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The distribution of powers modulo ¢
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Abstract

Let 0,61,d2 be any real numbers with 0 < d,601,d2 < 1, and ¢ > 2 be an integer,
h,k,l > 1 be any fixed non-zero pairwise distinct integers. In the present paper we
use some estimates of exponential sums to study the distribution of integer powers
modulo ¢. Define

Nike,1,61,8,(q) = #{a :0<a<q(a,q) =1,a € Anks (q) N Ak,is, (q)},

where
k

{S1-{)| <5}

Ank,s(q) = {a :0<a<q(aq) =1,

We derive asymptotic formulas for Np, ,1.5,,5,(q)-
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1 Introduction

Let ¢ > 1 be an integer. If a is an integer coprime to ¢, we denote by @ the natural number
less than ¢ such that a@ = 1(mod ¢), and @ is called the inverse of a. Several number
theorists studied the distribution of an integer and its inverse. Related works can be found
in 2, 3, 6, 8, 11].

Let p be an odd prime. For any fixed real number 0 < § < 1, we define

S(p,é):#{azogagp,|a—&|<6p}.

Zhang [10] studied the limit distribution properties of

ES(P, 9),
and derived that )
S(p,6) = 6(2—0)p+ O(p? In*(p)).

Moreover, for any fixed integer k, Zhang [11] studied the asymptotic properties of
Sk(p,d) with
k —k

()= ()<}

Sk(p,0) Z#{GZOSCLSZ%
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and obtained that )
Sk(p,8) = 6(2 — 6)p + Ox(p? In*(p)).

In [7], Xu studied the distribution of the difference of an integer and its m-th power modulo ¢
over incomplete intervals. Let A, § be any real numbers with 0 < \,6 < 1, ¢ > max{[{], [3]}
and m > 2 be integers. Let P be the parallelogram with vertices (0, —d), (A, A—=4), (A, A+9)
and (0,9). Xu defined

S’m,q,)\,é = #{a :1<a< Ag, (CL, Q) =1, |a - (am)q| < 5Q}7

where (a), denotes the integer b with 1 < b < ¢ such that b = a(mod ¢) for any integer ¢
and proved the formula

Sm.ans = (@) Apnp,12 + O(m*D¥3¢3d(q)In® q),

where Apnp,1)2 denotes the area of PN [0,1]2. Zhang [10] proved an asymptotic formula
for the cardinality of Sy, 41,6 in a special case:

Sotg)—1.016 = 0(2 = 8)p(q) + O(g2 d*(q) In® g).

We study the distribution of integer powers modulo ¢. Let integer ¢ > 2, h, k,l > 2 be
any fixed non-zero pairwise distinct integers, 0 < d,41,d2 < 1 be real numbers. We define

Nhk,1,61,6,(q) = #{a 0<a<q(a,q) =1a€Apks (q) N Akis, (q)},
where
h k

(-1 <o)

q q

and {z} = x — [z] denotes the fractional part of z, [x] denotes the integral part of z; thus
q{a*/q} is the least positive residue mod ¢ of a*. Li [4] proved an asymptotic formula of

Ap k,s(q):

Ank,s(q) = {a :0<a<q(aq) =1,

# A 1es(@) = 32— 8)p(q) + O(q=**) (1.1)

where ¢ = p® in his master thesis. In this paper, we prove the following asymptotic formula
for N k,1,51,8,(q)-

Theorem 1. Let integer ¢ > 2, h,k,l > 2 be any fized non-zero pairwise distinct integers,
01,02 be real numbers with 0 < 61 < do < 1, we have asymptotic estimations:

(40102 — 20301 — 6382 — 5 ) () + O(a3 ), if 01+ 6 < 1

N =
bl 61,52 (9) (51 46y — 82— 82+ 2616,

+% — 0301 — 1) ola) + O(¢F+), if 1 +65 > 1.

In particular, taking §; = d2 = §, from Theorem 1 we get an asymptotical formula in
the following corollary:
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Corollary 1. Let integer ¢ > 2, h,k,l > 1 be any fized non-zero pairwise distinct integers,
let § be a real number with 0 < § < 1, we obtain

3 .
(40° = 292 )o(a) + OaF+9), if 0 < 4;
Nhk1,65(q) =
3 .
(26 - 2~ §)olg) + Olai*), > .
Taking that §; = 0,02 = 1, we get the following corollary:

Corollary 2. Let integer ¢ > 2, h,k,l > 1 be any fized non-zero pairwise distinct integers,
let 6 be a real number with 0 < § < 1, we have

Npgea,1(@) = 8(2 = 8)6(q) + O(q7 7).

Remark. In fact, when | = k, we see that Ny, 11.54(q) is the cardinality of Ay s(q).
Furthermore, when [ = h, by using a similar method in the proof of Theorem 1 and the
following upper bound of two-term exponential sum

Zq:/ . (umml + uQam2>
q

a=1

1 1
max < gzg2te

ged(uy,uz,q)=g

from the case t = 2 of Lemma 3, we get a corresponding result

Nhkis1.6,(q) =0(2—6)9(q) + O(q%ﬁ),

where ¢ = min{dq,d2}. We also derive a sharper asymptotic formula as follows

Niks,1(q) = 0(2—98)d(q) + O(q7**).

2 Technical Lemmas

We need the following technical lemmas to prove our theorem.

Lemma 1. Let p be a prime and u be an integer with (u,p) = 1, then for any integers

k> 2 and o > 2, there holds
P° uak o
Ze <> ’ S kp?‘
pa

a=1
pta

Proof. This can be easily obtained from [1, formula 0.5]. a

Lemma 2. Let g > 1 be an integer, k > 2 be a fixed positive integer. For any integer u
such that (u,q) = 1, we have the following estimation

! ! uak 1
) e<)‘ < kg3,

a=1 q

where w(q) denotes distinct prime divisors of q.
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Proof. Let ¢ = p{*p5? -+ - p& be the prime factor decomposition of ¢, we first note that

7, uah r ;D?I/ u(pgi )k—lak
;e(q):g(;e(lp? )). (2.1)

In fact, if m and n pass through a reduced residue system modulo ¢; and ¢y respectively,
mqe + ngp passes through a reduced system modulo ¢1¢s, so one can write

(1) - 53l

q1492
q q
_ 21:/ e(u(m(}z) ) i/ e(u(n(h)k)
et q192 po 4192
a k—1 92 k-1, k
U mb I
SIS )
m=1 n=1 2
This yields the identity (2.1). By Lemma 1 we can get Lemma 2. a
Lemma 3. For a positive integer q, let my, ..., ms bet > 2 non-zero fized pairwise distinct
integers. Then the bound
= ura™t 4 - ua™t 1 1
max Z e ( ) S g?ql—T"rE
ged(u,...,ut,q)=g p’ q
holds.
Proof. See [5, Lemma 1]. d

Lemma 4. Let A be a real constant with 0 < A < 1, ¢ > [ | be any integer and r be an
integer with 1 < r < q. For any nonnegative integer [, we hcwe the estimate

I+1 .
[Z ( ) = B+ 0(0a)), il
<« 29 if qfr.

| sin ZZ ]
q

Proof. See [7, Lemma 3]. d

Lemma 5. Let ¢ > 2 be an integer, k > 1 be a fized positive integer. Then we have

q—1 q

I h 1
()| g = 0t (22)
r=1]a=1 q |Sln7
qg—1 q k
/ 1
e (M) e — 0 (23)
s=1|a=1 q |SIH q |
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I ! k 1 7

> Y e () e = 0W), 2
e bt [ sin 222 sin =2 sin ZC2—2)|
s#EmM
and Lo
q q— , o k 1
doe (“ e ) — 0(¢3*). (2.5)

m=1 s=1 |a=1 q |Sln | ‘Sln |

s#EmM

Proof. We prove (2.2), and the others can be obtained by the same methods. We begin
with the estimates of formula (2.2), by Lemma 2 and the Jordan inequality

2 sin x s
- < < — 2.6
2eWE <], (26)
one can write
q—1 1 (457 1 q—1
Doanm S92 e D ——, <alng
| sin ZX| T
1 q r=1 7[q+1]
Now we have
g-1] 4, h q—1 9 h
1 ’ 1
6(”) - Ze(m> 1
e N e |l e N g ] s
(r,q)=1
qg—1 q , h
ra 1
n e <> B @2.7)
2 |2 Ul
(r,g)>1
For the first term of (2.7), from Lemma 2 and the Jordan inequality (2.6), we have
q—1 q h
I
S5 ()] kg ety as)
r=1 a=1 q |Sll’l 7|
(r,g)=1

where we used the bound w(q) < hﬁfq. For the second term of (2.7), from Lemma 2 and

the Jordan inequality (2.6), we have

qg—1

1 (ra / T/dah) 1
€ r d € s omr
Y (lmese & X)) e
(r,q)>1 d>1 dlr(5,9)=1
< gty dipet Wd)z
T |51n
d>1 d\
2q 2]
< g2y dzpe@/d
dzq Z \sm

d>1 \
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< q?h*@D1n?g. (2.9)

This completes the proof. 0

Lemma 6. Let integer ¢ > 2, h,k > 1 be any fixed non-zero pairwise distinct integers.
Then we have

g-lgq-1| @ rab 4+ sat -
ZZ 6 :O(qZ )7 (2.10)
r=1s=1 | a=1 q |Sln—||s1n 5
qg—1 g—1 , h &
ra’ + sa 1 ..
> Y|y () S = 0H) 21
r=1 s=1]|a=1 q ‘Sln ||Sll’l q ‘
T#Fq—S
! / h _ k 1
Z . (ma ma ) SN 0(¢3+9), (2.12)
q | sin
m=1|a=1
g-lg-1| ¢ A ,
Z Z e (m+1)a ma :O(qgﬂ), (2.13)
q |Sln H51n ‘
m=1r=1|a=1 q
g-lq-1| ¢ L B . X
Z e ma'” + (S m)a _ O(q%“), (214)
q |SlIl Hsnl ‘
m=1s=1|a=1 7
g—1 q¢-1 gq-1 ZI ((m+r)ah+(s_m)ak>’
e
m=1 r=1 s=1 |a=1 q
r#Eq—m s#Fm
1
7'r(r+3) :O(q%+€)a (215)
sm—||bln 7TS||b1n . ‘
and
q—-1 ¢-1 g¢-1 Z/ ((m+T)ah+(8—m)ak)‘
e
m=1 r=1 s=1 |a=1 q
r#q—m s#m
1 7
= 0(q=%9), 2.16
|sm T || sin 2| sin 7 (a=7°) (2.16)

q

Proof. We give the detailed proof of (2.15), and the others can be proved by same ways.
For the case when ¢ = 2 of Lemma 3 and formula (2.6), one has

Zq:’e<(m+r)ah+(s—m)a’“)

q

1

| sin 72| sin %2 | sin

7(r+s) ‘
q

(m+r,s —m,q)?
w(r-&-s)‘

s=1 | sin T[] sin 2| sin
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q—1 q—1q-1
1
< q2+£ d2
%; mz:hz—:l; | sin X2 Hbln 7r8||bm 7r(rq+s)|
r#q—m,s#m
d|(m+r), d\(sfm)
q—1 q—1 q— .

YAy S Y

d|q m=1r=1 s=1 |51n%||bln%||51n@‘
r#q—s
d|(r+s)
() S e <
Z dz Z < qzte.
mmy ) 24 ;
|51n ‘ e Pt | si %'
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Lemma 7. Let integer q > 2, h,k,l > 1 be any fixed non-zero pairwise distinct integers.

Then we have

—1g—14g9—1

»Q

Q/ Tah—i-sak—l—fal 1 .
Ze o i T i ms | (qd )’
r=1s=1 f=1|a=1 q | sin 77 || sin % || sin %7
L St + sak + fa 1 u,,
Z € e T e w5t ) O(q=7°),
r=1s=1 f=1|a=1 q | sin 7 [ sin 5 || sin T2 |
s#q—f

Proof. Applying the case when t = 3 of Lemma 3 and (2.6) we have

< 1q21§ Z/ (Tah—l—Sak—‘y—fal) 1
e
r=1s=1 f=1|a=1 q |sm " || sin Ter sin Tr(s(;rf)|
s q—f
qg—1 g—1 g—1 i
5 (T’s7f7Q)3
< q3+s
r=1 ; f=1 |Sin%||sm%f\|sin@‘
s#q—f
g—1g—1qg—1 )
2 1
< gste ds
dlq ;s1lesin7;7'|sin7ff||sinﬂ(s;-f)|
d|r,d|f,d|s
s#q—f
% 1 [[%1} 1 2[2(1;2] 1 11
24 1 "
<q? Ezd3(2|5m ) m<<q3 3
d‘q q/d 1=1 q/d

Similarly, we can get the formula (2.17).

(2.17)

(2.18)
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Lemma 8. Let 01,02 € (0,1] be real constants, integer ¢ > 2, h,k,l > 1 be any fized
non-zero pairwise distinct integers, we have

= D) | ogd+ey.

al=d (mod q)
b>c,c>d

Proof. By the trigonometric identity
Z (ma) n, if q|m;
el—) = .
= \gq 0, if gtm,

we write
q

>

a=1
ah

a, 1,49, A B B
PIDIDIELL- DI IIPD
b=1 c=1 d=1 r=1s=1 f=1a=1p=1~v=1
=b (mod q)
ak=c (mod q)
a'=d (mod q)

b>c,c>d

!/ / /

M-
M-

/e(r(b—a)—FS(c—ﬁ)-i-f(d—V))

a=1 b=1 c=1 d=1 q

i/i/i/e <7"b—|—sc—|—fd>

q

(mod q)

EEE L

y=1 q

B 1iziz/e(mh+sak+fal)
=3 o rea rJe

« =1
—18-1 qg—1qg—1 k 1
3(9) N~ N 1 ' (sa+ fa
=3 1+ 5 > e p
a=1pB=1~y=1 s=1 f=1 a=1
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X
=
7 N\
ﬁi
u_oq
N~~~
)
— —
| I
3 Q
N\
3
e
~
~— _701
N} ~~
—
ST Il v
A
N @ -
~2 — —
3 I I
« 3 Q
—
o I
ha 3
~ VR
~ =
3
- &=
= — N———
o> ﬁ ©
— — Y i
_Z:q i
> w
— - ﬂ.
|
AT AL
=% =%
+ +

from Lemma 4 we have

and
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c 1 1 n 1
| sin 7TTf||sin%| |sin | |sin LTJSH

1 1 1
" | sin ZL || sin £ | ( sinz| " | sin TEets) |> .
q q a q

This follows that

PO

a=1 b=1 c=1 d=1
ah=b (mod q)

ak=c

al=d (mod q)
b>c,c>d

— +O(21) +0(22)+ 0 (33) + 0 (X4) + O (Z5)

(mod q)

+0(Z6) + 0 (37) + O (Zs) + O (X9) + O (X10) + O (11)

where
—1g-1] 4q
1 e / Sak+ al
S==3 Z€< ! ) 1
T = a= q | sin “| sin 72|
by Rete zq:’ <sak+fal> q
2= —= e . : .
S a= q | sin %f”sm #|
1 S|~ (ra” + fd q
23:73 € AT
TS5 = q | sin 7||Sln 7|
1 qg—1qg—1 q , (Tah+80,k) q
Si=— .
35 =1 | a1 q | sin 77| | sin %2
1] 4q
1 z / fal q2
meny | X (5) | -5
EAr q | sin 7|
1 q—1 q/ Sak q2
Y= 5 () gy =
q s=1| a=1 q |Sln7
1] g
13 ’ (rah> 'S
Yr=— el — :
¢ = ; g ) |Isin =]
| clelaml) 9 Tah+5a ¢l X
RN 3ol .
q r=1s= a=1 |SlIl HSln Hsul p I
> 1q—1qZ a, (Tah+sa +fa) 1
0= e -
s e e st |sm%|\sm stm ¥|
q—1 _ g—1
1 / ra® +sa —|—fa 1
Bk 3 5|5 )
. : T —
5 531 =il e 4q | sin %Hsm wﬂsm |
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15 &8 | frah + sak + fdl
Bu= I e
q r=1 s=1 f=1]| a=1 q
s#q—f
y 1
| sin ZL|| sin T || gip Trtst )7
q q q
0

By Lemma 5, 6 and 7, Lemma 8 is easily deduced.

Lemma 9. Let 61,02 € (0,1] be real constants, integer ¢ > 2, h,k,l > 1 be any fized

non-zero pairwise distinct integers, we have
m(bctl)) (2.19)

q-1[6g ¢ 9 a 4
DI I I

b>c,c>d
_ (0% & S4e
= (g - §+E>¢(Q)Q+O(q )

Proof. The summation (2.19) can be rewritten by

=1 [0 ZI zq:/ il Zq/ <m(b —Cc— tl))
e| ——— 27

b=1 c=1 d=1 q

a=b (mod q)

ak=c (mod q)

al=d (mod q)

b>c,c>d
q—1 [614] 9 9 a9 q
—miq I~~~ [m(b—c)
“Y Y (TR (M), 2:20)
m=1t1=1 q a=1 b=1 c=1 d=1 q
a=b (mod q)
ak=c (mod q)
a'=d (mod q)
b>c,c>d

1,2 r m(b_c) , q/b71/071/ m(b_c)
SN S (M) 5 SY S ()
=1 b=1 c=1 d=1 =1
ah=b (mod a"=b (mod q)

ak=c (mod q)

U

a

)
ak=c (mod q)
al=d (mod q) al=d (mod q)
b>c,c>d
1 4.9 e o/ ! [ (m A+ )b+ (s —m)e+ fd
LYY (T TN ))
=1 a=1 b=1 c=1 d=1 q

al=d (mod q)
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(2 GE ()
S Na)im Na )=\ a

Now we separate the summation over r, s and f into the following fifteen cases:
iyr=qg—-m,s=m, f=gq;
iWr=q,s=q, f=¢
i) 1<r<q-—1,s=gq, f=gq;
w)l1<r<g-1,s=gq,1<f<q-1L
v)1<r<g-1,s=m, 1< f<q-1;
vi)r=q,1<s<qg—-1,s#m, 1< f<qg-1;
vit) r=q, s=q, 1< f<q-1;
viil) r=¢q, 1<s<qg—-1, f=gq;
i) 1<r<qg—1lr#q-m,1<s<qg—-1s#m, f=g¢
r)l<r<q-lr#q-m,s=m, f=g
i) 1<r<qg—-1,r#q-m,s=m, 1< f<qg—1;
zit) 1<r<g—-1lr#qg—-m,1<s<qg—-1,s#m, 1< f<qg-—1,
ziti)r=q—m,s=m, 1< f<qg-—1;
ziv)r=q-—-m, 1<s<q—1,s#%m, f=gq;
xv)r=qg—m,1<s<qg—1,s8#m,1<f<qg-1.

It yields
Z’Z/zq:'zq:/e((m—kr)b—l- (S—m)c)+fd)
a=1 b=1 c=1 d=1 q
a"=b (mod q)
ak=c (mod q)
al=d (mod q)
=T +To+T3+Ty+T5+T1g+17+ 15+ Ty + T1g
+ T+ T+ T3 +Ta+Tis
where
a—1
ma —m,
n= P e () e () e
i q =1 q
1 K Smb—me 7 e
1030 35 DRI L= B N D 9D SRS
q a=1 b=1 c=1 q a=1p=1
a=b (mod q)
ak=c (mod q)
13 (= [(m+7)b—me —ra) =
ne b (ST e () ) (3 () e
r=1 a=1 b c=1 a=1 ps=1
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(mod q)
(mod q)

ak=c
(mod q)
d (mod q)

al
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me + fd ) )

q

(m+7r)b—

400

SRS

B

2

qZﬂ_: I
< 2~
S s

SN—
Ak
AL

= %
f
9
&~

b (mod q)
(mod q)
d (mod q)

(&)

ak
al

ah
d (mod q)

(mod q)

b (mod q)

d

al

ahl
al

Hence the first case of (2.20) is
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m=1t,=1 a=1 B=1 q
[614] g a-1 q a-1
¢(q) d19(q)
=2 > (B-1) === 2661
t1=1 a=1 =1 q a=1 pg=1
a—B—t1=0 (mod q)
[619] ¢ a-1
(g d199(q)
=23 > - +0()
T {Tla=1p=1
a—LB=ty
R0 [EZ] (-t)a—t -1 _6adla) 0
e 2 6 ¢
t1=1
5 63 5?)
==—-—=4+ = O(q).
(3 5 T )oda+0(g)
By the estimation formulas in Lemma 5, 6 and 7, we can get the other cases corresponding
to the error term of (2.19) are O(g3¢). This completes the proofs of Lemma 9. 0

Lemma 10. Let 61,02 € (0,1] be real constants, integer q > 2, h,k,l > 1 be any fized
non-zero pairwise distinct integers, we have

/e<m(b—c—t1)+n(c—d—t2)>

q

a'=d (mod ¢
b>c,c>d

(32— 52— 50 (q)g? + O(¢3+), if b1+, < 1

h+@_ﬁ_§_56162+5?+63 (22]‘)

R . b é)(b(q)q2 +O0(5), if 61+ 02> 1.

2":/ i/e (m(b —¢)+n(c— d)> | (222)

ak=c (mod q)
al=d (mod q)
b>c,c>d
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For the inner summation in the right-hand side of (2.22), recalling the trigonometric identity
we get

SIS (e
a=1 b=1 c=1 d=1 q
a"=b (mod q)
ak=c (mod q)
al=d (mod q)
b>c,c>d

!

1 q q

_Lyyyy

Zq:/zq:/i/e((m+r)b+(n—n;+u)c+(v—n)d))

L)

(S (S () e ()

We separate the summation over r, v and v into the following fifteen cases:

iyr=q—m,u=m-—mnandv=nmn;

i) r=q, u=gqand v =g;

i) 1<r<g—1,u=qand v=g;
w)l<r<g—1l,u=qand 1 <v<g-—-1;
v)1<r<g-—1,v=qgand 1 <u<gqg-—1;
vi)r=q,1<u<g—land1<v<g-—1;

vit) r=q,u=qand 1 <v <qg—1;

viid) r=¢q, 1<u<g—1and v =g

i) 1<r<g-—1l,r#4q-m,1<u<qg—1lu#m—nandv=n;
2)1<r<qg—1,r#q—m,u=m—nand v =n;

i) 1<r<qg—-1,r#q¢q-m,u=m—-nandl<v<qg—1, v#n;
zit) 1<r<g—-lr#¢g—-m,l<u<g—1l,u#m-n,1<v<qg—-1,v#n;
ziti)r=qg—m,u=m—-—nand 1 <v<qg—1,v#n;
ziv)r=qg-—-m, 1<u<qg—1,u#m—nandv=n;

zv)r=q-—-m, l1<u<g—1l,u#m-nandl<v<qg—-1,v#n;

On the one hand, we are going to use V for the first case of R as above, which is
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a—1

»Q

—1 g—1 [614]
1=1

=1ln=1t

S

ta=1a=1 =1
] [624] a—1p8—

q 1

> 22> !

1ta=1 a=1 g=1~y=1
a—pB—t1=0 (mod q)
B+v—t2=0 (mod q)

53
2

[

1

- -
=~ )
QE/ ‘

t1

q—1 [614] [524] q a—1p-1 t1)
05NN (e
1t1=1t2=1a=1p=1~=1

1 [01q] [029] q a—1p-1
n(S —t2
NN N WWICy

n=1t1=11s=1a—=1fB=1~=1
[014] [02 a—18-1

(@) 13
3 DI

FQP
2

_ o

LS

<

q t1=11t2=1a=1p=1~v=1
[61q] [029] ¢ a—18-1 [61q] [029] ¢ a—18-1
§:§:§:§:§:1—*4*§:§:§:§:§:1
t1=1t2=1a=1p=1~vy=1 t1=1t2=1a=1p=1~vy=1
a—fB=t; a—p=t;
B—y=t2

[51Q] [02q] ¢ a-18 [61q] [029] ¢ a—1B-1

D 5555 5D ) SEE- 5 35 35 95 9 of

t1=1t2=1a=1 =1 ~v=1 t1=1t2=1a=1 =1 v=1
B—y=t2
[614] [32q] [614] [d2q]

99 (g—t1)(g—t1 —1)
§:§: IS >
t1=1tz2=1 t1=11t2=1

[014] [629] ¢ ) 5162¢(q) 2

"*zzzwhfwﬁ-ﬁqw@.

t1=1ts=1a=1
After simple calculations one can write:

o If 61 +d5 <1,

(010 836, 030y ) )
V—( 6 5 6 )¢(q)q +0(q%).

e If 61 +d5 > 1,

[024] [024] [619] q—t1

V:Mq_ Z(Q*tlftQ Z Z —t1 —ta)

1=1 t=1 =[62q] t1=1

2 2 6

[02q9] ¢ -1 _ n _
ZZZE@( 1);‘ B+~ —t2)

)

t
010 526 536 (5 1) 526 536
- (%2 - 12+12)m@f—(12 21+ 20 6(g)g?
2
1)

403
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2 2 2 2 6 6 6

820, 6103 830, 038, 1 ) )
5 5 "6 6 *6)¢(Q)q +0(q%).

(i 8 s 8

On the other hand, by the same methods of Lemma 8, 9, we obtain that the error term of
Ris O(q%“). This complete the proof of Lemma 10. a

3 Proof of Theorem 1

By the definition, Nj, 1.1,5,,5,(¢) can be expressed as the following form

) a, [61q][6z¢ﬂ‘1/(1/‘1,q,
Nik1,61,6,(q) = Z 1= Z 1= Z Z Z Z Z Z 1
a=1 a=1 t1=0t2=0 a=1 b=1 c=1 d=1
Hely—{=fy<o gl )—a{ 2L }I<dig ah=b (mod g)
{252l }<ds  la{2E}—q{2l}<baq iy §$§j j))
|b—c|=t1,|c—d|=t2
[61q] [d24]

ti=1t2=1 a=1 b=1 c=1 d=1 a=1 b=1 c=1 d=1
a"=b (mod q) a=b (mod q)
ak=c (mod q) ak¥=c (mod q)
al=d (mod q) a'=d (mod q)
[b—c|=t1,|c—d|=t2 b=c,c=d
[51q]q/q/q/q/ [62q]qlq/qlq/
+ )IDIDIEEDIDID IS IS I
t1=1 a=1 b=1 c=1 d=1 to=1 a=1 b=1 c=1 d=1
ah=b (mod q) a=b (mod q)
akF=c (mod q) ak=c (mod q)
a'=d (mod q) a'=d (mod q)
|b—c|=t1,c=d b=c,|c—d|=t2
=8W 4+ 5@ 1 5G4 5@, (3.1)

We begin with the estimation of S(). Tt is necessarily noticeable that the constraint con-
ditions |b — ¢| = t1,|c — d| = t2 can be discussed in eight cases as follows:

i)b>c, c>d;

i) b<c, c<d;

i) b>c,c<d, b>d;
w)b<c,c>d, b>d;
v)b>c,e<d, b<d;
vi)b<c,c>d, b<d;
vit) b=d ,b>¢
viit) b=d ,b < c.
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Let

SM) = 8 + 8y 4+ S5+ Sy + S5+ S + S7 + Ss, (3.2)
where S;(i = 1,2,...,8) represent the summation mentioned above over the constraint
conditions of the first, second, ..., eighth case, respectively.

We consider S firstly. From the trigonometric identity one can get

[014] [624]

=33y

al=d (mod q)

Zq/e<m(b—c—t1)+n(c—d—t2)>

q

I

| —
M@
M@
[
[
M-
M-
M-

q m=1n=1t1=1t2=1 a=1 b=1 c=1 d=1
ah=b (mod q)
ak=c (mod q)
al=d (mod q)
b>c,c>d

ak*=c (mod q)

b>c,c>d

) ,i,i/€<m(bctl)zn(cdtz))_

ak=c (mod q)
al=d (mod q)
b>c,c>d

Note that Lemma 8, 9 and 10 imply the following results.



406 The distribution of powers modulo ¢

o If 61 +d2 <1,

528 526 2
S1 = (5152 - 172 - 271)¢(Q) +0(g3™9).

e If 61 +3d2 > 1,

5 & 02 8 6 & 1 )
Si=(F+5 -3 -2+ 2+ 7)o@ +0E).

We only need to consider Sy, and So, ..., S¢ can be deduced by the same ways. Hence

(5152 - 61262 - 52251)¢(Q) +0(g5+), if 61 4 02 < 1;
Sy =
(45152 2626, — 626, — §)¢(q) +O(¢37), if 81 + 0y > 1.

(% - %)oa) + Ot ), if 01 > by
S =8, =
3 4 52 5261 63 2 .

(56— 5 - 5+ H)ota) + O+, 165, <

2 2 3 2 .

(66 % — B2 1+ B)o(9) + 0(a3+), i£ 61 > 6
S5 = S =

(% - %) o(a) +0ai+), if 01 < 6.

:;12 Xq: ii/i/i/i/e(m(b—d)—i—n(b—c—t))

q
ak=c (mod q)

b>c

L b @, @, 0 a,
=EL2 2220
t=1 a=1 b=1 c=1 d=1
a=b (mod g

b>c
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b>c
[6q] q—1 a q q q
1 I~ (nb—c—1)
DI Cy
t=1n=1 a=1 b=1 c=1 d=1

b>c

gl g—1¢—1 @ a a q
1 I~~~ [(mb—d)+nb—-c—1t)
+3 IDID I q
t=1 m=1n=1 a=1 b=1 c=1 d=1
a"=b (mod q)
ak=c (mod q)
a'=d (mod q)
b>c
L2 )o@, o, o)
_ ?(257 +52 4 g 4 gl )
t=1

It is easy to observe that the order of the main terms and error terms of Sgl), S§3) and S§4)
are the same as the main terms and the error terms in Lemma 8, 9 and 10 respectively, and
the order of Sg) is equivalent to that of 553). Therefore, we have S7 < q%“ . Similarly, we
also have Sy < q%"’g. By the same methods of S;, we can prove that S, S4) and S®
are O(g37¢). Without loss of generality, assuming &; < &5, from (3.1) and (3.2), we derive
the desired result. This completes the proof of the Theorem 1.
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