function, we have m > 0.
Then by (1.2), we get (1.8).

(ii) By f is concave function we obtain M < 0. Then by (1.3, we get
(1.9).

Proof of Corollary 1.4. This can be concluded by using Corollary

1.1.

Open question. If f is only convex function on I, does there exist a
real numbers [, L such that

(e <re _a/f N PYICEIUP

Acknowledgement. The authors would like to thank the referee for
his/her helpful remarks and suggestions to improve the paper.




14

ARTICOLE

1]
2]

3]

[4]
[5]

[6]

REFERENCES

M. Bessenyei, Z. Péles, Higher-order generalizations of Hadamard’s inequality, Publ.
Math. Debrecen 61 (2002), no. 3-4, 623-643.

M. Bessenyei, Z. Péles, Hadamard-type inequalities for generalized convex functions.
Math. Inequal. Appl. 6 (2003), no. 3, 379-392.

S. S. Dragomir, C. E. M. Pearce, Selected Topics on Hermite-Hadamard Ine-
qualities, (RGMIA Monographs http://rgmia.vu.edu.au/monographs/hermite_hada-
mard.html), Victoria University, 2000.

A. M. Fink, A best possible Hadamard inequality, Math. Inequal. Appl. 1 (1998), no.
2, 223-230.

J. Hadamard, Etude sur les propriétés des fonctions entiéres et en particulier d’une
fonction considérée par Riemann, J. Math. Pures Appl., 58 (1893), 171-215.

D. S. Mitrinovié, I. B. Lackovié¢, Hermite and convexity, Aequationes Math. 28 (1985),
no. 3, 229-232.

C. P. Niculescu, L.-E. Persson, Old and new on the Hermite—Hadamard inequality,
Real Analysis Exchange, (2004).

C. P. Niculescu, L.-E. Persson, Convezx Functions and Their Applications, A Con-
temporary Approach, CMS Books in Mathematics/Ouvrages de Mathématiques de la
SMC, 23. Springer, New York, 2006.

J. E. Pecari¢, F. Proschan,Y. C. Tong, Convex Functions, Partial Orderings and Sta-
tistical Applications, Mathematics in Science and Engineering, 187. Academic Press,
Inc., Boston, MA, 1992.



M. OLTEANU, ASUPRA UNOR INEGALITATI GEOMETRICE 15

Asupra unor inegalitati geometrice
in tetraedre ortocentrice si oarecare
MARIUS OLTEANUY

Abstract. Some inequalities connected with quantities in ortogonal tetra-
hedron are discussed.

Keywords: tetrahedron ortogonal, Euler’s sphere, ortocenter, center of
gravity.
MSC : 51xx, 51F20, 20HO05.

Scopul acestui articol matematic este acela de a prezenta o serie de ine-
galitati geometrice in tetraedre ortocentrice in care intervin distantele de la
anumite puncte remarcabile la varfurile tetraedrului, precum si unele extin-
deri ale acestor inegalitati la tetraedre oarecare.

Vom folosi urmatoarele notatii pentru elementele unui tetraedru
[ABCD]:

ea=BC, b=AC,c=AB,l=AD, m=BD, n=CD;

e h,— lungimea inaltimii tetraedrului ce contine varful X € {A, B, C, D},
z € {a,b,c,d};

e m,— lungimea medianei tetraedrului ce contine varful Xe {A, B, C, D},
z € {a,b,c,d};

e r,— raza sferei exinscrise tetraedrului, de speta intai, asociata varfului
X €{A,B,C,D}, x € {a,b,c,d};

e Hx, Gx— ortocentrul, respectiv centrul de greutate al fetei opuse
varfului X € {A,B,C,D};

e Sx— aria fetei opuse varfului X € {A, B,C, D};

e S5— aria totala;

o VV— volumul tetraedrului;

e s(I;7), S(O; Ry sfera inscrisa, respectiv circumscrisa tetraedrului;

e (G— centrul de greutate al tetraedrului;

e H— ortocentrul tetraedrului ortocentric [ABC D];

e () — centrul sferei Fuler asociata tetraedrului;

e ['— simetricul punctului 2 fata de G;

e K — anticentrul sau punctul lui Monge al tetraedrului.

Vom reaminti cateva dintre proprietatile tetraedrului ortocentric [ABC D],
proprietati demonstrate in [3], la pag. 225-227:

(1) un tetraedru [ABC D] este ortocentric daca si numai daca
a* + 1P =b*+m? = +n”

(2) intr-un tetraedru ortocentric cele patru picioare ale inaltimilor aces-
tuia coincid cu ortocentrele fetelor corespunzatoare lor;

1>Inginer, S.C. Hidroconstructia S.A. Bucuresti, Sucursala ,,Olt Superior“ Rm. Valcea
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(3) tetraedrul ortocentric avand ortocentrul situat in interiorul acestuia
are toate fetele triunghiuri ascutitunghice (sau dreptunghice, cel mult trei
fete).

Propozitia 1. Fie [ABCD] un tetraedru ortocentric avand ortocentrul
H € int(ABCD). Atunci avem:

me <my <me <mg < Sq > Sp > Sc > Sp. (4)

Demonstratie. Pentru implicatia directa se poate consulta [9],
pag. 236 - 237, iar pentru reciproca se poate consulta [9], pag. 236 - 237 sau
[7], pag. 32, problema 128.

Comentariu. Implicatia reciproca a fost stabilita de autorul prezen-
tului articol mai intai in solutionarea problemelor C:1243 din G.M.-B nr.
2-3/1992 si 0:685 din G.M.-B nr. 5/1992 (autor Marius Olteanu), ulterior
aceasta implicatie aparand ca problema de sine statatoare sub nr. 128, pag.
32 din [7].

Prin problemele deschise, ,open questions“ (O.Q) nr. 1324, pag. 859
din [5] i nr. 1379, pag. 454 din [6] (autor Marius Olteanu) se pune in discutie
existenta unor asemenea relatii si in cazul tetraedrelor oarecare (prin analogie
cu triunghiul). Raspunsul, care este negativ, a fost dat in mod independent de
catre domnii profesori Jdsef Sandor in [9], pag. 236 - 239 si Ovidiu Bagdasar
in [1], pag. 302 - 304 si in [2], pag. 1060.

Consecinta 1. Deoarece AG = %ma (si analoagele), atunci intr-un
tetraedru ortocentric [ABC D], avand ortocentrul H = int(ABCD) avem

AG < BG < GC < DG« Sy > Sp > Sc > Sp. (5)

Totodata, pentru un tetraedru oarecare [ABCD] se cunosc, conform
celor stabilite in [8], pag. 203, inegalitatile:

R
16T§ha—l—hb+hc—|—hd§ma+mb+mc+md§163, (6)
1 1 1 1 1 3
e T T 7
r_ma+mb+mc+md_R’ (™)
64
64r2gh§+h§+h§+h§§m§+m§+m§+m§§§R2. (8)
Este evident ca avem si inegalitatile:

12r < AG+ BG + CG + DG+ < 4R, (6)

4 1 1 1 1 4
> T > 7
3~ 4G ' BG  0G DGR’ &
36r2 < AG? + BG? + CG* + DG?* < 4R?. (8)

Propozitia 2. Fie [ABCD] un tetraedru oarecare. Atunci avem

he <hy <he:<hgs Sa>Sp>Sc>Sp. 9)
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Demonstratia este imediata folosind relatiile h, = %, unde z €

€ {a,b,c,d}, iar X € {A,B,C, D}.
Propozitia 3. Fie [ABCD)] un tetraedru ortocentric avind ortocentrul
H € int(ABCD). Atunci avem

AH < BH<CH<DH & S4>S8>Sc>Sp. (10)

Demonstratie. Se utilizeaza solutia I a problemei 132, pag. 129 din
[7] impreuna cu relatia (4) din prezentul articol.

Propozitia 4. Fie [ABCD] un tetraedru ortocentric avand ortocentrul
H € int(ABCD). Atunci avem

HH,> HHp > HHs> HHp < Sy > Sg > Sc > Sp. (11)

Demonstratie. Se gtie ca intr-un tetraedru ortocentric, perpendicula-
rele comune ale celor trei perechi de muchii opuse sunt concurente in ortocen-
trul H al tetraedrului, ortocentru care divide aceste perpendiculare, precum
si inaltimile tetraedrului, in segmente orientate al caror produs este constant
(Jacobi, 1834) — a se consulta problema 45, pag. 19 din [7].

Deci

AH -HHys=BH -HHp=CH -HHc=DH - -HHp =q. (12)

Daca S4 > Sp > Sc > Sp, atunci, conform Propozitiei 3, rezulta ca

AH < BH < CH < DH. (13)
Din relatiile (12) si (13) obtinem
q q .
HH, A0 2 BH HHp (si analoagele)

Reciproca este imediata.
Propozitia 5. Fie [ABCD] un tetraedru ortocentric avind ortocentrul
H. Atunci avem

AH + BH + CH + DH <2-+/AH? + BH? + CH? + DH? = 4R. (14)
Demonstratie. Din relatia lui Leibniz in spatiu avem
AH? + BH? + CH? + DH? = AGH? + GA? + GB* + GC? + GD?,
AR =40G* + > GA®.

Deoarece punctele G, H, O apartin dreptei Fuler a tetraedrului [ABC D),
iar OG = GH, din cele de mai sus rezulta imediat ca

AH? + BH? + CH? + DH? = 4R?.

Aplicand in continuare inegalitatea dintre media aritmetica si media
patratica a patru numere pozitive se obtine relatia (14), q.e.d.

Propozitia 6. Fie [ABCD)] un tetraedru ortocentric avind ortocentrul
H € int(ABCD). Atunci au loc inegaliatile

a) HHy+ HHp + HHg + HHp < 4r, (15)
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b) 12r < AH + BH +CH + DH < 4R, (16)

c) 36r> < AH? + BH? + CH? + DH? = 4R?. (17)

Demonstratie. a) Presupunem S4 > Sp > S¢ > Sp. Atunci,
conform Propozitiei 4 avem HH4 > HHp > HHc > HHp si, in plus
he < hy < he < hg, conform Propozitiei 2. Aplicand inegalitatea Cebdsev si
tinand seama de identitatea Gergonne in spatiu avem
HH HH HH HH

A + B + C + D >

1=
ha hb h/c hd -

1 1 1 1 1
>—-(HHs+HHp+HHc+ HH —+—+—4+—.
> (HHa+ HHp + HHc + D)<ha+hb+hc+hd>

Deoarece ) % = % rezulta imediat ca

4r>HH,+ HHgp+ HHeo + HHp,

adica (15), q.e.d.

b) AH+BH+CH+DH = (hy — HH4)+(hy — HHp)+(h. — HHc)+
+(hg—HHp) = Y heg — >, HH4 > 16r — 4r = 12, unde, evident, am
utilizat inegalitatea (15) si clasica inegalitate Y h, > 167 (valabila in orice
tetraedru). Pentru inegalitatea din partea dreapta se aplica relatia (14).

¢) Rezulta imediat, aplicand inegalitatea dintre media aritmetica si me-
dia patratica a patru numere pozitive, tindndu-se seama de pct. b) si relatia
(14).

Propozitia 7. In tetraedrul ortocentric [ABCD] avand ortocentrul
H € int(ABCD), ortocentrul H divide inaltimile si perpendicularele comune
ale muchiilor opuse in segmente orientate al caror produs este constant si cel
mult egal cu 3r2.

Demonstratie. Pentru prima parte a demonstratiei se utilizeaza ideea
din demonstratia Propozitiei 4. In continuare, se stie conform problemei 318
de la pag. 61 din [7] ca

Z(ha-AH):%ZaQ@Z(AHJrHHA)AH:
:ZAH2+ZAH-HHA:4R2+4q:éZaZ:

1 2 2
éq—ﬁ-Za R*. (18)

Insi, conform teoremei 5, pag. 165 din [4], avem relatia
1
<HI*=R?+3r* — — 2 1
0< R 437 — = a? (19)

astfel ca .
E'ZGQ < R? + 372, (20)
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Din relatiile (18) si (20) obtinem
q < 37, (21)

ceea ce trebuia demonstrat.

Observatie. Presupunéand ca S4 > Sp > S¢ > Sp, atunci, conform
Propozitiilor 3 si 4, avem AH < BH < CH < DH si respectiv HHy >
> HHp > HHo > HHp. Aplicand inegalitatea Cebdsev i tinand cont de
inegalitatile (15) si (16) obtinem succesiv:

dq=> AH-HH4 < % (Z AH) : (Z HHA) < 3-43-47« = ¢ < Rr. (21)

Este evident faptul ca aceasta abordare permite gasirea inegalitatii (22)
in mod direct si nu ca o consecinta a inegalitatii Fuler in tetraedru (R > 3r),
aga cm se observa din relatia (21).

Propozitia 8. In orice tetraedru ortocentric [ABCD] are loc inegali-
tatea
OH? > OI* +3-HI*.
Demonstratie. Conform relatiei (19) (care este valabila in orice tetrae-
dru ortocentric) precum si a formulelor consacrate din geometria tetraedrului
avem:

1
2 _ p2 2 ] 2
HI R+3: B Ea,
2 _ p2 _ * 2
OG* =R 16 ga,
2-0G=0H

= 16-0G* —12- HI* = 4 (R? — 9r?) .
Dar, conform problemei 333, pag. 63 din [7], avem
R?—9r*>0I°=16-0G*-12-HI* > 4-0I’
&4-0G*>3-HI?+0I* = OH? > OI” + 3HI?,

ceea ce trebuia demonstrat.
Consecinta 2. Din OH? > OI? + 3HI? rezulta ca

OH? > OI* + HI?. (23)

Propozitia 9. Fie [ABCD] un tetraedru ortocentric. Atunci au loc
inegalitatile

12r < AT+ BI +CI + DI < 2v/AI2 + BI2+ CI2 + DI? < 4R.

Demonstratie. Din teorema medianei aplicatda in triunghiul HI0O
avem (unde G este mijlocul lui [OH])

AGI* =2 (OI* + HI?) — OH? = 2 (OI* + HI?) — 40G* =
= 2GI* = OI” + HI? - 20G* < OH” — 20G* = 20G?,
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unde am utilizat si relatia (23).
= GI? < 0G>. (24)
Din relatia lui Leibniz avem
AI’ + BI’ + CI? + DI” = 4GI* + GA> + GB*> + GC* + GD* =
=4(GI* + R* - OG?) < AR?,

conform relatiei (24).
Aplicand inegalitatea dintre media aritmetica si media patratica rezulta

o

ca

AT+ BI + CI+ DI < 2\/AI2 + BI2 + CI? + DI2? < 2V4R? = 4R.

In continuare, se stie ca daca P este un punct in interiorul tetraedrului
oarecare [ABCD], iar [A’B'C'D’] este tetaedrul siu pedal, unde {A'} =
= (APN[BCD], {B'} = (BPN[ACD)] etc., atunci, conform problemei 92-d),
pag. 26 din [7], avem

PA-PB-PC-PD>81-PA"-PB' -PC'-PD.
Daca P =1, atunci PA’ = T A’ > r (i analoagele) si rezulta ca
AT -BI-CI-DI >81-r%
Cum AI +BI +CI+ DI > 4v/AI -BI-CI- DI, obtinem ca

Al + BI + CI + DI > 4V/81 - r* = 12r,

ceea ce trebuia demonstrat.

Propozitia 10. Fie [ABCD] un tetraedru ortocentric cu centrul H €
€ int(ABCD). Atunci au loc inegalitatile

()t
- AH HH,) —3r— \r R)’

unde q are semnificatia din relatia (12).
Demonstratie.

Z(Alhr HHA> Z* 2'2’1(1- (25)

Din relatiile (6) si (21), asociate relatiei (25), obtinem ca

16R 16
E >
- (AH HHA> — 3r’ (26)

iar din inegalitatea lui Euler R > 3r, gasim % >4 (% + %), q.e.d.
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Observatie. Inegalitatea ) (ﬁ + HIl{A) >4 (% + %) se poate de-
monstra direct, aplicand inegalitatea dintre media armonica gi media aritme-
tica i tindnd cont de relatiile (15) si (16) dupa cum urmeaza:

L, 16 16 4

AH-N 4~ 4R R
Z :>Z 1 + 1 >4 1+l .
1 16 16 _ 4 AH ' HHy r R
- T

Egalitatile au loc numai daca [ABCD] este tetraedru regulat.

Propozitia 11. Fie [ABCD] un tetraedru ortocentric avand orto-
centrul H € int(ABCD). Atunci are loc urmatoarea rafinare a inegalitatii

R > 3r (Euler-Durrande):
12r < AQ + BQ 4+ CQ + DQ+ < 4R. (27)
Demonstratie. Se cunoaste faptul ca punctele G, H, O, Q si I' se

bucura de proprietatea
HS = 200 = 2GT = TO. (28)

Pentru demonstratia partii drepte a inegalitatii (27) se poate consulta,
de exemplu, [8], pag. 201-202.

Conform teoremei 7, pag. 229 din [3|, sfera Fuler o (Q; %) imparte
segmentele |HA|, |HB|, |HC|, |HD| in raportul 1 : 2. Fie deci Wp € |HD|,
astfel incat %gg = % Notam cu Op centrul cercului circumscris triunghiului
ABC, cu Qp proiectia ortogonald a punctului 2 pe indltimea DHp, unde
Qp € (DHp) si cu E mijlocul segmentului D'Gp (D' = Hp).

Proiectia ortogonala a punctului I' pe dreapta D'Op (vezi fig. 1) co-
incide cu punctul Gp (centrul de greutate al triunghiului ABC).

Punctele D', Wp, Gp apartin sferei
Euler (o). Evident OOp LD'Op si
QF1D'Gp. Din triunghiul dreptunghic
DQOp avem DS) = 1/DQ2D + QQ%.

Dar, QQp = FHp = OpGp, iar
DQp =DHp — HpQp = hg — QFE. H

Cum QF este linie mijlocie in tri- -
unghiul drleptunghic VI{DG pHp, rezulta

QE = SWpHp = 5 (ha— DWp) = D=p)
hg 1

1 2
= _(ha—ZHD) =" __HD.
2(hd 3 ) 2 3

D

®p

Atunci avem
hg 1

1
DQp = hy — (—HD) _ha lyp

2 3 2 3
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Deci

ha 1 2
DO — \/<2d + 3HD> + OpG% (si analoagele).

Rezulta ca,

he 1 2 )
doAaa=>" \/<2 + 3AH> +04G%. (29)
Daca ay,a9,biby € R* se stie, conform inegalitatii lui Minkovski, ca

Va2 + b3+ /a2 + b2 > \/(al +as)® + (b3 + b2)2, cu egalitate daca si numai
daca ¢+ = 2.

Prin inductie matematica completa se poate demonstra ca are loc ine-
galitatea mai generala

i\/a?—l—b? > <iaz) + (ibz> , (30)

unde a; > 0, b; > 0,i=1,n, n > 2, n €N, cu egalitate daca si numai daca
a _ a2 __ an

Considerand in (30) n =4, a—OsG 4, ag = OpGp, a3 = OcGc, a4 =

1
=OpGp, by = %‘l + %AH, by = % + gCH, by = h2—d + %DH obtinem

T R (ST S RS

1 1
zg.Zha—ngAHz&“%—éLT:lW, (31)

unde s-a tinut seama de inegalitatile (6) si (16).
In fine, din relatiile (29) si (31) rezulta ca ) AQ > 12r, ceea ce trebuia
demonstrat.

Propozitia 12. Fie [ABCD] un tetraedru oarecare si I' simetricul

punctului Q fata de G. Atunci are loc urmdtoarea rafinare a inegalitatii
R > 3r:

12r < AT + BT + CT + DI < 4R. (27%)

Demonstratie. Partea dreapta constituie inegalitatea (12), pag. 202
din [8]. Insa, conform relatiei (15) pag. 203 din [8], avem

b3 200
DT+ = M + 3 gOG (si analoagele) =
3 3R* -20G* 3 R* - 0G*  OG?
= DI% = gm?ﬁ‘ g = gm?ﬂ‘ 3 + (si analoagele) =
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OG2
= DI' = \/ m2 + (si analoagele).

Particularizand din nou 1negahtatea (30) avem

ZAF > Z\/ m2 + OG2 >
R? — OG2 (32)

Z\/2 <Zm“> 16—

Insa, din geometria tetraedrului se cunosc relatiile

16 (R* = OG?) = a® + b + & + I + m* + n® > 1447?

si
Zma > 16r (conform (6)).

Tinand cont de relatia (32) obtinem

14472
ZAI‘>\/ - 25672 + 3r = /3322 +48r2 = 127 & > AT > 12r,

ceea ce trebuia demonstrat.
Egalitatea se atinge daca si numai daca [ABC D] este tetraedru regulat.

Propozitia 13. In tetraedrul oarecare [ABCD] au loc inegalitatile:
SAX2+BX2+CX2+DX2 <R—2,undeX€{GOF}
Mmq my me mq
AQ* B Cc0t DO 5
arz T pre T ere T pre 70
ATt prt crt  pr¢
) a2t gzt oge t pez 2307
Demonstratie. a) Partea dreapta a inegalitatii reprezinta un caz par-
ticular al inegalitatii a) din Propozitia 1 demonstrata in [8] la pag. 203-204.
Se stie ca, daca z; e Rsi a; > 0, ¢ = 1,p, p € N*, atunci

:U\%

a) 27 -

b)

2 2 2 2
T T x r1+T2+ ...+

IR S P Rt ») (33)
o1 a9 Qp art+ a2+ ...+ ay

(a se consulta [8], pag. 204).
Tinand seama de relatia (33) avem

AX? BX? (CX? DX? (AX+BX+CX+DX)?
+ + + > ) 7 (34)
Mg mp Mme mq Mg + Mp + Me + My
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unde X € {G,0,T'}. Dar

AT'+ BT + CT' + DT" > 12r, conform relatiei (27%),

AO+ BO + CO + DO = 4R > 12r, conf. inegalit. Fuler ,
AG + BG4+ CG + DG > 12R, conform relatiei (6'),

(35)
Mg + mp +me +mg < 3 conform relatiei (6).

Aplicand relatiile (35) coroborat cu inegalitatea (34) obtinem

AX? BX? CX? DX? _ 144* 3 r?

+ + + > =07,
Mq mb me md 16 R R
ceea ce trebuia demonstrat.
b) Conform relatiei (10), pag. 202 din [8], se cunoaste ca
D Ar? =" A0 > 36r°. (36)

In continuare se aplici din nou inegalitatea (34), obtinand

2
AQ?
2 %APJ DWLELTS

ceea ce trebuia demonstrat.
¢) Idem punctul b).

Propozitia 14. In orice tetraedru [ABCD)] au loc urmditoarele rafindri
ale inegalitatii Euler-Durrande, R > 3r:

3 \2 1 1 1 27 1
) < < <
) (op) X< m<n 3

r2 " R%
1 1 4 27
py Loyl o4 2r
)Tz—zrg—ﬂ RZ’

5
¢) 45.r4§2h3§2m3g%-(4.R4—243.r4),

R _AX BX CX DX 2
) S>>0 22 B L PR 597" unde X € {G,0,T),
r Mg my me mq R2
R 27 1 AX BX CX DX _ 81 r? 1
) 35— 7T 523 2 2 > 24 B e
r 4 R ma mj ms m3 4 R /AR 243y
unde X € {G,0,T'},
f) R2 27>AX2 BX2+CX2+DX2 >36 (1")4 de
— = — |5 un
r2 4 7 m?2 m? m?2 m3 — 4 \R/’
X € {G,0,T}.
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Demonstratie. a) m, > h, (si analoagele)

N RO

unde am utilizat inegalitatea (7). Mai departe,

Sh=(Th) X

In plus,
1 36 36 24 24 27
Zh hzzh 23 . :Zh2264 =
a " b a Ny 7< h) a T R2
> (20 o 7

unde am utilizat si inegalitatea (8).
Rezulta ca

27 1 1 27
2. D
Zh Thy = AR :Zh?l =2 T 4Ry
deoarece i 1 rac b) Se stie ci Z 2, iar

'
1 1
Zg:“'Zhé (36%)

(conform relatiei (33), pag. 205, din [8]).

3),
2
Avem Z > 1 (Z i) = r%; tinand seama de pct. a) obtinem

Ta

27
YDETF) PP
ceea ce trebuia demonstrat

1
D TED IR0 S N A
unde am tinut seama de megahtatea 8

)-
Mai departe, > mg = (3 ma) —2-(Xm2-mj).

Insi Som?2 - mg > 6- 4/ (mambmcmd) = 6mgmpmemyg > 6hghphehg >

4
4
26'(1) Gt s 2w < -3 4,

ha
Dar, Y. m2 < 8 R? (conform inegalititii (8)) = (Y. m2)” < 8. R4,
Atunci,

Zm4<f-R4—3-45-1"4:4—~(4R2—243-r4)
a— a4 34 ’

ceea ce trebuia demonstrat.
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L (Xax)

Z( CAX)
conform inegalitatii (33).
Insa, conform inegalitatii Cauchy-Buniakovski-Schwarz (C.B.S.) avem

3 (ma - AX) < \/(Z mg> . (Z AX2>. (38)

(37)

Dar
Z AG? < 4R?, conform inegalitatii (8),
ZAF2 <4R? = Z:AO2 conform relatiei (10), pag. 202 din [8].

(39)
Din (38) si (39) rezulta
4 1
> ma - AX < % R2. 4R2:§-RZ. (40)
Acum din relatiile (35), (37), (40) obtinem
AX 3 r?
> 144r% . =27 —
2. me = 16R2 R%’
ceea ce trebuia demonstrat.
Partea stanga a inegalitatii constituie un caz particular (n = 1) al
inegalitatii Propozitiei 1, a), pag. 203 din [§].
e) - f) Putem presupune ca mqy > mp > me > mg =
1 1 1 1
< < < — 41
m2 = m2 = m2 = mZ (41)

Insi, conform inegalititii (23), pag. 204 din [8], rezultd ci
AX"™ > BX" > CX" > DX", X € {G,0T'}, ne{0,1,2}.  (42)

In baza relatiilor (41) si (42) putem aplica inegalitatea Cebdsev, ob-

tinand
zm2 =1(X0), (Zoe)-
> T oLy ax?) (Zoe)-

Tinand seama de relatiile (35), (39) si punctul a) al prezentei propozitii
avem, in conformitate cu relatiile (43),

SAX (1 or 1y BT 1
m2 ~ 4 2 4 R2) 2 4 R

(43)




M. OLTEANU, ASUPRA UNOR INEGALITATI GEOMETRICE 27

si

ZAX2<} 4R2<1_27 1>_RQ_27

mZ ~ 4 r2 4’
ceea ce trebuia demonstrat.

In continuare, pentru partea dreapti a inegalitatii e) putem scrie, con-
form inegalitatii (33), ca

ZAX_ AX? (ZAX>2

mi o AX mE TN (AX m2) 49

In plus
> (AX -m}) < \/(ZAXZ) (Yomi) < \/4R2 : ;li C(ARY — 243 - 71) =
4 4 4
L R VAR 2

Tinand cont de inegalitatile (35), din (44) rezulta ca

ZAX> 144 - 729 81 r? 1
m2 T 64-R-vARY —243r1 4 R /ARYT - 24377
Totodata, la punctul f), pentru inegalitatea din dreapta, aplicam ine-

galitatea dintre media patratica si media aritmetica la care tinem apoi cont
de rezultatul stabilit la punctul d).

Observatie. Partea stanga a inegalitatilor punctelor d), e) si f) ramane
valabila gi pentru X € {K, Q}.

Propozitia 15. Fie [ABCD] un tetraedru ortocentric avind ortocen-
trul H € int(ABCD). Atunci au loc inegalitatile:

R _AX BX CX DX 2
a) — > + + + > 27 %;
r mgq my me mq R
2 AX? BX? X2 DX? 2
by 2> + X >27.
r My myp Me mg R
) 1 R5>AX+BX+CX+DX>81 r2 1
C —_— e — e
324 16 = m2 mg m2 mfl ~ 4 R JARY — 9434’
1 RS _ AX? BX? (X2 DX?%2 36 ,p\4
d) e A i . 2 227'(7);
324 16 m2 my m? m3 4 \R
2 RP AX BX CX DX
e) s >+ —+—+ >

9 7 T 1, T Te Ty ’
unde X € {G,H,O,T',Q}.

Demonstratie. Partea stanga a inegalitatilor a) — e) constituie cazuri
particulare ale inegalitatilor Propozitiilor 1 si 3 din [8], pag. 203 - 207.
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Pentru inegalitatile din partea dreaptd vom analiza, pe rand, fiecare caz
in parte dupa cum urmeaza:

Presupunem S4 > Sp > S¢ > Sp. Atunci, conform relatiei (46), pag.
208 din [8], avem AX < BX < CX < DX, pecum §i ;= < % <A< é,
conform relatiei (45), pag. 208 din [8], (44%),

AX AXE (ZAX)2
a)zma _Zma‘AX_Z(ma-AX)

Z(ma.AX) < \/(ng) . <ZAX2) < \/6941%2.4}22 = %632’ (46)

unde am utilizat inegalitatile (8), (17), precum si > AQ? < 4R ([8], pag.
202, relatia (10)).

Tindnd seama acum de inegalitatile (16) si (27) coroborate cu (45) si
(46), obtinem

. (45)

AX _ 14407 3 r?
e L —or
me = R?2 16 R?
ceea ce trebuia demonstrat.
2
AX? (Z AX ) 14472 3 r2
mg Z Ma R 16 R
ceea ce trebuia demonstrat (am utilizat si inegalitatile (6), (27), (27%), (16)).

c) se utilizeaza metoda folosita la demonstrarea punctului e) al Propo-
zitiei (14), Impreuna cu inegalitatile suplimenetare (16) si (27).

2
AX2 (Z AX > 36 4
)y T2 > T
m? thzl 4 R
(conform pct. f) Propoziti (14) si a relatiilor (16) si (27).
e) Tinand seama de relatiile (16), (27), (27*), (36%), (44*), prin apli-
carea initiala a inegalitatii Cebdsev obtinem succesiv

AX 1 1 1 2
ZTQ24.<ZAX>.<ZTG>24-12-T-T—6,

ceea ce trebuia demonstrat.
Egalitatile se ating daca si numai daca [ABC D] este tetraedru regulat.
In baza celor prezentate pana acum, propunem cititorului interesat sa
arate ca in orice tetraedru [ABC D] are loc dubla inegalitate
R?> AX? BX? (CX? DXx? r2
— 2 + + + 227 —,
r Mg my me mq R

VX e{G,O0,I}.

Observatii finale. In Propozitiile 13 si 14 egalitatile se ating numai
dacd [ABCD] este tetraedru regulat.
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Avand in vedere inegalitatea (20) si formulele de calcul ale medianelor
unui tetraedru functie de lungimile muchiilor acestuia se pot rafina pentru
tetraedrele ortocentrice inegalitétile (6), (7), (8) si a), b), ¢) ale Propozitiei
14, lucru ce permite mai departe rafinarea tuturor inegalitatilor prezentate in
acest articol (pentru tetraedrele ortocentrice) in care intervin lungimile medi-
anelor tetraedrului. Lasam In seama cititorului dezvoltarea acestor rafinari.

La incheierea acestui articol enuntam urmatoarea:

Problema deschisa. Fie ABC'D un tetraedru ortocentric avand orto-
centrul H € int(ABCD). Notam cu {Ia} = (AI N (BCD), {Ig} = (BIN
N(ACD), {Ic} = (CIN(ABD), {Ip} = (DI N (ABC), unde I este centrul
sferei inscrisa in tetraedrul [ABCD]. Atunci avem:

a) AI < BI < CI < DI,

b) Al < BIp < Clc < DIp;
daca si numat daca S4 > S > Sc > Sp
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A problem suggested by the Atiyah conjecture
WLADIMIR G. BOSKOFF!), LAURENTIU HOMENTCOVSCHI?)

Abstract. In [2] is stated that Atiyah conjecture is a problem in elemen-
tary space geometry that has arisen from M.V.Berry and J.M. Robbins
investigations on the spin-statistics theorem in quantum mechanics. Our
aim is to state and prove a variation of Atiyah conjecture in the Euclidean
plane.

Keywords: Atiyah’s conjecture, linear independence over a field.
MSC : 51M04, 51M16, 70G25, 11J72.

1. Introduction.

The Atiyah’s conjecture connection with physics via geometric energies
is explained in [1], [3] and [6]. Some interesting particular cases are investi-
gated in [4] and a complete solution in the case n = 4 one can find in [5].
Some other points of view, strengthening of the conjecture and other solu-
tions for particular configurations can be seen in [4] and [6]. In the case n = 3
Atiyah showed that the problem is equivalent to the following statement.

Consider the unit circle centered in O and three different lines passing
through O which intersect the circle in the six points of affixes a,—a, 5,—/,
v, —v. Then the polynomials

P=X-7)X+8), Bh=X+7)X-a), PB=(X+a)(X-p5
are linearly independent over C.

2. A problem arised from the Atiyah’s conjecture.

The original Atiah’s conjecture in the case n = 3 leads to a plane con-
figuration obtained by the author starting from the space problem after the
study of some transformations which leave invariant a given determinant.
The previous statement showed that one particular point, the center of the
circle denoted by O, and the diameters determine the three previous linear
independent polynomials. Can we change the center of the circle with somne
other point O; and the diameters with lines passing through O;7 The affixes
of the endpoints will change. What can we say about the new polynomials
created in such way? Or suppose A1, Ay, A3 be three distinct and non-
collinear points in the interior of the unit circle. The lines A;A; intersect the
circle in six distinct points. It is known from [2] that for collinear points we
still have linear independence over C. Can we assert something about the lin-
ear independence of the polynomials created as in Atiyah’s conjecture when
the three initial points are distinct and noncollinear? At this two questions

1>Faculty of Mathematics and Computer Science, Ovidius University of Constanta,
boskoffQuniv-ovidius.ro

2>Faculty of Mathematics and Computer Science, Ovidius University of Constanta,
lhomentcovschi@univ-ovidius.ro
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we ask in the present article. The following Lemma allows us to answer to
both questions.

Lemma. Let 21,29, 23, 24, 25, 26 be the affixes of siz compler numbers
on the unit circle. Consider the polynomials f,g,h € C[X],

f=X=-2)(X —2),9= (X —23)(X —z1),h = (X — 25)(X — 26).

If the three polynomials are linearly dependent over R, then at most four
out of the siz initial roots are distinct.

Proof. Let us denote S7 = z1 4+ 29, So = 23 4+ 24, S3 = 2z5 + zg;
Py = 2129, Po = 2324, P3 = z5 - 26. Since |z| = 1, for i = 1,6 we have
|P1| = || = |P3| = 1. Suppose it exists a, 3,7 € R (at least one nonzero)
such that

a-f+B-g+v-h=0.

It means

a(X? = S1X + P) + B(X? — 52X + Py) + (X% — S3X + P3) = 0.

Without to loose the generality we may consider v = —1. It results
a+p=1
aS1 + Sy = S3

aPy + 3P, = Ps.

The first and the last line lead to aP; + (1 — )P, = P3. The geome-
tric interpretation of the last relation shows that the points My, My, Msj
of affixes P;, P, and P3 are collinear. That is, M3 belongs to the line My,
Mo if My # Ms. In the case when M; = My we obtain P = Ps, therefore
aP; + (1 —a)P; = P3 which implies P3 = P;. Taking into accout the enounce
My, My, M3 belong to the unit circle, so we have or M3 = My or M3 = M.

Therefore or P; = P; or P3 = P». If P3 = P we have a = 1, which
implies S35 = S1, that is {z1, 22} = {25, 26}. Analogously, if P; = P, we obtain
{Z3a Z4} = {Z5a ZG}-

As a conclusion, the linear dependence of the polynomials implies that
at most four out of the six initial complex numbers are distinct, at least one
of the following set equalities is valid

{21,22} = {Z3,Z4}, {21,22} = {25,26}, {23724} = {257256}-

The first conclusion we have according to Lemma 1 is that if we have
six distinct points on the circle determined by three (distinct) lines passing
through Oy, the above polynomials are linerely independent over R.
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The main result

Let Ay, Ay, A3 be three distinct and noncollinear points in the interior
of the unit circle. For anyi,j = 1,3, # 7,
the halfline (A;A; intersects the circle in
the point A;; with the affix z;;. Then the

polynomials fi, fa, f3 € C[X],
fi = (X = z212)(X — 213),
f2 = (X — 221)(X — 223),
f3 = (X — 231)(X — 232),

are linearly independent over R.

The proof. By contrary, let us suppose that the polynomials are li-
nearly dependent. According to the previous lemma we have or {z12,213} =
= {221, 223} or {212, 213} = {231, 232} or {221, 223} = {231, 232}

We analyze only the first case, the other two can be analyzed in the
same manner. So, let us start from {z12, 213} = {221, 223}. It may happen
or (I) Z12 = 221 and Z13 = Z23 Or (H) Z12 = 293 and Z13 = Z221.

If (I) then z12 = 291 and 213 = 293. So, we have both Ajs = Ay
and A3 = Ags. It results A1 = A9 = A3 = Aoz and this means that
Ay = As = Asz and this point belongs to the cicle. The other possible
situation is A1g = A9y = Azg = A3z and A3 = Aoz that is A1 = As.

If (IT) we have z12 = 223 and 213 = 221. S0, we have both A9 = Ags
and A1z = A9, It results A1g = A9z = A1z = Ags that is A1 = Ay = As.
The other possible situation is A1 = A9y = A13 = A1 = Asg = Aszo, who
leads to A1 = Ay = As and this point belongs to the cicle. Therefore in all
the cases the three points Ajq, Ao, A3 are not distinct, in collision with the
hypothesis. It results that the polynomials are linearly independent over R.
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Despre vehicule cu roti poligoane regulate

WLADIMIR BOSKOFFY), CATALIN GHINEA?)

Abstract. For a vehicle having as wheels regular polygon, we compute
explicitelyy the path on which it should move so that the passengers will
not be shaken.

Keywords: regular polygon, geometrical path, periodicity.
MSC : 51Nxx, 51N20, 51N99.

Sa consideram un poligon regulat cu latura de lungime 1 pe care sa-l
gandim ca pe una din rotile unui vehicul. Ne putem intreba cum arata drumul
pe care trebuie sa se deplaseze respectivul vehicul fara ca pasagerii sai sa fie
zdruncinati, adica astfel incat platforma vehiculului sa se miste rectiliniu si
uniform.

Drumul se va prezenta ca reuniunea unor arce de curba de lungime 1,
avand capetele pe axa Oz, pentru ca fiecare latura a poligonului trebuie sa
parcurga un arc de curba de lungime egala cu lungimea lui. Vom presupune
ca vehiculul nu aluneca pe respectiva curba. Sa notam cu {z, f(z)|z € R} re-
uniunea arcelor care reprezintda drumul. Este suficient sa determinam primul
arc, celelalte rezultand din periodicitatea impusa de miscarea rotilor vehicu-
lului.

Figura 1

Roata poligon in pozitia initiald (vezi figura 1) o presupunem avand
unul din varfuri in originea sistemului de coordonate si centrul de greutate
pe axa Oy. Din presupunerea noastra, dupa parcurgerea primului arc, cand
varful urmator al rotii poligon se va afla pe axa Oz, roata poligon va avea
laturile respectiv paralele cu laturile rotii poligon aflatd in pozitia initiala.
Sa trecem la determinarea drumului.

1>Faculty of Mathematics and Computer Science, Ovidius University of Constanta,
boskoffQuniv-ovidius.ro
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y A

Bxg,yp)

M(XM,)’M)
A(Xpg,ya)

Figura 2

Fie M (z, f(z)) punctul curent aflat pe primul arc de curba. Sa con-
sideram latura AB a poligonului regulat, A(za,y4) si B(zp,yB), si pre-
supunem ca dreapta AB este tangentd la primul arc de curba in punctul
curent M (z, f(z)) (vezi figura 2). Avem indeplinite urmatoarele conditii:

ya — f(x) = f'(x) (va — )

yg — f(x) = f'(z) (x5 — ) (1)
yp —ya = f'(x) (xp —x4)

(yg —ya)* + (zp —24)* =1,

de unde
TR —xA= S : (2)
L+ (f'(x))?
pentruca xg — x4 >0
YB — YA = f(:E)Q . (3)
1+ (f'(2))

Lungimea arcului de curba OM o notam cu Lé(f/[),

i) :/\/1 +(f (1))t
0
Impunénd conditia ||[AM|| = Lé(]g\? (egalitatea dintre AM si lungimea
drumului din pozitia initiald pana in pozitia curentd) obtinem:
2
(&) —ya)? + (@ —wa) = (L5}) (4)
Din (1) si (4) avem:

(e (14 (5 0)°) = (255)
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de unde

Folosind (1), (2), (3) si (5) obtinem succesiv:
[« >LéM

eI i+

(8)

yp = f W

Daca centrul de greutate G al poligonului este de afix z¢ = zg + iyg
atunci conditia de rostogolire va fi: coordonata y¢ este constanta, mai precis:

yG:2sinl<;r>‘ 9)

Pentru A de afix z4 = x4 +iya si B de afix zg = xp + iyp avem

1 T 7 .. (T T
2 = ——= (2B — 24) [cos(———>+181n<———>}+zA:
ZSin<7) 2 n 2 n
n

ool sG]

de unde, folosind conditia de rostogolire (9), obtinem ecuatia:

1 COS (%) B 1
Q(yB_yA)+yA+28h1®(xB_xA) = (M) (%) (10)

Inlocuind in (10) cantititile cunoscute si efectuand reducerile, rezulti
ecuatia diferentiala a drumului:

f(x) (sin (%) - 2Lf(M) sin (n)> + cos <%)

L+ (f' ()?

+ 2f(z)sin (%) = 1.
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Pentru rezolvarea acestei ecuatii diferentiale, sa notam cu y = f(x).
Ecuatia devine

/o (2) -2 () oo ()

1+ (y)?

L, v () 2nbasin () eos (D)
i
2sin ) 7
sin (1 L+ ()
Derivand ultima relatie si reducand termenii obtinem:
y” (sin (%) — 2L}, sin (%) — 1y cos (%)) =0.

Daci y” = 0 rezultd y = ax + b, solutie ce nu convine pentru ca roata
nu aluneca. Rezulta ca:

™ ™ ™
' n N 2Ly ‘ (7> N / (7> - 0
sin (n> oM Sin n Yy cos n

si, prin derivare, ajungem la:

Y s (T)
N 2tan ()

Integrand relatia, rezulta:

y/+ /1 _|_ (y/)2 — C/e—Ztan(%)x’ C/ > 0’

) T
, (C/)2 e—4tan(5)x -1 . d —2tan(£)z 1 2tan(g)r
v QC/e_Qtan(%)x B 56 B @e |

+ 2y sin <E> =1,
n

adica

y:

deci:

Pentru ¢ = e°, ajungem la forma mai simpla:

y' = sinh (c — 2x tan <E>>
n

care, prin integrare, ne conduce la:
1
Yy =————7= cosh (c — 2z tan <I>) + c1.
2 tan (—) n
n

Folosind conditiile initiale y (0) = 0 si ¥’ (0) = tan <E> determinam
n

s
Lsin (1)
+ sin 0 1

T )
COS (*)
n

constantele:

c=1In
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Curba de rostogolire pentru poligonul regulat cu n laturi este:

) 1+sin (©)
———— 7y cosh | In 7ﬁn
2tan (—) Cos (—)

n n
Se observa ca:

lim | —————<cosh |In | ———=1~

nree 2 tan (E> Ccos (E) 2sin (E)

n n n
adica curba de rostogolire a cercului (pozitia limita a poligoanelor regulate)
este y = 0.

Se poate observa ca metoda de determinare este elementara si difera de

abordarea din [1]. Mai mult, in [1], cazul poligonul regulat cu n laturi este
doar schitat.

f(z) = — 2z tan <7T

— 2x tan (E) + =0,
n
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Olimpiada de Matematica a studentilor din sud-estul
Europei, SEEMOUS 2010

CoRNEL BAETICAD, GABRIEL MINCU?)

Abstract. This note deals with the problems of the 4th South Eastern Eu-
ropean Mathematical Olympiad for University Students, SEEMOUS 2010,
organized by the Union of Bulgarian Mathematicians in Plovdiv, Bulgaria,
between March 8 and March 13, 2010.

Keywords: Series of functions; Lebesgue integral; Representations of ma-
trices; Egyptian fractions.

MSC : 15A24; 15A36; 26A42; 40A30; 51D20.

Cea de-a patra editie a Olimpiadei de Matematica a studentilor din
sud-estul Europei, SEEMOUS 2010, a fost organizata de Uniunea Matemati-
cienilor din Bulgaria si de Societatea de Matematica din Sud-Estul Europei
in localitatea Plovdiv din Bulgaria in perioada 8-13 martie 2010. Au partic-
ipat 66 de studenti de la universitati din Bulgaria, Grecia, Israel, Macedonia
si Romania. Studentii romani au avut o comportare remarcabila reugind sa
obtina 6 medalii de aur din cele 8 acordate, precum si medalii de argint si de
bronz. Andrei Deneanu, student la Facultatea de Matematica si Informatica
a Universitatii din Bucuresti a obtinut, pe langa medalia de aur, premiul
special pentru o solutie deosebita.

Concursul a avut o singura proba constand in patru probleme. Prezen-
tam mai jos aceste probleme insotite de solutii care in mare parte au aparut
in lucrarile concurentilor. Pentru solutiile oficiale facem trimitere la
http://seemous2010.fmi-plovdiv.org.

Problema 1. Fie fy: [0,1] — R o functie continua. Definim sgirul de
functii f,: [0,1] — R prin

fulz) = / Fao1 ()t
0

pentru fiecare numéar natural nenul n.

oo
a) Aratati ca pentru orice z € [0,1] seria > fn(z) este convergenta.

n=1
[e.e]
b) Gasiti o formula explicita pentru suma seriei > fn(x), z € [0, 1].
n=1

k* ko ok

DFacultatea de Matematici si Informatica, Universitatea din Bucuresti,
Email: cornel.baetica@fmi.unibuc.ro.

2)Facultatea de Matematica si Informatica, Universitatea din Bucuresti,
Email: gamin@fmi.unibuc.ro.
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Aceasta a fost considerata de juriu drept o problemd usoard. Studentii
care au rezolvat problema au dat solulii in spiritul primei solutii oficiale.
Prezentam mai jos aceasta solutie.

Solutia 1. a) Cum functia fy este continua si definita pe un interval
compact, ea este marginitd. Existd deci M > 0 astfel incat |fo(z)] < M
pentru orice z € [0, 1]. Se obtine

Ifi(z)] < / |fo(t)|dt < Mz, pentru orice x € [0,1],
0

y 2
|fo(z)] < / |f1(6)|dt < M%, pentru orice = € [0, 1].
0

Se demonstreaza prin inductie ca pentru orice n € N si orice = € [0, 1]

de unde
M
sup [fu(@)| < 2.
z€[0,1] n.
o0 1 o0
Cum Zl -7 este convergentd, rezulta ca seria Zl fn este uniform con-
n= n—=

vergenta pe [0, 1], deci ea este convergenta si punctual pe acest interval.

o0
b) Fie F: [0,1] — R, unde F este suma seriei Y f,. Cum pentru
n=1
fiecare n € N* are loc relatia f; = f,—1, deducem ca

n=1 n=0

Conform punctului a), seria din membrul drept este uniform conver-
genta, deci gi seria din membrul stang are aceeasi proprietate. Prin urmare,
o0
seria Y fp poate fi derivatd termen cu termen gi obtinem relatia F’ = F+ fj.
n=1
Aceasta relatie este echivalentd cu (F(z)e™®) = fo(z)e™* Va € [0,1]. Cum
F(0) =0, deducem ca

F(x) = ex/fg(t)etdt.
0

(Facem mentiunea cd tehnici de aceasta natura se folosesc, de pilda, la re-
zolvarea ecuatiilor integrale de tip Volterra.) O
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Solutia a 2-a.

() o)

0 0

// /fo (t)dtdt,—1 . dtl—// / Foltn_1)dtdt,_q ...dt; =

0<t<tn 1< <t1<{L‘ O<tn 1<tn 2< <t1<t<1‘

:jfo(tn—1)dtn_1 /JC dtn_Q---jdtljdtzZfo(t)mdt-

Prin urmare,

Se obtine

N T — n—1
> fal2) /fo e ldt| = /fo ( n—t)l)' >dt—/f0(t)e“dt :
n=1 :

Exista insa u € (0,2 — t) astfel incat

et = (z—t)" 4on (z — )N
— (N+1)7

deci
t)NJrl

eat—t _ Z (.1‘ - t)n u(x — t)NJrl < Tt (.1‘ —

R N C VA

Obtinem agadar

Z folz / e tdt

l’—t)N+1
< <
/'f N e

1 xT
< M/|f0(t)|e$_tdt.
0

Cum

i (N+1 /|fo ) "tdt = 0,
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obtinem de aici atat convergenta ceruta la punctul a), cat si faptul ca

fu(z) =¢ | fo(t)e tdt.
Yo [

(Aceasta solutie interesanta a fost propusd de catre Dmitri Mitin, membru al
Juriului, si a fost adoptatd ca a doua solutie oficiala.) O

Problema 2. In interiorul unui pitrat considerim o multime de cer-
curi. Suma circumferintelor cercurilor din multime este egald cu dublul
perimetrului patratului.

a) Gasiti numarul minim de cercuri care satisfac aceasta conditie.

b) Aratati ca exista o infinitate de drepte care intersecteaza cel putin 3
dintre cercuri.

Marcel Roman, Romania

Aceastd problemd a fost consideratda de juriu drept o problemd de di-
ficultate medie. Studentii care au rezolvat aceastd problemd, cu o singurd
exceptie, au dat solutii similare solutiei oficiale. Prezentam mai intdi aceasta
solutie.

Solutia 1. Fara a restrange generalitatea, putem considera ca latura
patratului este de lungime 1. Notam diametrele cercurilor date cu dy, do,
., dp, iar centrul patratului cu C.

n
a) Conditia din enunt se rescrie 7 ) . dj, = 8. Cum pentru fiecare k avem
k=1
dp < 1, din relatia anterioara rezulta 8 < nm, de unde n > 3. Considerand
acum cercurile de centru C' si diametre d; = 3%, dy = 3% sids = %, constatam
ca dy < dy <ds<1sin(di+dz2+ ds)=8. Prin urmare, numarul minim de
cercuri cu proprietatea din enunt este 3.

b) Proiectam cercurile pe una din laturile patratului, pe care o con-
sideram orizontala si o notam cu [AB]. Notam proiectia cercului de diametru
d; cu S;.

Presupunem ca exista doar un numar finit de verticale care taie cel
putin trei cercuri. Aceasta revine la a spune cd oricum am alege trei seg-
mente din multimea {S7,Se,...,S5,}, intersectia lor contine cel mult un
punct. Coloram inductiv segmentele Si,So,...,5, In rosu sau verde dupa
cum urmeaza: coloram pe Sp in verde. Pentru k > 1, presupunem colorate
S1,89,...,5;_1 si avem doua variante:

Daca S intersecteaza ,,semnificativ” (adica, in mai mult de un punct)
vreun segment S;j,j < k, atunci (acesta este unic si) coloram Sy folosind
culoarea diferita de cea a lui 5.

Daca Sj nu intersecteaza ,,semnificativ’ niciun segment S;,j < k,
atunci coloram Sy, in verde.
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Conform constructiei, orice doua segmente verzi au cel mult un punct

comun; prin urmare, |J S;=MU |J 95;, unde M este o multime
S e verde S; e verde

finita. (Precizam ca So'j reprezinta interiorul multimii S;.)
Cum insa Sy, S9, ..., S, sunt disjuncte doua cate doua, rezulta ca masu-
ra Lebesgue a multimii ~ |J S; C [AB] esteegalacu ).  dj. Rezulta

S; e verde S; e verde

n
cd Y, dj <l Analog, >  d; <I. Prin urmare, ) dj < 2l. Pe de
S; e verde S; e rogu k=1
n
alta parte, enuntul implica relatia 7 > di = 8I. Din aceste relatii rezulta
k=1
4 .
— < 1, contradictie.
7

Ramaéne agadar ca exista o infinitate de verticale care intersecteaza cel
putin trei cercuri. O

Solutia a 2-a. b) Consideram sistemul de coordonate carteziene in care
varfurile patratului au coordonatele (0,0),(0,1),(1,0) si (1,1). Fie functia
f:10,1] — R definita prin f(z) = numarul de cercuri pe care le taie verticala
prin . Deoarece f are un numar finit de puncte de discontinuitate, ea este
integrabild Riemann. dy,do, ..., d, fiind, ca gi mai sus, diametrele cercurilor
date, se arata prin inductie dupa n ca

1 n
/f(x)d:v = de.
5 k=1

1

Prin urmare, [ f(z)dz = £.
0

Presupunem acum ca multimea verticalelor care taie cel putin 3 cercuri
este finita. Atunci, f(z) < 2 pentru orice z € [0,1] \ M, M fiind o multime
finita. Rezulta de aici ca

1
; = /f(a:)dx <2,
0

deci m > 4, contradictie.

Ramane asadar ca exista o infinitate de verticale care taie cel putin 3
cercuri din multimea data.

(Pentru aceastd solutie Andrei Deneanu a primit premiul special al ju-
riului.) O

Remarcam faptul ca s-a considerat in mod tacit (atat in abordarea
oficiala, cat gi in cele ale concurentilor) cd multimea de cercuri aflate in
interiorul patratului este finita. Enuntul problemei are insa sens si daca
multimea de cercuri este cel mult numarabila (conditia din enunt, reformulata
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explicit pentru acest caz, cere ca seria circumferintelor cercurilor date sa fie
convergenta, iar suma sa sa fie dublul perimetrului patratului).

Rationamentul de la solutia 1 raméane valabil si in noile conditii cu doua
precautii:

e Multimea M care diferentiaza pe | S; de | S’j este cel

S; e verde S; e verde

mult numarabila, deci masura ei este tot zero, iar rationamentul ramane
valabil.

e Seria diametrelor cercurilor date fiind absolut convergenté, ea este si
neconditionat convergenta, deci

Yoodp o+ ) di=) d;
j=1

S; e verde Sj e rosu

Si rationamentul lui Andrei Deneanu functioneaza, cu precautiile de
rigoare, in cazul unei multimi numarabile de cercuri. Functia utilizata va fi
de aceasta data f: [0,1] — R definita prin

numarul de cercuri taiate de verticala prin x,

f(z) = daca acest numar este finit
+o0, altfel.

Constatam ca functia f este finita a.p.t. astfel: notam
N = {x € [0, 1]| = este pe proiectia unei infinitati de cercuri}.

Oricum am alege n € N*, din definitia lui N avem ca orice x € N
este pe proiectiile a cel putin n cercuri, deci apartine unei multimi de tipul

SjlﬂS]’Qﬂ...ﬂSjn. Rezulta ca N C U SjlﬂS]éﬁ...ﬁSjn - U S
1<51<j2<...<Jn k>n
De aici rezulta ca masura lui N este inferioara lui ) di. Dar lim > di =0,
k>n n—00 k>n

deci N este neglijabila Lebesgue.

Definim acum pentru fiecare n € N* functia f,: [0,1] — R, f,(z) =
= numarul de cercuri de diametre {d;,ds,...,d,} pe care le taie verticala
prin z. Observam urmatoarele:

e Functiile f,, sunt, dupa cum s-a aratat in solutia initiala, integrabile
Riemann (deci si Lebesgue) pe [0, 1].

e Pentru orice z € [0,1] \ N avem nh_g)lo fa(z) = f(z). Cum N este

neglijabila, rezulta ca nh_}n(glo fu(x) = f(x) a.p.t.

Putem prin urmare aplica sirului (f,,), teorema de convergenta mono-
tona (Beppo Levi). Obtinem

1 n
[r= [ g, 2o v [ = b [faede =l S =
n x n o n o n x T
[0,1] [0,1] [0,1] 0 k=1

finitudinea rezultatului confirmand si faptul ca f este integrabila Lebesgue.
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Presupunem acum ca multimea verticalelor care taie cel putin 3 cercuri
este finitd. Atunci f(z) <2 a.p.t. in [0,1]. Rezulta de aici ca

- [r=2
T
[0,1]

deci w > 4, contradictie.
Ramane asadar ca exista o infinitate de verticale care taie cel putin 3
cercuri din multimea data.

Problema 3. Notam cu M3(R) multimea matricelor 2 x 2 cu elemente
reale. Demonstrati ca:
a) pentru orice A € M3(R) exista B, C € My (R) astfel incat A = B? 4 C?;
1
0

b) nu exista B,C € M3(R) astfel incat ( 0 = B2+ (C?si BC =CB.

1
Vladimir Babev, Bulgaria
Aceasta a fost considerata de juriu drept o problemd de dificultate medie.
Concurentii au dat mai multe solutii, dar in linii mari s-a mers pe doud idei: scrierea
efectiva a matricei A ca sumd de doud pdtrate sau folosirea relatiei Hamilton-Cayley.

a) Solutia 1. Consideram A = < Z Z ) si scriem

m b a—m 0
A_<—b m)+( b+c d—m)’

unde m € R este ales astfel incat a —m > 0 si d—m > 0. Ideea acestei scrieri
a matricei A este aceea ca prima matrice este o matrice corespunzatoare unei
rotatii inmultitd cu un numar real pozitiv (mai precis, vVm? + b2), deci este
in mod clar patratul unei matrice reale de aceeasgi forma, iar cea de-a doua
matrice este inferior triunghiulara cu valorile proprii strict pozitive, deci si
ea este patratul unei matrice reale inferior triunghiulare. (Solutia aceasta a
fost data in concurs de catre Ohad Livne din Israel.) O

Solutia a 2-a. Aceastéa solutie, gasita de cei mai multi dintre concuren-
tii care au rezolvat problema, s-a bazat pe observatia ca orice matrice scalara
0 1)°
A0 )7
(Sa notam ca aceastd scriere este necesarda pentru cazul in care A < 0,
pentru A > 0 avand scrierea mult mai evidentd Al = (v/Al3)?). Plecand
de la aceastd observatie se aduni la matricea A o matrice scalard in asa
fel incat matricea X = A 4+ Al sd aiba urma si determinantul pozitive.
De aici, folosind relatia Hamilton-Cayley pentru matricea X, obtinem ca

2
X = ( L_x ) + (detX ) I5. Rezulta imediat acum cd A este suma de doua

reala este patratul unei matrice reale. Mai precis, avem Ay =

VirX trX
patrate de matrice reale. ]

Mergand tot pe aceasta idee, putem aduna la matricea A o matrice
scalard in aga fel incat matricea X = A 4+ Aly sa aiba elementele de pe
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diagonala principala pozitive si determinantul pozitiv, caz in care se arata,
prin calcul direct (folosind un sistem de ecuatii despre care se demonstreaza
ca are solutii reale), cd matricea X este patratul unei matrice reale.

Au mai existat si alte abordari, bazate pe observatia cd proprietatea
matricei A de a se scrie ca suma de patrate de doua matrice reale se pastreaza
prin asemaénare, aceasta permitand folosirea de forme simplificate ale matricei
A, de exemplu forma Jordan.

b) Solutia cea mai simpla, gasita de majoritatea concurentilor care au
rezolvat problema, este cea In care se observa ca deoarece BC' = C'B avem

det(B?% + C?) > 0, pe cand det (1) (1) =—1.

Se mai putea folosi faptul ca daca exista o astfel de scriere, atunci

matricele B,C comutd cu matricea < (1) (1) >, fiind de forma < ayc Z >

2,2
A o . . T4 +y 2xy .
Ridicand la patrat o astfel de matrice vom obtine 2y 24y si
adunandu-le va rezulta ca B si C' sunt matrice nule, contradictie. O

Problema 4. Presupunem ca A gi B sunt matrice n X n cu elemente
intregi si det B # 0. Aratati ca exista m € N* astfel incat

m
-1 —1
ABT =3 N
k=1

unde Nj sunt matrice n X n cu elemente intregi pentru orice k =1,...,m si
N; # Nj pentru orice @ # j.
Vladimir Todorov, Bulgaria

Problema a fost consideratd de juriu drept o problema dificila si rezul-
tatele au ardtat cd aceastd apreciere a fost corectd, doar sase concurenti
reusind un punctaj apropiat de punctajul mazrim. Nict unul dintre acestia
nsa nu a mers pe ideea solufiei oficiale.

Aceasta problema s-a dorit a fi o generalizare la cazul matricelor a
reprezentarii numerelor rationale ca fractii egiptene, i.e. ca suma de fractii
distincte cu numaratorul 1 si probabil ca un enunt mai sugestiv ar fi fost
acela ca orice matrice A cu elemente rationale se scrie ca o suma de inverse
de matrice cu elemente intregi si diferite doua cate doua. Faptul ca in cazul
n = 1 se obtine chiar reprezentarea numerelor rationale ca fractii egiptene
este un indiciu important despre cum se poate aborda problema in cazul

general.
Incepem cu o observatie pe care o vom folosi in primele doua solutii:
putem presupune B = I[,,, reducand astfel problema la a arata ca orice

matrice cu elemente intregi se scrie ca o suma ca cea din enunt. De fapt
AB™! = (det B) "' AB* si dac# stim ca matricele cu elemente intregi se scriu
ca o suma de inverse de matrice cu elemente intregi si diferite doua cate doua,
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m
avem in particular cd AB* = kzl M,;l cu M; # M; pentru i # j, de unde

m
AB™! = 3" ((det B) M)t

k=1

Solutia 1. Se considera A € M, (Z). Se stie ca o astfel de matrice se

poate aduce prin transformari elementare la o forma diagonala. Mai precis,
exista U,V € M,,(Z) inversabile astfel incat UAV = diag(dy,...,d,,0,...,0)
cu dy,...,d, € N* gi dq]...|d,, unde prin diag(di,...,d;,0,...,0) am
notat matricea diagonala n x n care are pe diagonala principala elementele
di,...,d,0,...,0 (in aceastd ordine).

m
Daca aratam ca putem scrie diag(di,...,d,,0,...,0) = > Mkfl cu

M; # M;j pentru i # j, atunci vom avea A = Z (VM,U)~! gi am terminat.

Ramane deci sa aratam ca o matrice de forma diag(dy,...,d;,0,...,0)
se poate scrie ca o suma ca cea din enunt. Folosind reprezentarea numerelor
rationale ca fractii egiptene scriem d, = % 4+ 4+ i cu t; # t; pentru orice
i # j. Cum dg|d, pentru orice 1 < k < r, avem d, = dksk cu s € N*
(evident s, = 1) si de aici rezulta ca dy = id“ asadar dj, =

Sktm

si spt; # spt; pentru orice ¢ # j.

Daca r = n, atunci scriem

diag(dy,...,d Zdlag (515, ..., Snti) "t
Pentru r < n consideram trei cazuri:
Cazul I: m este numar par. Scriem m = 2p si atunci vom avea
diag(dl,...,dT,O,...,O) =
p

= Z[diag(sﬂzi—l, cooteicn, L )T diag(sitar, . teg, =1, ..., —1) T

—

1=
Cazul II: m este numar impar, m > 3. Scriem m =2p+ 1 cup > 1 i
apoi
diag(dy,...,d;,0,...,0) =

p—1
= [diag(sltgi_l, ey Sptoi1, 1, 1)_1—|—diag(31t2i, ceey Sptog, —1, .. ,—1)_1]+
=1
+diag(51t2p,1, vy Sptop 1, 1,..., 1)_1+diag(slt2p, ooy Sptop, —2,..., *2)_1+
+diag(81t2p+1, co Sptopr1, —2, ..., —2)71
Cazul 1II: m = 1. Atunci dy = --- = d, = 1 si scriem

diag(1,...,1,0,...,0)=diag(2,...,2,1,...,1) Hdiag(2,...,2,-1,...,—-1)"1.
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Ideile principale din aceasta solutie s-au regasit in lucrarile lui Flavian Geor-
gescu st Ohad Livne. O

Solutia a 2-a. Aratam ca orice matrice A € M,,(Z), n > 2, se scrie

m

sub forma A = ) Xy cu Xj € M, (Z), det X}, = £1 pentru orice 1 <k <m
k=1

si X; # X pentru orice ¢ # j. Pe scurt, orice matrice de ordin n > 2 cu

elemente Intregi se scrie ca o suma de matrice cu elemente intregi, inversabile
si distincte doua cate doua. Daca tinem cont de faptul ca pentru astfel de

m
matrice X, ' € M, (Z), atunci A = 3> N, ', unde N, = X, ' si rezolvarea
k=1

se incheie.

Sa demonstram acum afirmatia de mai sus. Pentru inceput vom nota
cu Ej; matricea n x n care are 1 pe pozitia (i,7) si 0 in rest. Scriem A =
(@ij)ij=1,..n sl atunci vom avea A =) a;; E;; (se considera ca in suma sunt
scrisi doar termenii pentru care a;; # 0). Mai mult, putem scrie

A= Z(aijEij + In) + Z(aijEij + In) + mIn + Z a“E”
1<J i>]
Matricele a;;E;; + I, © # j, sunt inversabile si distincte doua cate
n
doua. Observam ca ml, + > aiE; = > (m + ay)Ej; si ramane sa aratam
i=1
ca o matrice nenula de forma aF;; se scrie ca o suma de matrice cu el-
emente Intregi, inversabile, distincte doua cate doua si diferite de cele de
forma a;jF;; + I,,, i # j. Daca a = 2k, k > 1, atunci scriem 2kE;; =
k k
= > (2E; — In + ajE) + Y- (In — ajEvy,) cu o € Z alesi corespunzator.
j=1 j=1
Analog daca k < —1. Daca a = 2k + 1, atunci (2k + 1)E;; = 2kE;; + Ej; si
ramane sa scriem matricea Ej; ca o suma de matrice cu elemente intregi, in-
versabile, distincte doua cate doua si diferite de cele folosite anterior. Notam
cu J, matricea n X n care are 1 pe diagonala secundara si 0 in rest. Avem
scrierea E;; = (2E; — Jy,) + (—Ey + Jp,) care este convenabila cu exceptia
cazului n = 2p+1si¢ = p+1, caz in care vom scrie Epi1pr1 = In— Y. Ey
i#p+1

si apoi folosim scrierea anterioara pentru matricele E;;, i # p + 1. (Aceasta
solutie, cu mici diferente de detaliu, a fost gasitd in concurs de catre Daniel

Drimbe.) O

Solutia a 3-a. O matrice M € M, (Z) se numeste ,buna“ daca se

m
scrie sub forma M = Nk,_l, unde m € N* iar Nj, sunt matrice n x n cu

k=1
elemente Intregi si N; # IN; pentru orice @ # j.
Sa observam ca daca M, ..., M, € M,(Z) sunt matrice bune, atunci
oricare ar fi ¢, ..., q. € Q rezulta ca matricea ¢y M7 + - - - + ¢-M, este buna.

In acest scop scriem matricele My, ..., M, ca sume de inverse de matrice cu
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elemente intregi diferite doud cate doua si obtinem in final o scriere de forma
M+ +q¢M, = qu‘Niﬁl

cu N; # gqNj oricare ar fi ¢ € Q si i # j. Reprezentam acum numerele
rationale ¢ ca fractii egiptene si obtinem astfel scrierea dorita.

Matricea I,, si matricele I, — %EZ-Z-, 1 < ¢ < n, sunt in mod evident
matrice bune. Matricele E;;, ¢ # j, sunt bune pentru ca putem scrie, de
exemplu,

Eij = (In + Eij) + (—1,).
Fie A, B ca in enunt. Notam AB~! = (€ij)ij=1,..n Cu ¢;j € Q, scriem
ABT' = "cijEiy — Y 2ci(In — lEu + ) 2¢ily
; j g ZZ: ( 5 ) ZZ:
si acum problema este rezolvata. (Aceastd solutie a fost data in concurs de
catre Andrei Deneanu.) O
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A refinement of the Finsler-Hadwiger reverse inequality

CEzAR Lupu!), CONSTANTIN MATEESCU?,
VeAD MATE), MiHAT OPINCARIUY

Abstract. In this short note we shall give a refinement of the celebrated
Finsler-Hadwiger reverse inequality which states that in any triangle ABC
with sides of lenghts a, b, ¢ the following inequality is valid

a® + b+ <4SV3 +E[(a—b)* 4 (b—c)® + (c—a)?],
where S denotes the area of the triangle ABC for k = 3. We refine the
above inequality by proving that the inequality remains true for £ = 2 and

we also show that this new improvement fails in the case when the triangle
ABC is not acute angled.

Keywords: Geometric inequality, Finsler-Hadwiger inequality, Popovi-
ciu’s inequality.
MSC : 51Mxx, 51Nxx, 51Axx, 26D15

1. Introduction & Main results

Many of the most important results in theory of geometric inequalities
were discovered by the beginning of the 20-th century. The first important
inequality was discovered in 1919 and it is due to Weitzenbock (see [2]),
namely

Theorem 1.1. In any triangle ABC with sides of lengths a, b, ¢, the
following inequality holds

a2 +b% + 2 > 45V3,

where S denotes the area of the triangle ABC.

The above theorem also appeared in International Mathematical Olym-
piad in 1961 and many proofs of it can be found in [1]. A refinement of
Theorem 1.1 is the Finsler-Hadwiger inequality

Theorem 1.2. In any triangle ABC with sides of lengths a,b,c, the
following inequality holds

a? + 0>+ >48V3+ (a—b)? + (b —c)® + (c—a)?

where S denotes the area of the triangle ABC.

Many proofs of Theorem 1.2 can be found in [1] as well as other new
proofs in [8], [5] or [6]. The reverse of Theorem 1.2 to which we give a simple
proof in what follows, states that.
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2>,,Zinca Golescu“ National College, Pitegti, Romania, costi@alvvimar.ro

3>University of Bucharest, Faculty of Mathematics, matei_vld@yahoo.com
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Theorem 1.3. In any triangle ABC with sides of lengths a,b,c, the
following inequality holds

a? + 0>+ 2 <4SV3 +3[(a—b)? + (b—¢)? + (¢ — a)?],

where S denotes the area of the triangle ABC.
Proof. Let us denote by a = y + 2,b = z + = and ¢ = x + y where

z,y,z > 0. The area is given by the formula S = /zyz(z +y+ z). Our
inequality becomes

@49+ @+2)°+ (z+2)’ <4/Bayzle +y+2)+3> (v —y)°

cyc
which is equivalent after a few calculations with

2Zmy—2x2 < \/Bryz(z +y+ 2).

cyc cyc

But, from Schur’s inequality (see [7]), i.e.

(Z m*”’) +3ayz > > ay(z+y)

cyc cyc
one can easily deduce that

9xyz

cyc cyc

Now, we are only left to prove that (z +y 4 2)> > 27zyz, which follows
immediately from AM-GM inequality. O

We shall prove that in the case of an acute-angled triangle Theorem 1.3
can be improved in the following sense:

Theorem 1.4. In any acute-angled triangle ABC with sides of lengths
a, b, c, the following inequality holds:

a2+ 02+ <48V3+2[(a—b)*+ (b—c)* + (c — a)?,

where S denotes the area of the triangle ABC.
In order to prove our main result we shall use the following lemmas due
to Popoviciu (see [4]) and Walker (see [9]), i.e.

Lemma 1.5. Let I be an interval and f : I — R be a convex function.
For any x,y,z € I the following inequality holds:

f(x)+f(y)+f(2)+f<x+y+2> >

3 3

23l (5) e (157) <o (557)])
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Lemma 1.6. In any acute triangle ABC with sides of lengths a,b,c
and with circumradius R and inradius v the following inequality holds:

a* + b+ > 4(R+r)*.
First proof of Theorem 1.4. By expanding, the given inequality is
equivalent to
a? +b? + ? < 4SV3 +2[2(a* + b + ¢2) — 2(ab + be + ca)),
which is equivalent to

3(a® + % + %) + 45V3 > 4(ab + be + ca),

or
4(ab+be + ca) — 2(a® + b2 + ) < a® + 02 + 2 +4SV3. (%)
On the other hand, by the cosine law, we have
1 —cos A
a? =b*+c? —2bccos A = (b—c)? +2bc(1 —cos A) = (b—c)2+45% =
sin

A
= (b—c)? —|—4Stan§,

where we used the well-known formulae 1 — cosa = 2sin?

2sin § cos §. Thus, we obtain

% and sina =

A B C
a2+ 4+ =(a—b)% 4+ (b—c)*+ (c—a)®> + 48 <tan2+tan2 —|—tan2>,

which is equivalent to

A B
2(ab + be + ca) — (a* + b* 4 ¢?) = 48 (tan 3 + tan 5 + tan §> . (x%)

Now, by (x) and (xx), we have

A B C
85 (tan2 —i—tan; +tan2) <a®4+ b+ +45V3,
which is equivalent to
A B C 2407+ 2
2 (tan2 +tan§ +tan2) S % +\/§
Again, by the cosine and sine law, we have
R(V?+ 2 —a?) + R(c® + a® — b?) + R(a® + b — ¢?)
abc

cot A+cot B+cotC =

i

where R denotes the circumradius of the triangle ABC. Since R = ‘Z—bé?, we

get
a? + b + 2

t A t B tC =
co + co + co 15
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Now, our inequality finally reduces to

A B
cotA+cotB+cotC+\/§ZQ<tan2+tan2 +tan§>.

Let us consider the function f(z) = cotz where f : (0,5) — R. A sim-
ple calculation of the second derivative shows that f is convex. By applying
lemma 1.5 for f(z) = cotx, we obtain

1(CotA—l—cotB—i—cotC)—i—cot <A+B+C) > chot (A—;B>,

3 3

cyc

which is equivalent to

A B C
CotA+cotB+cotC+\/§>2<tan2+tan2 —|—tan2>,

exactly what we wanted to prove.
Second proof of Theorem 1.4. The conclusion rewrites as

4(a® + 0% + ) — 4(ab+ be + ca) > a® + b% + 2 — 45V/3,
which is equivalent to
3(a® + 0% + *) + 45V3 > 4(ab + be + ca).
Since ab + bc + ca = s* + 4Rr +r* and a® + b + ¢* = 2(s*> — 4Rr — r?), our
inequality is equivalent to
s® +258V3 > 20Rr + 5r2,

where s is the semiperimeter of the triangle ABC'. By Gerretsen’s inequality,
s2 > 16Rr — 572, we have s® +25v3 > 16Rr — 5r2 + 25V/3. Now, we are left
to prove

16Rr — 5r% +25V/3 > 20Rr + 51

which is succesively equivalent to
SV3 > 2Rr + 517,
3\/3 > 2R+ 5r
and by squaring we have
3s% > 4R* 4 20Rr + 25r°.

Applying the Lemma 1.6 written in the form s? > 2R? + 8Rr + 3r?, we
deduce 3s® > 6R? + 24Rr + 9r%. In this moment, it is enoungh to prove that

6R>% + 24Rr + 9r% > 4R% + 20Rr + 2512

which is nothing else that (R — 2r)(R + 4r) > 0. This is evident by Euler’s
inequality. O

Remark. The inequality does not hold in any obtuze triangle due to
the following counterexample:
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Let there be an isosceles triangle ABC with AB = AC' = x and BC = 1.
We consider it to be obtuse in A so AB? + AC? < BC? and thus z < %

Also to exist such a triangle £ must fulfill z > %

For the inequality to hold we must have that Vx € (%, %), 222 +1 <

< 483 4 4(x — 1)2. In our case it is easy to see that 4Sv/3 = /3(422 — 1)
and thus the inequality is equivalent to —322 + 8z — 3 < /3 (422 — 1). It is
obvious that for x = 0,55 the inequality fails and this is a counterexample.

Thus, we think that the constant k = 2 is not optimal. Concerning this
matter, we formulate the following:

S

Conjecture. Find the optimal constant k such that in any acute-angled
triangle ABC' with sides of lengths a,b, c and area S, the following inequality
15 valid:

a? + 0>+ 2 <4SV3+k[(a—b)% 4 (b—c)® + (c—a)?.

-3
In our research we have found that the constant k = 32\\2 is optimal

and it is attained for a right angled isosceles triangle, but we do not know if
the reversed Finsler-Hadwiger inequality holds true in this case.
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A note on two convergence tests
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Abstract. In this note we present a relation between Cauchy’s second
test and Raabe-Duhamel-Bolyai’s test, by improving a result by M. S.
Jovanovié [2].
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1. Introduction
In the theory of series with positive terms there are used two conver-
gence tests that depend on the following limits:

( : >

log | —

lim ——l )\ (Cauchy’s second test), (1)
n—oo  logn

and

lim <1 - an+1> = X2 (Raabe-Duhamel-Bolyai’s test), (2)

n—oo Ay

where a,, is the nth term in the series, and log denotes natural logarithm. For
the association of (2) with the name of Farkas Bolyai (the father of Jdnos
Bolyai), see the historical discoveries by B. Széndssy [7] (see also the recent
paper by the author [6]).

It is a known result (see [4]) that if Ag exists, finite or infinite, then
A1 exists and A\ = Ag. The two tests are then equivalent, the first (1) being
more general than the second (2).

In 2005 M. S. Jovanovié [2] proved the following result:

Theorem 1. Let (a,) be a sequence in R such that a, > 0 for all
n € N. Then

liminf R,, < liminf C, <limsup C, < limsup R, (3)
where

(o:)
log | —
a
R, =n- <1n+1) and C, = ﬁ.
an, logn
The aim of this note is to provide a new proof of a stronger version of
Theorem 1.

2. Main result

Theorem 2. Let (ay), (Ry), (Cy) be defined as in Theorem 1. Then
one has
liminf R, <liminf D,, < liminf C),, < limsup C,, <
< limsup D,, < limsup R,,,

(4)

1>Babe§fBolyai University, Department of Mathematics, Cluj~Napoca, Romania,
jsandor@math.ubbcluj.ro; jjsandor@hotmail.com
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where
D,, :=nlog

An+1 '
Proof. We shall use the extended version of the Stolz-Cesdro theorem
(see e.g. [1], [6]) as follows: Let (xy,), (yn) be two sequences of real numbers,
with y, /400 as n — co. Then
lim inf 221 = In < lim inf In < limsup In < lim sup Tntl = Tn (5)
Yn+1 — Yn Yn Yn Yn+1 — Yn

1
Put in (5) y, = logn and z,, = log —. Then we get
Qn

“ log —
lim inf (—nlog nH) < lim inf _ On <
an logn

log —
< lim sup lian < limsup (—n log a"“) , (6)
ogn a

n

1
where we have used that nlog (1 + ) — 1asn— oo.
n

As —nlog ntl _ D,,; it will be sufficient to prove that
an,
[ =liminf R, < liminf D, and limsup D,, < limsup R,,. (7)

We will prove only the first part of (7), the second one being completely
analogous.

(i) Assume first that [ is finite. Then for any € > 0 there exists ng € N
such that

n(l—an+1)>l—5:l1 for n >ng.
an,

This may be written also as
an__ 1

l )
An+1 n—1l
SO

n
nlog In_ nlog L log n . (8)
(41 n—1h n—Uh
As
nly
n " l nljl "
lim < > — lim <1+ ! > =eh,

we get from (8) that

liminf D,, > logelt =1; =1 — ¢,
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which implies liminf D,, > [ = liminf R,; i.e. the left side of (7).
(ii) When | = 400, clearly R,, — 0o as n — oo. Thus for any M > 0

n <1 - “Z“) >M forall n>k (= k(M)),
n
implying as above that
liminf D, > M,

so, M being arbitrary, lim D,, = +oc.

(iii) When [ = —o0, there is nothing to prove.

Remark. We note that the proof of the Theorem 1, presented in [2] is
much more complicated.
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NOTE: Proposed problems must be submitted to the following e-mail
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problems in PDF or DVI format. Once a problem is accepted and considered
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Solutions may also be submitted to the same e-mail adress. For this issue,
solutions should arrive before 15 November 2010.

PROPOSED PROBLEMS

295. Proposed by Viad Matei, student University of Bucharest, Bucha-
rest, Romania. Determine all nonconstant polynomials P € Z[X] such that
P(p) is square-free for all prime numbers p.

296. Proposed by Alin Galdtan, student University of Bucharest, Bu-
charest, Romania. Let ai,ao,...,an,b1,09,...,0, > 0 and x1,x2,...,2Tn,
Y1,Y2, - - -, Yn be real numbers. Show that

Z x;x; min(a;, a;) Z vy min(b;, by) | > Z x;y; min(a;, bj)

1<i,j<n 1<i,j<n 1<i,j<n

297. Proposed by Marius Cavachi, Ovidius University of Constanta,
Constanta, Romania. Let S? be the bidimensional sphere and a > 0.
Show that for any positive integer n and Ay, Ao, ..., A,, B1, Bo, ..., B, and
C1,Co,...,C, arbitrary points on S2, there exists P, € S? such that

Zn:PnAg - zn: P,BY = zn: P,C?
=1 =1 =1

if and only if a = 2.

298. Proposed by Octavian Ganea, student Ecole Polytechnique Fede-
rale de Lausanne, Lausanne, Switzerland and Cristian Taldu, student Poly-
technic University of Bucharest, Bucharest, Romania. Let t be an odd num-
ber. Find all monic polynomials P € Z[X] such that for all integers n there
exists an integer m for which P(m) + P(n) = t.

299. Proposed by Gabriel Dospinescu, Ecole Normale Supérieure de
Paris, Paris, France and Fedja Nazarov, University of Wisconsin, Madison,
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U.S.A. Find all functions f : {1,2,...} — {1,2,...} satisfying the following
properties:
i) a — b divides f(a) — f(b) for all a,b € {1,2,...};

ii) if a, b are relatively prime, so are f(a) and f(b).

300. Proposed by Alin Galatan, student University of Bucharest, Bu-
charest and Cezar Lupu, student University of Bucharest, Bucharest, Ro-
mania. Consider the sequence (ay),>1 defined by a1 = 2 and ap41 = 2a, +
++/3(a2 — 1), n > 1. Show that the terms of a,, are positive integers and for
any odd prime number p divides a, — 2.

301. Proposed by Victor Vuletescu, University of Bucharest, Bucha-
rest, Romania. Determine the greatest prime number p = p(n) such that
there exists a matrix X € SL(n,Z), X # I, with X? = 1I,,.

302. Proposed by Remus Nicoara, University of Tennessee, Knozville,
Tennessee, U.S.A. Let n > 2 and denote by D C M,,(C) and C C M,,(C) the
diagonal and circulant set of matrices.

Consider V = [D,C| = span{dc — c¢d;d € D,c € C}. Prove that C,D
and V span M, (C) if and only if n is prime.

303. Proposed by Cezar Lupu, student University of Bucharest, Bucha-
rest and Tudorel Lupu, Decebal High School, Constanta, Romania. Prove
that

1
oo
1 2
> S [y,
n=01{n+ 3 4
5 0
and
1 1
o 'l—n+-|T(n+= L
2 2 s / 22
Z =—-— [ e" dz,
= r(n+ 3 2e
5 0
oo
where I'(z) = [ e~'*~1dt is the Buler’s Gamma function.
0

304. Proposed by Andrei Ciupan, student Harvard University, Boston,
U.S.A. Let f,g:[0,1] — R be two functions such that f is continuous and g
is increasing and differentiable, with g(0) > 0. Prove that if, for any ¢ € [0, 1],

jf(x)dx > jg(a:)da:,
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1 1
/f2(x)dx > 0/g2(a:)dx.

0

then

305. Proposed by Marius Cavachi, Ovidius University of Constanta,
Constanta, Romania. Let K be a field and f € K[X] with deg(f) =n >1
having distinct roots 1, z2,...,z,. Forp € {1,2,...,n} let S1,52,...,5, be
the symmetric fundamental polynomials in x1, z2, ..., x,. Show that

[K(S1,Ss,...,8,) : K] < (Z)

306. Proposed by Radu Gologan, Institute of Mathematics Simion
Stoilow of the Romanian Academy, Bucharest, Bucharest, Romania. Prove
that for any set of positive numbers x1,x9,...,Tn, y1,%2,---,Yn such that
x1 + a9 + -+ + x, = 1, denoting by A the set of pairs (i,j) such that
y1+---+y; <1+ -+ x4, one has

)

Z Ti+1Y5 < T
(en I+ (x4 +zip) (i +---+y;) — 24

Prove that the constant 72%21 is the best satisfyng the property.

307. Proposed by Benjamin Bogosel, student West University of Timi-
soara, Timisoara, Romania. Let f : R — R twice differentiable with f”
continuous and lirin f(z) = oo such that f(z) > f"(x) for all z € R. Show

T—r1=00

that f(x) > 0 for any real number z.

308. Proposed by Flavian Georgescu, student University of Bucharest,
Bucharest, Romania. Let M,(Q) be the ring of square matrices of size n and
X € M,(Q). Define the adjugate (classical adjoint) of X by adj(X) as: the
(i, 7)-minor M;; of X is the determinant of the (n — 1) x (n — 1) matrix that
results from deleting row ¢ and column j of X, and the i,j cofactor of X
as Cy; = (=1)"7M;;. The adjugate of X is the transpose of the “cofactor
matrix” Cj; of X. Consider A, B € M, (Q) such that

(adj(4))? — (adj(B))* = 2((adj(A4)) — (adj(B))) # Op.

Show that
rank(AB) € {rank(A),rank(B)}.
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SOLUTIONS

275. Proposed by Jose Luis Diaz-Barrero, Barcelona, Spain, and Pantelimon
n—1

George Popescu, Bucharest, Romania. Let A(z) = 2™ + Y axz* be a polynomial
k=0

with complex coefficients of degree n > 2 that has n distinct zeros z1, 23, . . ., 2, and
let @ be a nonzero complex number such that no ratio of two zeros of A(z) is equal
to a. Prove that

1 1
A\ AT oA () aen)

=0.

NE

=~
Il

Solution by the authors. We will evaluate the integral

1 1
- 27r1j£ A Al0n) ¥

over the interior and exterior domains limited by =, a circle centered at the origin
z
and radius 1I<n1n {lz]} > r > gl}gxx {’—k‘} Integrating in the region outside of
<n (0%
contour we have

fA A(a) dz—ZReS{W’Z:Zk}:

n

- 1
Z Alazy) H -z

yA
k=1 j=1j#k F

Integrating in the region inside of v contour we obtain

Iz—;mij( dz—ZRes{ (az)z_ch}_

Y

n

-y ()Hl

=1 A j=1 7k T A
J#k
According to a well-known result on contour integrals, we have Iy + I = 0
and we are done.

Solution by Marian Tetiva, Barlad, Romania. We begin with a small remark.
We assume that the roots of the polynomial must be nonzero, although the nature
of our polynomial is not important as we shall use the classic decompositon A(z) =
=(z—21)(z —22)...(2 — z,). Next, observe that

A(azk) = (o — 1)z Ak (1),
where Ay (z) =

A_(zi. On the other hand, we have

aA (%k) —(a— 1)z, Ay (ZOI:)
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and thus our identity can be rewritten as

n

1 1 1
Z ZkA/(zk) Ak(azk) - Ak (Zi) =0.

k=1

Let B(2) = (z —w1)(z — wa) ... (2 — wy,). It is well-known that

1
Ap(azy) Z Al(zj)(azk — zj)

Similarly we have

I 1
() B (F) R

and thus the identity that we have to prove becomes

n

Z zkA’ (zx) Z Al (z5)(ozr, — 25) Z Al (z)(azj — 2z1) =0

k=1

The coefficient of —

(for indices j,k € {1,2,...,n},j # k) is

1 «
+ .
2 A (21) Ay (25) 2 A (25) Al (2x)
= (2 — zj)A;(zk) and A'(z;) = (z; —
) is given by

On the other hand, one has A’ ( k)
—2z) A}, (25). Thus, the coefficient of —

1 1 ay azp — zj
(zj — 21) A% (21) Ay (25) <_Zk - Zj) - ziak(z — zk) Al (ar) A ()

In other words, this fraction gives the term z,-zk(zj—zk)A;(zk)A;(zj)' Now, it

clear that this term will be cancelled by z,Zk(ZrZ_)h, GOATGD and our sum can be
J )45 k\%j

divided into n("2_1) sums of opposite terms of the type described above.

In conclusion, we finally obtain that our sum is equal to zero.

Remark. One can prove in the same manner the following identity

1

sz Alaz,)A <k>+ 024 (Z) () -

This is problem 11190 from no. 10/2005, American Mathematical Monthly
proposed by the same authors.
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276. Proposed by Marian Tetiva, Barlad, Romania. Let d be a positive square-
free integer and (z,, y») be the sequence of solutions of Pell’s equation 2? —dy? = 1.
Show that for any positive integer N, there are many infinitely pairs of positive
integers distinct from m and n such that ged(zy,, z,) > N.

Solution by the author. It is well-known that z,, and y, are defined by
Tn + yn\/g = (‘Tl + yl\/g)ny

for all n € N*, where (x1,y1) is the smallest solution. The identity

k n
(1 + yl\/g)mk = (961 + ylx/@ (96‘1 + y1\/&>
can be rewritten in the form

Tyt + YnarVd = (xk + yk\/g) (iﬂn + yn\/g) )

or equivalently x,1x = kTn + dyxyn and Ynir = YpTn + driyn, for all positive
integers k and n. One can easily derive that
Ttk — TkIn
dyx,

and replacing into the second equality we find z, 401 — 22,24k + x5 = 0, for all
n,k € N*. In particular, we have x3; — 2xrpxor + rr = 0 and this shows that zs
divides xj, for any k positive integer.

Thus (zsk,zr) = xr > N for k big enough, because zp — oo for k — oo
and the solution ends here. One can observe that the sequence (y,), has the same
property.

Yn =

277. Proposed by Robert Szdsz, Targu Mures, Romania. If u € C1([0,1]; with
u(0) = 0 and ' (0) = 1, then

1 1
/e"(m)d:c + /(u'(x))zdz > 4.
0

0

Remark. Unfortunately, the problem is obviously wrong! Consider the func-
tion u : [0,1] = R, u(z) = x. Clearly, u is C* on [0,1] and u(0) = 0 and v'(0) = 1.
On the other hand,

/exp(u(:c))d:c + /(u'(x))Zdz =e—14+1=e<4.
0 0

The editorial board apologises for this error.

278. Proposed by Marius Cavachi, Ovidius University of Constanta, Roma-
nia. Prove that there does not exist a rational function R with real coefficients such

that ) ) .
R(n)=§+2—2+...+ﬁ,

for an infinitely of natural numbers n.
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Solution by Marian Tetiva, Barlad, Romania. We shall justify this affirmation
by contradiction. Indeed we assume that such a function R exists. Denote R(n) =
= % for infinitely many n.

It is clear that deg(P) must be equal to deg R, if not since the equality is valid
for infinitely many n, by passing to the limit when n — oo, we have:

. . 1 1 w2
nlLH;OR(n)ntLH;O (1+22+...+712) =%
Therefore
k
arn” + ...+ ag
Rn)= ———
(’I’L) bknk+...+b0’
where ay, ..., aq, bg,...,bg are real numbers with ay # 0, by # 0 and ‘Z—: = %2.

Then we have

for an infinity of natural numbers n. By passing to the limit again

. w2 ) 1 1 2
n{ﬂ;@ﬂ(ﬂn)—G) :nlbnéo”(1+22+"'+m_6> =1

Further more we obtain that R(n) and 14 55 +. ..+ - have the same asymp-
totic expansion

lh 1o

+—+—=+...,
non
where the iterated limits Iy, {1, ..., for the sequence 1+ 2% +...+ 7712 are well-known;
we have [y = %2, l{ = —1, then Iy = %, I3 = —%, and generally written l,, = —B,,_1

for all n > 1. The expansion

1 1 7 &K B
1+?+...+ﬁ:€*2)nj+1
]:

can be found in the paper ,,Pi, Euler Numbers, and Asymptotic Expansions® by J.
M. Borwein, P. B. Borwein, K. Dilcher in The American Mathematical Monthly,
vol. 96, No. 8 (Oct. 1989), pg. 681-687. As usual, denote B, the n'® Bernoulli
number (By = 1, By = —%, By = %, By = —3—10, Bg = é etc.; we recall that
le+1 =0 for [ Z 1).

On the other hand , the asymptotic expansion of sequence R(n) can be ob-
tained from the MacLaurian expansion of function R (%) So, if we have

1 ak—i—...—&—aoxk 2
R(—-)|=—"————F=1lg+1 l
(m) b + ...+ bozk 0t hrd et

(in a neighbourhood of the origin), then ly, [y, ... are exactly the iterated limits men-
tion above. Therefore one can verify that lp = lim R(n), l; = lim n(R(n) —ly),
n—oo n—oo

ly = li_}rn n(n(R(n) —1ly) — 1) and so on.
The above equality could be rewritten as a formal series equality

ap + ...+ aox® = (bp + ...+ boz®) (lo + o + a4+ ...) .
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Further on, if we identify the coefficients of x’/ from the two members, we

obtain
p—j = Z br—sly,
s+t=j

for all j € N (the sum takes into account every pair (s,t) which are natural numbers
and their sum is j; by convention a; = 0 and b; = 0 for ¢ < 0). One can also remark
that we find the identit ar = bily, even though it isn’t essential for our solution.

For j > k + 1 this equalities prove that the sequence (I), -, verifies a linear
recurrence of order k (where coefficients are exactly those of the R denominator).
Taking into account the general term formula for a solution of such a recurrence we
deduce that there is a > 0 such that llm a" =0.

Finally we recall the Celebrated Euler s formula for the calculus of the zeta
function values of argument a natural even number:

(2m)*" | Ban|

2(2n)!¢(2n)
2(2n)! '

C(Qn) = = lBin = (27)2?1

It is obvious that {(2n) > 1 and therefore we obtain

2(2n)!
lBin > (271_)2”7 Vn>1.

This means under the assumed hypothesis that

2(2n)!
l n 7 Non ?
l 2 +1l > (271')2"

for all n > 1 and would evidently contradict what we previously obtained regarding
the sequence (,,),,~;, specifically

lQn—l—l

lim
a2n+1

n—oo

n!

(because lim =00, for all ¢ > 0). This contradiction proves that the initial hy-
n—oo

pothesis is false and therefore there does not exist rational functions which represent

the sequence with the general term 1 + 2% +... 4+ n% for infinitely many n.
Remark. One could use the same method in order to prove that the above

result is also valid in the following form: there does not exists rational functions R

such that R(n) = 1+ 55 + ...+ - for infinitely many natural numbers n (where

s >11is a fixed real number)

279. Proposed by Dumitru Popa, Ovidius University of Constanta, Roma-
nia. Let f : [0,400) — R be a continuous and strictly increasing function, twice
fifferentiable in 0 with f(0) = f/(0) =0, f”(0) > 0, lim f(z) = oo and a > 0.

Tr—r00

Show that for all n € N the equation

MO
k=1
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has an unique solution x,, in the interval (0, c0), and:

lim In Ga
U\ 7Oy

Solution by the author. For all n € N, let there be ¢, : [0,00) = R, ¢, (x) =
=>f (%) — a. Then ¢, is continuously strictly increasing. Moreover, from
k=1

f(0) = 0, we can deduce that ¢,(0) = —a < 0 and li_>m on(x) = oo because

lim f(z) = oo. Therefore the equation ¢,(2) = 0 has an unique solution in the
T—00

interval (0,00). And as every root verifies the equation, we have

on (xy) =0, or zn:f (%) =a, VneN. (1)

k=1

In robat follows we shall use a method similar to the one used in the solution
for exercise 4.11 from [1].
As f(0) = £/(0) = 0 this implies lim 1@ — 157(0).
x>0
Because f”(0) > 0, for e = fl(o) > 0, there exists 6 > 0 such that V0 < z < §

we have e.

x2

1
36 >0 such that VO<z <d we have f(:z:)>fT(O)-:1:2. (2)

Let there be M = %(‘6)>0. As%%o,for5>0,wehavenoeN

such that % < d,Vn > ng. Let there be n > ng. For all 1 < k < n we have

Mhkyn < % < 0. Therefore from (2) we obtain

s (M:;/ﬁ) 110 MR

4 n4

Summing from k =1 to k = n we obtain

- n " Zn(n n
son(Mﬁ>—§jf<Mkf>-a>f<0>.M (n+D@n+l)
k=1

n 4 6n3

From the choice of M we have

an(n+1)(2n +1) (Bn+1)a

Therefore 0 = p,(x,) < pn (My/n), Yn > ng and because ¢, is strictly
increasing we obtain z,, < M+/n, Yn > ng, i.e. the sequence

x
—= is bounded from above. (3)
< \/ﬁ> neN
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f@
Letg:[O,oo)eR,g(x):{ ) if z#0

’ $ om0, We have f(z) = xg(z) and

o

the equation (1) becomes
Tp o= k kx,,
§ Zol =2 = q. 4
n ng< n? ) “ (4)
Because

kx, z, k 1 Ty 1
- RN < . V1I<EL< 5
2 aon yn-ovn o Jn =r=m (5)

using (3), (5) and the sandwich theorem we obtain
max —=* — 0. (6)

As ¢'(0) = £f”(0) > 0, using a celebrated result (see example [1], exercice
3.20), from (6) we obtain

"k [kr, pnsm ko kxy

> (5 ~eo

k=1 k=1

from which we deduce

"k [kx, 1,

Z 59 <nQ> ~ T - gg (0). (7)
k=1

From (4) and also taking into account (7) we have % -1g'(0) — aie. our

conclusion.

We denoted by a,, ~ b, if and only if lim 7= = 1.
n—oo ’n

Remark. In the above solution we have denoted by [1].

One can generalize the problem in the following way : f € C* and p is a
natural number with the property f(0) = f/(0) = f”(0) = ... = f"=1(0) = 0 and
f®(0) > 0.

Solution by Ilie Bulacu, Erhardt+Leiner Romania P.T.S., Bucharest, Roma-
nia. We will prove the generalization of the given problem which is:

Let f:[0,00) — R be a continuous and strictly decreasing function, m—times
differentiable in 0 with f(0) = ... = f(m=D(0) = 0, f(™(0) > 0, ILm f(z) = ©
and a > 0.

Prove that for all n € N the equation

- kx
> 7 () -
k=1
has a unique solution x,, in the interval [0,00) and

T, (m+1)la
nm—1 - f(m)(()) ’

Now we prove the started generalization.

lim
n—oo

m
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Let ¢ : [0,00) = R, p(z) = 3 f (5%) —a. Because f is a continuously strictly
k=1

increasing function it implies that function  is also continuously strictly increasing.
In addition, as f(0) = 0 we have ¢(0) = —a < 0 and from lim f(z) = co we can
Tr—r o0

deduce lim ¢(x) = oco. Therefore equation ¢(0) = 0 has a unique solution z,, in
T—> 00

the interval (0, 00).

According to MacLaurian’s formula, because f is m—times differentiable in 0
we have the equality
o) 0 - Fr00) ey, fOV(0)
1 T+ 21 244+ (m—l)!m + ]
for x — 0, where o is the Landau symbol.

Taking into account be equalities from the hypothesis, it immediately follows

flx) = F(0)+ z™ +o(z™),

that -
o 1@ _ £00)
z—0 ™ m/!
x>0

or equivalently

(m)
Ve >0, 3. > 0 such that Mifi(())
:er

m/!

’<€,V1¢,O<x<55,

or
Ve >0, 36. >0 such that az™ < f(z) < Bz™, Vz, 0 <z < ¢, (1)

(m) m) (o
where o = L@ m!(o) —cand = ! m,( ) fe.
Next we will prove the following equivalence:
Tn
pm—1

Suppose that the sequence ( Lo ) is bounded, meaning that 3 M > 0
neN

Vnm—1
such that 0 < \/77 < M,Vn,n € N. As f is an increasing function, we deduce
that

the sequence ( ) is bounded if and only if f(™)(0) > 0.
neN

n

azif(kam) Zf<xn>:kz_:f(\;ﬁmz:;_1>g

. (=
ng<M>nf<£fﬁ)]\/foMm, Vn, n €N,

=

n

For n — oo we obtain a < It )(0) -M™ and as a > 0, M > 0, it implies that
Fm(0) >

Conversely7 let us assume that £ (0)>0. Let there be M = 7/ W

1) _ 1O g (f<I’1)?), 36 > 0 such that

Because hm
w>0

Vo, 0 <z <6,

f@)fWMm‘<nﬁwnm

xm m! (m+ 1)’
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meaning that 36 > 0 such that

fz) > f(m)( ) ™, YV, 0<x <é. (2)
(m+1)
Because % — 0, for the above § > 0, Ing, ng € N, such that KW <6, Vn,
n €N, n>ng.
Let there be n € N, n > ng. Evidently we have
1
O<kﬁ<@=—-x7” <6, Vk,1<k<n

n2 n /R pm—1 \f

and also considering (2) we obtain

k fmo)y k™
_ . CM™ <k<n.
f(ﬂ% M>>(m+1)! gt M7 VR LSk <n ®)

Let ¥ 5 0.00) > B () = 3 7 (%

) — a. Evidently \Il( m) =

©(x) and ¥ has the same properties as ¢, which are: ¥ is continuous and strictly

increasing, ¥(0) = —a < 0, li_}In U(z) =00 and ¥ ( \/%) = p(z,) =0.

Summing inequalities (3) from k& = 1 to k = n and taking into consideration
the choice of M we obtain:

n k f(m) fm
s . — 7'Mm_
zf( )a>zm+1 M —a>

g (m+1 | nm+1 (ka>_a_ (D —a > (mtla o= —a=a—a =0,
Vn, n > ng.

On other hand, we have

T - k In n kxn
\I/ e e — — — _— — = .
( W) ;f (n ’{L/ﬁ 'J‘/nm—l) a ;‘f < n2 ) a 0’ vn’ n > ng

Therefore, 0 = ¥ ( = W) < W(M), and as W is strictly increasing we obtain

T
0<7<M Vn, n>ng,

b /nnL 1

meaning that the sequence ( W\L/%) , is bounded.
) neN

Tn

In conclusion, the sequence ( ,W>n€ is bounded if and only if

Fm(0) >0

L

As aresult, the sequence ( T e is bounde because we have f("™)(0) > 0

from the hypothesis.
Therefore 3 M > 0 such that 0 < \/L < M,Vn,neN.

Conversely, as \F — 0, for 6. > 0, In., n. € N, such that J\MF < s, Vn €N,
n > ne.
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Let n € N, n > n.. Evidently we have

kx T 1 x M
0< <= - L < <0, VEk, 1<k<
n? S T X et W ==

and taking into accont (1) we obtain

ok (’m ) _ Bmar

n2

, VE, 1<k<n

n2m n2m

Summing further on from k& = 1 to k = n we succesively obtain

B (i km) Ty
k=1

i (kikm> - ;f<kxm> B

=1
n2m n2 n2m Vn2ne <
a (Z km> 8 <Z km> am
<:>kn:271m<a<k:nl2—m, Vn>n &
2m
@a<nan7<6, Vn>n. &
k=1
(m) 0 2m (m) 0
@f (>—8< an <f ()+5,Vn2n5<:)
m! n m!
(Z knL) an,
k=1
2m (m) 0
& —e < n —f ()<+<€, Vn>n &
(i km> ml
'
k=1
an2m f(m) (0) nmtl  ym—1 f(m) (0)

=

<+e, Vn2>n. & |la—;

() " s
k=1 k=1

npmtl ym—1 f(m) (0)
i oz ml

X
§ k™ "
k=1

VYn>n. < |a <e, Vn>n. &

<e, Vn>n,..
T

Pt ( W) " Fm)(0)
<:> a . —
n m!
Dk
k=1
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Passing to the limit for n — oo and € — 0 and considering the known limit

k=1

i = B 1
nl)nolc nmtl  om 41’
we obtain
m/om—1 m (m) m 1)!
a(m+1)- lim n = F1(0) & lim Tn _ (m+1)la
n— 00 Tn m! n—oo \ X/pm—1 f(m) (O)

m 1)!
o lim —Zn_ = yfmtDla

n—oo {/pm—1 f(m)(()) ’

Particular case

2
1. For m = 1 we have lim z, = ———, which is problem 4.11, pag. 129,
n— o0 f’(O)
178-181, from [1].
2. For m = 2 we have lim oo [0 which is problem 279 from

n—oe v/ \ f7(0)
G.M.-A no. 1/2009.

REFERENCES

[1] D. Popa, Ezercitii de analizd matematicd, Biblioteca S.S.M.R., Editura Mira, Bucuresti,
2007.

A partial solution has received from Marius Olteanu, S. C. Hidroconstructia
S. A., Ramnicu Valcea, Romania.

280. Proposed by Marian Tetiva, Barlad, Romania. Let n > 2 be a natural
number. Find the greatest positive number C such that the inequality:

2" (@™ +y") — (@ +y)" 2 C[(z +3y)" + Ba +y)" — 2" (@ +y)"]
is true for all x,y > 0.

Solution by the author. As both the left member and the espression written
between paranthesis are non negative, there follows that for C' < 0 the inequality is
trivial and here C' must be nonnegative.

Let us first remark that if the is true for all z,y > 0, then it is also true for all
x > 0 and y = 1. Therefore we must have

fl@)=2""" (2" +1)—(z+1)"=C [(z +3)"+ Bz + 1)"— 2" (z + 1)"] > 0, V2 > 0.
For the polynomial function f one could immediately verify that the first two
differentials are
f/(l‘) =n- 2n71 .xnfl _ n(x 4 1)n71_
—C[n(z+3)" " +3nBz+1)" ' —n- 2"z +1)" 71
and
") =nn—-1)-2""1. 2"2 —nn—1)(z+1)" 2=
—Cnn—1)(z+3)"*+9n(n—1)(Bz+1)""> —n(n—1)- 2" (z + 1)"?],

respectively.
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So, we have f(1) = f'(1) = 0 and according to the Taylor formula

" (3) (n)
[0, 10 FOW pea).

the requirement that f(x) > 0 for all z > 0 leads to the conclusion that the expres-
sion between the brackets is also > 0, for all x > 0, z # 1. In addition, owing to
continuity issues, this inequality is also valid for x = 1. In other words we obtain
(1) >0, or

fl@) = (z-1)

(x—1)+...+

nin—1)-2""1 —nn-1).-2"2>
>Cln(n—1)-4""2+9(n—1)-4""2 —n(n—1) 2" . 2"7?]
from which we obtain

1
€<

We will now prove that the inequality from the hypothesis is valid for all
x,y > 0 if we consider C = 27,%1 which means that this is the maximum value we
are searching for. A few simple transformations which lead to inequality

2272 (2" +y™) +3-2" (@4 y)" > (+3y)" + Bz +y)",

which we will prove next.
If we have x = 0 or y = 0, the inequality can be deduced from

227L—2 + 3. 271—1 Z 3” + 1

this is valid as an equality for n = 1,2,3 and is true for n = 4. If it takes place for
a natural number n > 2, then we also have:

3 . 2271—2 + 9 . 2n—1 Z 3?’L+1 + 3’
and, because
2n—1 22:> (271—1 _1) (2n—1_2) 20:>22n+32n+22322n—2_’_92n—17

the desired inequality can be obtained by induction.

Of course, the best complicated case have z or y nul (or both), so further on
we will consider x,y > 0. Moreover, due to its simetry we can also assume that
x > y and divide the inequality by y™ in order to obtain an equivalent form

h(t) =2""2(t"+1)+3- 2" 1t +1)" = (t+3)" =3t +1)" >0, Vt >0

(where we denoted by ¢t = %> so the proof for ¢ > 1 would be satisfying). This
inequality can be obtained starting from Taylor’s formula as well. One can easily
remark that the differentials of the polinomial function h are given by the formula

RO (@) =n(n—1)...(n—k+1)[22"7 2" F 4 3. 2"t 4+ 1)k
—(t+3)"F =3k Bt +1)" ],
for every kK > 1 and ¢ € R such that
A1) =n(n—1)...(n—k+1)- 2272k (22h=2 4 3. ok=1 _ gk 1)
according to the previous inequality is

rM(1) >0,
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for all kK > 1. Therefore we have

r (1 h'(1 ()
h(t) = h(1) + ()(t—1)+ ()(t—1)2+...+ (t—1)" >0,
1! 2! n!
for all ¢t > 1.
In conclusion, the inequality
1
2@y — (@ y)" 2 g [ 4 3"+ Be )" -2 (@ 4 y)"]

is ,,the best“ among all inequalities with the general form
2" (@™ +y") — (2 +y)" 2 C (2 +3y)" + Bo+y)" — 2" (a +y)"]
because it implies all other inequalities which are true for all z,y > 0.

Also solved by Nicusor Minculete, Dimitrie Cantemir, University, Bragov, Ro-
mania and by Marius Olteanu, S.C. Hidroconstructia S.A.; Ramnicu Vélcea, Roma-
nia.

282. Proposed by Mihai Dicu, Fratii Buzesti National College, Craiova, Ro-
mania. Denote
2 n

En(x):1+£+x—+...+x—,VneN,VxeR.
1 2! n!
Prove that
o0 o0 2
a) ;(GI — E,(z)) = xe”; b) gn(ew — E,(2)) = %ez
Solution by the author. a) Z (e — E,(x)) =
n=0
(e 1 s _1_ % s 1 % x? s 1 = "\
—(c—)+(0— —ﬂ>+c— o)t e ) =
. T IQ ,CE2 :Cnfl "
R WO R S N A A A
B " o2 (m=1))

=(n+1)(e— Ey(v)) + 2Ly_1()
We consider well-known the following fact

oo

Z(n + 1! (e” — E,(x)) =0,

n=1
which together with previous proof implies

o0

Z (e — Ep(z)) = xe”.

n=0
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b) D k(e — Bn(x)) =
n=0
2 2 n
(e x r_or L T A
_(e ! 1')”(6 ST 2!)+ +”<e L TRRET n')_
n(n+1
= %ex — (Er(z) + 2E2(x) + ... +nE —n(x)) =
nn+1) , x r oz r 2?28 x™
_nn+1) [n(n+1) En(n+1)+£2 n(n—|—1)_2
2 2 2 2! 2

22 (n(n+1) 2" (nn+1)

— | ——-1-2 iiitr—|—————-1-2—...—(n—1 =
+3!( 2 >+ +n!( 2 (n ))]
n(n+1) o (11-2 2.3 2224 2" 2n(n+1)

= ———— ("= Ey(z))= ——t ot ——+... — ) =

;e () x<2!2+3!2+4!2+ T 2
n(n+1) x? r 2?2 23 an=3 "2
= ajiEn 7 ]- T . —_ .. =

;e @)+ 3 < R TR TR TR e L P

1 2 2
:w(e””—En(ac))—i—Ci (z), which converges to T e,
2 En-2 2

Also solved by Nicusor Minculete, Dimitrie Cantemir, University, Bragov, Ro-
mania and by Marius Olteanu, S.C. Hidroconstructia S.A., Ramnicu Valcea, Roma-
nia.

283. Proposed by Dumitru M. Bdatinetu-Giurgiu, Bucharest, Romania. Let
f:RY — R such that there exists

i U

and s,t € R with s +¢ = 1. Show that

. *
=ac R}

Tim (@4 1) (fl@+1)77 —2* (f(2)*) =beR,
if and only if there exists

I flx+1)

=ceRY,
oo af(@) T

we have a! (s +tln E) =b.
a

Solution by the author. Denote v(z) = (f(x))%, Vz € R}. We have to show
that there exists li_>m ((x +1)* - (v(z + 1)) = (%) (v(m))t) = b € R, if and only if

there is xlgr;o fz(;fal)) =ceR:.

Observe that

(@+1)* (@ + 1)) —2° (v(@))" = 2° (v(z))" - ((x + 1>5 . (v(;c(—;)l)y - 1) _

xT
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=2° (v(2))" - (u(z) — 1) = 2°F (”(x)>t (u(z) —1) =

- (”?)t . ulg(x)l Tnu(z) = (”T)t . zig(m)l In(u(@))®, Yz eR:, (1)

. t
where u : RY, — RY, u(z) = (&) (v(f(;f)l)) . Tt is evident that

x

lim u(z) = lim (IH)S lim (”(5”1)>t_

200 00 T 200 v (gj)

) viz+1) = xz+1\' 1 ¢
= lim . . =la-=-1) =1,
a=oo \ z+4+1 v(r) = a

’fr(li)(;)l = 1. Here we tock into account that

and thus lim
Tr—r00

1/2
tim 28— gy V@V g

We obtain e
W“”mz(le>w(ngu)m:(1+i)m<ﬁi&?'vuﬂ1»t:
() () e @

If there is ¢ = lim £&4Y ¢ R* | then (2) implies

xr—00 z—f()

i (ufa)” = (- 1>f (e

and from (1) we infer

lim ((@+ 1) (o(z + 1)) = 2" (v(2))) =

Tr—00

t
L v(x) .ou(z)—1 . z\ ot s Et _ a
=t (M) i e (i o) = (o (5)) = (5 o).
Conversely, if there exists b = lim ((x +1)%- (v(z4+1)) —2* (v(m))t) € R,
Tr—r00
from (1) one can deduce

b=a'-1-In ( lim (u(az))z) Sba'=1In ( lim (u(x))I) & lim (u(z)” =" &

t t t
et = e lim M - lim LH - lim x &
T—00 :ij(aj) T—00 v(m + 1) z—oo \ x + 1

t t
o eb-a’tfs _ aft . hm (f(LE + 1)) o at . eb~a7t75 _ hm (f(d? + 1)) o

1 —t a—t_s
@hmM:a'e(b'“ 75)%€Ri©c=a~eb i eR;.
M@

Thus, the problem is solved.
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Also solved by Nicusor Minculete, Dimitrie Cantemir, University, Bragov, Ro-
mania and by Marius Olteanu, S.C. Hidroconstructia S.A., Ramnicu Valcea, Roma-
nia.

284. Proposed by Marius Olteanu, S.C. Hidroconstructia S.A., Ramnicu Val-
cea, Romania. In the orthocentric tetrahedron [ABC D] denote by r 4, 75, rc, rp the
inradius of BCD, ACD, ABD, ABC, and by r and R the inradius and circumradius
of the inscribed and circumscribed spheres of the tetrahedron, respectively. Show
that we have the following refinement of Euler-Durrande inequality (R > 3r):

R227"2—|—7‘i+7"23+7%+7‘,23297‘2.

Solution by the author. Denote a = BC, b= CA, c= AB,l = AD, m = BD,
n = CD, Rx is the circumradius of the triangle oposed to X € {4, B,C, D}, hx
is the altitude of the tetrahedron which contains the vortex X € {4, B,C, D}, O
is the center of circumscribed spfere of the tetrahedron, I is the center of inscribed
spherei of the tetrahedron and H is the orthocenterof the given tetrahedron.

By theorem 5, pag. 165 from [1] we have

1
H12:R2—|—3r2—E(a2+62+02+l2+m2+n2);

and since HI? > 0 it follows that
R2+3221—12(a2+b2+c2+12+m2+n2). (1)
On te other hand, since [ABCD] is orthocentric, we have
A+P=v+m?=c2+n% ([3)); (2)
h% +4R% = h% +4R% = ho +4R% = h% +4R% =a® + 12, ([3)). (3)
From (1), (2) and (3) we infer

R2+3r2>i-3(a2+12):a2+l2:4(6‘2“2) _

12 4 16
(W4 + h%+ hZ+h3) + 4 (R4 + RE+ RZ+R%) 1 5 1 5
— = — - . 4
16 16ZhA+4ZRA )
But, by Euler’s inequality,
1
6 2 A=t (), (5)
R > 4r} (6)

and analogues, and we obtain from (6)

1
1 Z R > Z 4 (7)
Now, from (4), (5) and (7) it follows that
R?+3r% > drd + v + 18 + 1% (8)

or equivalently
R? 2T2+T2A+7"]23+7"2c+7%.
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But, according to (8), pag. 99, from [2], we have
A s+ rd 4 rh > 82
or
24 4 ok s > ot (9)
Se observd imediat ca din inegalitatile (8) si (9) obtinem:
R > 40 4% +rd + 1% > 92,

cu egalitate daca si numai dacd [ABCD este tetraedru regulat.
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Solution by Nicusor Minculete, Dimitrie Cantemir University, Brasov, Roma-
nia. In [1] at page 99, we find the inequality

8
§R22ri+r%+r%+r%28r2,

which is valid in every tetrahedron. As a consequence, using the Euler-Durrande
inequality we have

8 R* _ 8
R = SR+ = > SR 402 207 0 4 rh rd o rh 2 007,

which is exactly the inequality given in the hypthesis.
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