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Abstract
Let R = Z, + uZ, + u*Z, be a commutative ring with v*> = u and p is an odd
prime. The Z,R-additive cyclic codes can be considered as R [z]-submodules of <f§ [f]b X

<;§[f]1>, for some positive integers o and . In this paper, we study the algebraic

structure of Z,R-additive cyclic codes of length (o, 3). To do this, we determine their
generator polynomials and minimal generating sets. Moreover, we discuss the duality
of the Z,R-additive cyclic codes and obtain their generator polynomials. We also study
the structure of additive constacyclic codes and quantum codes over Z,R.
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1 Introduction

Codes over finite rings have studied since 1970s. Cyclic codes are the important class of linear
codes. In 1973, Delsarte [10] introduced the additive codes in terms of association schemes
as the subgroups of a commutative group which provides a generalization of cyclic codes.
Over the past twenty years or so, by using different techniques, there have appeared in the
literature several results giving generalizations of cyclic codes. Some of them can be found
in [1, 5,7, 8,9, 17]. Recently, codes over mixed alphabet rings viewed as submodules have
studied. In one of the such studied, Aydogdu et al. [3] have introduced and described the
algebraic properties of Zs(Zo + uZs)-additive codes with u? = 0. Also, they determined the
standard forms of generator and parity check matrices for these codes. Later, Aydogdu et al.
[4] studied Zo(Zs + uZs)-additive cyclic codes and constacyclic codes. They obtained some
optimal binary linear codes as the Gray images of Zy(Za + uZs)-additive cyclic codes. Islam
et al. [16] continued to explore codes over mixed alphabets and they introduced the mixed
alphabets Z4(Z4+uZ4)-additive cyclic codes and constacyclic codes which lead to generalizing
the codes over Z4 as well as Z4 + uZy, where u?> = 0. Meanwhile, Diao et al. [11] have
studied the algebraic structure of additive cyclic codes over Z,(Z, + uZ,) with u* = u. They
constructed some optimal linear codes over finite fields and MDSS codes of these codes and
they also obtained some quantum codes from additive cyclic codes over the ring Z,(Z,+uZ,).
After, Bag et al. [6] have studied quantum codes from cyclic codes over the ring <Z§Eg> (see
also [15]). Recently, Hou et al. [14] constructed a class of Z,Z,[v]-additive cyclic codes where
v? = v. They studied the asymptotic properties of this class of codes. The purpose of this
paper is to study the Z,R-additive cyclic codes, where R = Z, + uZ, + u*Z, with u* = u.
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The main motive of this work is to find out the generator polynomial, minimal spanning
set of Z,R-additive cyclic codes and determine the generator polynomials of a dual code.
The paper is organized as follows: In the next section we discuss the structural properties
of Z,R-additive cyclic codes and find the minimal generating sets of these codes. Moreover,
get some properties of separable additive cyclic codes and the Gray image of a additive cyclic
code over Z,R. In Section 3, we determine the generator polynomials of the dual codes of
Z,R-additive cyclic codes. In the final section, we describe Z,R-additive constacyclic codes
and quantum codes.

2 Z,R-additive cyclic codes

In this paper, we determine the minimal generating sets of Z,R-additive cyclic codes. Assume
that Z, is the ring of integers modulo p, where p is an odd prime and suppose that

R={1-vHa+2" ' (u*+uwb+2" (v —-u)c| abceZ,}

with u? = u, where (1 —u?), 27 (u? + u) and 27! (u? — u) are orthogonal idempotents of R.
We suppose that a +ub+u?c = (1 —u?)a+2" (v +u)(a+b+c)+27H(u? —u)(a—b+c) is
an element of R. Then a + bu + cu? is a unit over R if and only if a,a +b+cand a —b+c
are units of Zj = Z,\{0}. It is clear that Z, a subring of the ring R. Being inspired by the
structure of Z,R-additive codes, we define the following set

Z,R ={(a,b)| a € Zy, b e R}.
Consider the map p: R — Z,, given by
p((1—u?)a+ 27 (u? +u)b+ 27 (u? —u)c) = a,

where a, b, c are arbitrary elements of Z,. Obviously, p is a ring homomorphism. So we can
define a multiplication

¥ 1 RXZyR — Z,R
dx (a,b) = (p(d)a, db),
where d = (1 —u?)a+ 27" (u? + u)b + 271 (u? — u)c € R with a,b, ¢ € Z,. Thus the extension
of multiplication * to (ag, "+ ,aa-1,b0, " ,bg-1) € Zy X R? by the elements of R is defined

by
d* (a,b) = (p(d)ag, - - - , p(d)ag—1,dbg, - -+ ,dbg_1),

where a = (ag, a1, ,aq-1) € Zy and b = (bo, -+ ,bg—1) € RP. Now, in view of the above
multiplication, it is easy to see that Z x R? is an R-module.

Definition 1. Suppose that C' is a non-empty subset of Z x RP. Then C is called a ZyR-
additive code if C' is an R-submodule of 7 X RP.

Now, consider a Gray map
) 3
¢:R—=Z,
¢((1 —u)a+27" (u® + u)b + 27 (u® — u)e) = (a,b,¢),
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where a,b,c € Z,. The map ¢ is linear and its extension is
¢: R — Ziﬁ
G50, +85-1) = (a0, ap_1,bo,"+ ,ba_1,Co, s C5—1);
where s; = (1 —u?)a; + 27 (u? + u)b; + 27 (u? —u)e; € R for i = 0,--- , 3 — 1. Now, with
the aid of the map ¢, we define a Gray map ¢ as follows:
0Ly X RS — ZS"'?”B
o(do, -+ s da—1,80, -+ 185-1) = (do, -+, da—1,D(50, - +55-1)),

where d; € Z,, for i = 0,--- ;& — 1. The image C' = ¢(C) of a Z,R-additive code over Z, is
said to be a Z,R-linear code of length n = o + 383.

Definition 2. For a codeword x € Zy = {(x1,- -+ , %) ¥ € Zp}, the Hamming weight of x
is defined as the number of non-zero coordinate positions, which is denoted by wp (x).

Let C be a cyclic code over Z,. The Hamming distance between two codewords z,y € C
is defined as dg(z,y) = wug(xz —y) and defined the minimum Hamming distance of C over Z,
as dy(C) = min{dy(z,y) | v #y forall z,y € C}.

Definition 3. Let w = (wq, "+ ,wa-1,Wo,"+ ,Ws—1) be an element of Zg x RP. The Lee
weight of w is defined as

wr (w) = wy (p(w)).

For any elements v,w € Zj x RP, the Lee distance is dr(v,w) = wr (v — w). An inner
product for elements v = (vg, - ,Va—1,V0, - ,Vg—1), W= (Wo, - , Wa—1, W,
-, wg_1) of Zgy x RP is defined as

a—1 B—1
veow=(1 —UQ)Zviwi—i- Zvjwj.
i=0 §=0

Assume that C is a Z,R-additive code. Then the dual code of C, denoted by C+, is defined
to be

Cr={veZi xR’ |v-u=0 forall ueC}

Put Ra,p = Zy[z]/(z™ — 1) x Rla]/(z” — 1). Identifying each v = (a,b) € Z% x R’ with of
polynomials (a(x),b(x)), where a(x) = Zf;_ol a;xt € Zplz]/{xz® — 1) and b(z) = 2532—01 bzl
€ R[z]/(z” — 1), we get a one-to-one correspondence between Z% x R” and Rq 3. For any
f(z) = fir' € Rlz] and (a(x),b(z)) € Ra,p, we define the product f(z) * (a(z),b(x)) =
(p(f(x))a(z), f(2)b(x)), where p(f(x)) = 3 p(fi)a".

Definition 4. A Z,R- additive code C of length («, B) is called a Z,R-additive cyclic code
if, for any z = (co," -+ ,Ca—1,T0,"*+ ,r3—1) € C, we have

Ja,ﬁ(z) = (ca717 Coy " 3 Ca—2,T3—1,T0," " 77‘[‘372) S Ca

where 04 5 15 a permutation of Zg‘Rﬁ.
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Definition 5. A Z,R-additive code C is cyclic in Zg x RB if and only if C is an Rx|-
submodule of Ra.3-

Definition 6. A unique monic polynomial of the lowest degree for a non-zero submodule M
of Ra,p is called a generator polynomial. For a Z,R-additive cyclic code C, this generator
polynomial is called a generator polynomial C.

In the following theorem, we determine the generator polynomial of the Z,R-additive
cyclic code C.

Theorem 1. Let C be a ZyR-additive cyclic code of length (o, 8). Then C is an R[z]-
submodule of Ra,g given by

C = ((f(2),0), (Uz), 1 = u?) fr(z) + 27" (u® +u) fo(z) + 27 (u® — u) f3(2))),

where f(x)|(z® — 1), fi(@)|(2? — 1) for i = 1,2,3, and also f(x),l(x) € Zy[z]/{x* — 1),
fi(z) € Rz]/(xP — 1) fori=1,2,3.

Proof. Assume that the map
n: Lplx]/(x® — 1) x R[m]/(xﬁ -1)— R[x]/(xﬁ —1) given by
(a(z),b(z)) — b(z)

is the projection map. Clearly, the map 7 is an R[z]-module homomorphism with

Ker(n) = {(f'(2),0) € C| f'(x) € Zyla)/{a™ ~ 1)}

Put S := {f'(z) € Z,/(z* — 1)|(f'(x),0) € Ker(n)}. It is clear that S is a principal ideal.
Therefore, there exists a monic polynomial f(x) € Z,[z]/{(z* — 1) such that S = (f(z)).
Thus, Ker(n) = ((f(z),0)). We know that the homomorphic image of C' under 7 is an ideal
of R[z]/(x? —1). By [12, Theorem 4], we have

n(C) = (1 =) fi(2) + 27" (u® + u) fo(w) + 271 (u” — ) f3(2)),
where f; are monic polynomials over Z, with f;(z)|(z® — 1) for 1 < i < 3. Since C is an
Rz]-submodule of R, g and it is generated by
(f(2),0), (i), (1 = w?) fa(w) + 271 (* + w) fo(2) + 27" (u® — u) f3(2)),
for some I(z) € Zp[z]/(z™ — 1). This means that
C = {(f(2),0), (), 1 —u®) fi2) + 27" (u® +u) fo(x) + 271 (u? — u) f3(2))),

where f(z),1(z) € Zy[z]/(x*—1) and f;(x) € R[z]/(z® —1), with f(x)|(z*—1) and fi(z)|(z” -
1) for 1 <i<3. 0

Let C = ((f(),0), (I(z), (1 —u?) f1(x) + 27 (u® +u) f2(x) + 271 (u? —u) f3(z))) be a Z,R-
additive cyclic code of length («, 3). Assume that C,, (respectively Cjg) is the canonical projec-
tion of C on the first a (respectively last ) coordinates. We know that Cy, = (ged(f(z),(z)))
is a cyclic code of length « over Z,, and Cg = (1 — u?) f1(z) + 27 (u? + u) fo(x) + 271 (u? —
u) f3(z)) is a cyclic code of length 8 over R.
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Lemma 1. Let the situation and notation be as in 1. Suppose that C = {(f(x),0), (I(z), (1 —
u?) fi(z) + 27 (u? + u) fo(z) + 1(u2 —u)f3(x))) is a Z,R-additive cyclic code. Then ((1 —
u?) fi(z) + 271 (WP + u) fo(@) + 271 (u? — ) f3(2))|(2” — 1), where fi(x)gi(z) = (27 = 1) for

1<4<3.

Proof. We know that f;(z)|(z” —1) for 1 <4 < 3. Thus, there are the polynomials g;(z) such
that fi(x)gi(x) = (2% — 1) for 1 <14 < 3. So, we get

(1 —u?) fr(z) + 271 (w? +u) fo(w) + 27 (u® = u) f3(2)) (1 — u?)ga(x)
+27 1 (u® +u)ga(z) + 27 (0 — u)gs(x)) = (¢ —1).

This implies that

(1= W) fi() + 27 (0 ) fol) + 271 (u? — u) fo(@))|(2® - 1),

Lemma 2. Let the situation and notation be as in 1. Assume that C' is a Z,R-additive cyclic
code and given by

C = ((f(2),0), (Ux), X = w?) fr(2) + 27" (u® + u) fa(x) + 27 (u® — u) f3(2))),
where fi(x)gi(z) = (2% — 1) for 1 <i < 3. Thus, f(z)|g1(z)l(z).
Proof. We have

(1= u*)g1(2) + (U +u)g2 () +27 (u — u)gs(x))*
(U(2), (1—u2)f( )+ 27 (W + u) fo(w) + 271 (u® — u) f3(x))
= (l(x)g1(x),0).
This implies that (I(z)g1(z),0) € Ker(n). Hence f(x)[i(x)g1(x). g

The following corollary is immediate from the above lemma.

Corollary 1. Let the situation and notation be as in 1. Let C be a ZyR-additive code given
by
C = ((f(2),0), (Uz), (1 —u?) fi(z) + 27 (u® +u) fo(a) + 27 (u® — ) f3(2))),

where fi(x)gi(x) = (2P — 1) for 1 <i < 3. Then f(x)|ged(f(x), L(x)g1(x)).

Definition 7. Let S = {vi,---,vn} be a set of vectors. The vectors vy,--+ ,v, span a vector
space D of Zy, if

(i) vi, -+ ,vn € D,
(1) u=mv1 +xava + - -+ xpv, forallu € D,x; € Z, with1 <i<n.

The span vector space is denoted by Span(S).
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Let C be a non-empty subset of ZgRB. If C forms a subspace of ZgRﬂ7 then C' is called a
linear code. In the next theorem, we obtain a minimal generating set of Z,R-additive cyclic
code.

Theorem 2. Suppose that C is a ZyR-additive cyclic code of length (o, 8) and fi(z), gi(x)
are monic polynomials such that f;(x)gi(x) = (2% — 1) for 1 <i < 3. Let

a—deg(f(z))-1
si= U (@0,
i=0
deg(g1(z))—1 _
Se= |J o' @), 0 -v?) @)}
i=0
deg(g2(z))=1
Ss=  |J {027 (W +u) fal))},
i=0
deg(gs(z))=1
Si= U 0,271 - w f@)}

i=0
Then Sy U So U S3U Sy is a generating set of C. Furthermore, C has p* codewords, where
k=a—deg(f(z)) + deg(g1(x)) + deg(gz2(x)) + deg(g3(x)).

Proof. Assume that ¢(z) is an arbitrary codeword in C. Then there exist ¢1(x), c2(z) € R[z]
such that

c(z) = c1(@) * (f(2),0) + co(@) * (1 — u?) fr ()
+ 27N (W? 4 u) fa(z) + 271 (U — w) f3(2)).

If deg(cy1(x)) < (v —deg(f(x)) —1), then ¢q(z) *(f(x),0) € Span(Sy). Otherwise, by applying
the division algorithm, there exist polynomials ¢(z) and r(z) in R[z] such that

a(r) = ~———q(z) + r(z),

This implies that ¢; (z) * (f(x),0) € Span(Sy), and so

ca(z) = (1 —u?)a(z) + 27 (u? + w)b(x) + 27 (u? — u)d(x).
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We have

ea(@)x(l(@), (1 = u?) fi(2) +271(U2 +u) fa(z) + 271 (u? — u) f3(2))
= ((1 u®)a() + (u2 + u)b( )+27 (u — u)d(z))
l(2), (1 = v*) fie ) “Hw? +u) fa(r) + 27 (6 — ) f3(2))
a(x) « (U(zx), (1 - ) () + b(z) * (0, 1(U2+U)f2(33))
+d() * (0,271 (u? — ) f3()).
According to Lemma 2, f(z ()|l( x)g1(x). Therefore, f(x)h(xz) = I(x)g1(z) for some polynomial

h(z). If deg(a(z)) < deg(g1(z)) — 1, then a(x) * (I(x), (1 — u?) f1(z)) € Span(Sz). Otherwise,
by using the division algorithm, there exist g;(x),r1(z) € R[z] such that

a(x) = g1(x)qu () + r1(x),
where deg(r1(z)) < deg(g1(z)) — 1 or r1(z) = 0. Therefore,
a(2) * (@), (1 — @) f1(2)) = (@ (@91 (@) + 71(2)) * (@), (1 — ) ()
= q(@)(I(2)g1(2), 0) + r1(2) * ((2), (1 — u?) f1(2)).

Hence q(z) * (I(z)g1(2),0) € Span(S1) and ry(z) * (I(z), (1 — u?) fi(z)) € Span(Sy). If
deg(b(z)) < deg(gz2(w)) — 1, then b(z) x (0,271 (u? + u) fo(x)) € Span(S3). Again, by applying
the division algorithm, there exist ¢a(x),r2(x) € R[x] such that

b(x) = g2(2)qa(x) + r2(),
where deg(rz(z)) < deg(g2(z)) — 1 or r2(z) = 0. Thus

b(x) * (0,27 (u® + u) fo(x)) = (g

2(7) g2 (z ) +72(2)) * (0,271 (w? + u) fo(@))
2(w) % (0,271 (u® + ) fo(2)).
Furthermore, we have ro(z) * (0,27 (u? + u) fo(x )) € Span(Sg).
Now, if deg(d(z)) < deg(gs(x)) — 1, then d(x) * (0,27 (u? — u) f3(z)) € Span(S,). Finally, by
using the division algorithm, there exist g3(x),r ( ) € Rlxz] such that

d(x) = g3(x)gs(x) + ra(z),
where deg(rs(x)) < deg(gs(x)) — 1 or r3(x) = 0. Therefore,

d(z) * (0,271 (u? — u) fs(w)) = (g3(2)gs(x) + r3(2)) * (0,27 (u® — ) f3(2))
= r3(x) * (0,27 (u® — u) f3(2)).

Thus we can assume that d(z) * (0,271 (u? — u)f3(z)) € Span(Sy). Clearly, the elements in
S1U S, US3US, are R-linearly independent, and so S; U.S3 US3U S, is a minimal generating
set of C' as an R-module. Moreover, |C| = p*, where

k= a—deg(f(x)) + deg(g1(x)) + deg(gz(2)) + deg(gs(z))-
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Definition 8. Let C' be a Z,R-additive linear code. Then C' is called a self-orthogonal Z,R-
additive code if C' C c+.

Lemma 3. Suppose that C' is a self orthogonal Z,R-additive cyclic code. Then ©(C) is a
self-orthogonal code.

PHDQﬁ Let x :?($0,"',Za_1,X0,"',X5 1) and y "(yOa"'vya 1,Y0, " ,YB— 1) be code-

words in C, where x; = (1 —u?)a; + 27 (u? + uw)b; + 271 (u? — u)e; and y; = (1 — u?)a; +
271 (u? 4+ u)b; + 271 (u? — u)e; with a;,a;, bi, b, ¢i,¢; € Zy, for 0 < i < 3 —1. Then

a—1 B—1
xoy=1—u?)> (zwi) + Y (x5y;5)
i=0 3=0
a—1 B—1
— (1= ) 3 (i) + 3((0 = w)agay + 27 + wbb + 271w — wesey)
i=0 §=0
=0.
This implies that
a—1 B—1
Z(xlyl) =0, (ajaj) =0,
i=0 7=0
p-1 B-1
> (bby) =0, (cjei) =0,
§=0 §=0
over Z,. Thus ¢(x) - ¢(y) = 0. Hence ¢(C) is self orthogonal. g

Definition 9. A Z,R-additive code C is called separable if C is the direct product of Co and
Cpg, that is, C =Cy x Cg and | = 0.

Lemma 4. Let the situation and notation be as in 1 and let

C = {(f(2),0),(0, (1 = w) fa(w) + 271 (u” + ) fo(2) + 27" (u® — u) f3(x)))

be a ZyR-additive cyclic code. Then C' = C, x Cg is a separable code, where Cy, is a Zy-cyclic
code and Cg is a cyclic code over R.

Proof.

(ca,c8) € C = cq =wif(z), and
cp = wa((1 —u?) fi(z) + 27 (u? +u) fo(a) + 271 (u® — ) f3(2))
S cq € Co = (f(x)) and
cp € Cp = (L —u?) fi(z) + 271 (u® +u) fo(w) + 27 (u® — u) f3(2))
< C=0C,xCs, where C, (f(a:)> and
Cp = (1 —u®) file) + 27 (u® + u) fa(2) + 271 (u? — u) fs()).
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Proposition 1. Let C be a Z,R-additive cyclic code of length (o, 3). Then C is a separable
code if and only if Cy is a cyclic code of length o over Z,, and Cjg is a cyclic code of length
B over R.

Proof. Let C be a separable code. Suppose that (ag,- - ,@a—1,b0, - ,bg—1) is a codeword in
C, where (ag, -+ ,aq-1) € Cy and (bo, -+ ,bg_1) € Ca. It is clear that

(aa—laG/Oa"' 7aa—25b5—17b05"' ab,@—Q) ecC.

So (aa_l,ao, cee ,aa_g) € Oa and (bg_l,bo, cee ,bﬁ_g) S C[—}

For the converse implication, assume that C, (respectively Cj) is a cyclic code over Z,
(respectively R). Then (aq—1,a0, - ,8a—2) € Co and (bg_1,bg, - ,b3_2) € Cs. These
imply that (aq—1,a0, - ,0a—2,08-1,b0, -+ ,bg—2) belongs to Cy, x Cg = C. 0

Lemma 5. Let C = C, x Cg be a separable additive code of length o + 8 over Z,R. Then
C* C C if and only if C- C C, and Cé C Cp.

Proof. Let Cy C Cy and Cg C Cp. Then we get Cy x Cz C C. Conversely, suppose that
C+ C C. Obviously, C:- C C and Cé- C C. Thus, the sentence is completed. 0

Note that the converse implication in Lemma 2.14 is not true in general. Moreover,
Ct+ # Ot x C’é‘ in general.

3 Duality of Z,R-additive cyclic codes

In this section, we shall study the properties of the duality of Z,R-additive cyclic codes. In
[11, Theorem 4.1], it was shown that the dual code of a Z,R-additive cyclic code is also a
Z,R-additive cyclic. Hence, we denote

O+ = ((f(),0), (), (1 = u?) f1(2) + 271 (W + u) fo (@) + 27 (u® — u) f3(x))),

where f,;(2)g;(z) = 2# — 1 in R[z] for 1 < i < 3 and f(2),l(z) € Zp[x]/{(x® — 1) with
f(@)|(z*=1), deg(I(x)) < deg(f(z)) and f(x)|l(2)g,(x). Recall that the reciprocal polynomial
of a polynomial p(z) is 29°8®(#)p(z=1) and is denoted by p*(z). As in the theory of dual
cyclic codes, the reciprocal polynomials play an important role on our method in this section.

We denote the polynomial Z?:Ol 2% by ,,(x) in which m denotes the least common multiple
of a and £.

Proposition 2. For any positive integers m and n, we have
2" —1= (2" — 1)f,,(z™).

Definition 10. Let v(z) = (v(x),0(z)) and w(z) = (w(x),w(z)) be elements in Ry5. We
define the map

Q:Rapg X Rap— Rlz]/(z™ —1)
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by defining

Q(v(z),w(z)) = (1 - UZ)U(x)G% (z®)gm 1= degw(@) oy (1)
+0(2)0m ()29 (2)  mod (2™ — 1)

The map (2 is a bilinear map between R[z]-modules.
By using a method similar that used in the proof of Proposition 1 in [11], one can establish
the next proposition.

Proposition 3. Assume that v = (v,0), w = (w,w) € Z¥ x RP. Then v is orthogonal to w
and all its shifts if and only if
Qv(z), w(z)) =

Proposition 4. Suppose that v = (v(z),0(x)) and w = (w(z),w(x)) are elements in Ry p
such that Q(v(z),w(z)) = 0. If v(z) or w(z) equals 0, then v(z)w*(z) =0 mod (z* —1)
over Z,. If v(x) =0 or w(z) =0, then v(x)*(x) =0 mod (¥ — 1) over R.

Proof. The proof process is the same as that of Proposition 2 in [11]. O

Lemma 6. Suppose that C = ((f(x),0), (I(x), (1 — u?)fi(x) + 27 (u? + u) fa(x) + 271 (u? —
u)f3(x))) is a ZyR-additive cyclic code. Then
| Cy | = pa—deg(gcd(f(ﬂﬂ)i(@?)))’ | Cs |= pi’>3—<ie.f1(fl(ﬂﬁ))—deAq(fz(CE))—deg(f&(96))7
| (Co)* | = plestoed(f(@)l@))) | (Cp)t |= pdeg(fi(@))+deg(f>())+deg(f3(2))
[(Ca | =p™0, 27102 — (O |= pUstie),
| (C’J‘)g | = pdea(f1(@))+deg(f2(2))+deg(fs(w))+deg(f (x)) —deg(ged(f (z),1(x)))
| (1 —u?)Cp | = pP=desth@) | 971 (42 ) Cp |= pfPdeslfz(@))
|27 (02 — ) | = B, | (1) (C) |= p ),
27w )(Cp)t | =D, |27 R — (O = ),
| (1— u2)(C’J‘)5 | = pdes(f1(@))+deg(f(w))—deglged(f(2),1(=)))

|2 (u? + u)(C’L)ﬁ | = paealf2(2))

Proof. We know that C, = (ged(f(z),l(z))) and that Cz = ((1 — u?)fi(z) + 27 (u® +

u) fo(z) + 271 (u? — u) f3(x)), which are cychc codes of lengths « (over Z,) and 8 (over R),
respectlvely. Thus | C,, |= p@~des(eed(f(#)1=)) and | Cps |7 38 —deg(f1(x))— deg(fz(r))*deg(fs(Z))_
Furthermore, one can calculate the size of each codes (C1),, (C’J-)

From Theorem 4 in [12], we have that (1 — u?)Cy = <(1 —u?) fi(z)), 27 (u? + u)Cp =
(271 (u? + u) fo(z)) and 271 (u? — u)Cp = (271 (u? — u)f3(x)). Hence, | 271 (u? + u)Cj |=
pfl=des(f2(2)) | (1-u?)Cp |= pfl-des(fi(@) | 27 (w2 —u)Cp |= pf—dea(fs(2)) o one can easily
obtain the size of | (1—u?)(Cp)* |, | (1—u2)(CH)s |, | 27 (w2 +u)(Cp)* |, | 27 (w2 +u)(CL)s |,
271 (2 — ) (Cp)* |, | 27 (w2 — w)(CL)s | 0
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We determine the degree of the generator polynomials of a dual code. These results can
be helpful to determine the generator polynomials of a dual code.

Theorem 3. Let C = {(f(x),0), (=), (1 —u?) fi(x) + 27} (u? +u) fo ) + 271 (u® — u) f5 (x)))
be a ZyR-additive cyclic code and with dual code

CF = ((F(2),0), (), (1 = u®) fy (@) + 271 (w? + u) fa(2) + 27" (u® — u) fy(2)).

Then
deg(f(z)) = a — deg(ged(f(x),1(x))),
deg(fy(x)) = B — deg(f1(x)) — deg(f(x)) + deg(ged(f(x),1(x))),
deg(fo(x)) = B — deg(f2(x)),
deg(f3(x)) = B — deg(f3(x))

Proof. Tt is easy to see that (Cy)* is a cyclic code and that is generated by f(z). There-
fore | (C,)* |= p~de(f(®)  According to Lemma 6, | (Cy)* |= plesecd(f(2).l(=))) = Then

deg(f(z)) = a — deg(ged(f(z),1(x))). Also, we know that (1 — u?)(C1)s is a cyclic code

and that is generated by (1 — u?)f;(z). Moreover, by Lemma 6, | (1 — u?)(Ct)s |=
pdes(fi(z)+deg(f(z))—deg(ged(f(2).1(x)))

Hence deg(f(x)) = B — deg(f1(z)) — deg(f(z)) + deg(ged(f(x),I(x))). Now, one can
show that 271 (u? + u)(Ct)g is a cyclic code and that is generated by 271(u? + u)fy(z).
Hence | 271 (u? 4+ u)(CF) g |= pP=de82(#) and so | 271 (u? + u)(CL) 5 |= plee(2(=) . Thus
deg(fy(2)) = B — deg(f2(x)). Clearly, (27" (u® —u)(C)g) = (27" (u® —u)f3(2)) is a cyclic
code. In view of Lemma 6, we have | 271 (u? — u)(C*)s |= pde8s(@). Thus deg(f;(x)) =
B — deg(f3(x)). u

Proposition 5. Suppose that C = {(f(x),0), (I(z), (1—u?) fi(z)+27 1 (u® +u) fo(z)+27 1 (u?—
u)f3(z))) is a Z,R-additive cyclic code, where f;(x)g;(z) = 2% —1 for 1 <i < 3. Let

CF = ((f(),0), (), (1 = u?) f1(2) + 271 (W + u) fo (@) + 27 (u® — u) f5(x))),

where fi(x)gi(z) = 2P — 1 fori=1,2,3. Then

fl@) = (=% = 1)/ged(f(2),U(=))".
Proof. Since (f(x),0) € C*, we have that Q((f(x),0), (f(x),0)) = 0 and that

Q(U=), @ = w?) fu(@) + 271 (U +u) fo() + 271 (u? — u) f3(2), (f(2), 0)) = 0.
According to Proposition 4, f(z)f (z) = 0 and I(z)f (z) = 0 mod (#® — 1) over L.

Therefore, ged(l(x), f(2))f (z) = 0 mod (z* — 1). Hence, there exists v € Z, such that

ged(f (@), l(a)) ] (2) = v(z* — 1). Furthermore, ged(f(z),l(z)) | (z* — 1). Then we may
assume v = 1. Hence f(z) = (z* — 1)/(ged(f(z),1(z))*. g
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Proposition 6. Suppose that C = ((f(z),0), (I(z), (1—
u)f3(x))) is a Z,R-additive cyclic code, where f;(x)g;(

O+ = ((f(),0), (), (1 = u?) f1(2) + 27" (W + u) fo (@) + 27 (u® — u) f3(x))),
where f;(x)g;(x) = (2% — 1) for 1 <i < 3. Then
Ji(@) = (@ = 1)ged(f(2), ()" / f*(2) fr(2)".

1;) fil@)+27 (u+u) fo() +27H (u? —

:(xﬁ—l)forall1<z<3 and let

Proof. Clearly

(1 =) f(x)/ged(f(2), U(z)) * (Uz), (1 = w?) fr(z) + 27" (u® + u) fo(2)
+271(u? — u) f3(2)) — U(2)/ged(f(2),U(2)) * (f(2),0)
= (0, (1 = w?) fu(@) f(2) /ged(f (), U(x))) € C.

Furthermore,
(1= (i), (1= w*) T (@) + 271w+ w)f (o) + 271 (o — ) o))
= ((x),(1 = u*)fy(x)) € C.
Thus

Q((0, (1 = u?) f(2) fi(2) /ged(f (2), U(x))), (I(z), (1 — u*) f1(2))) = 0.
In view of Proposition 4, we have
(1 —u?)(f(z)/ged(f(2), U(x))) fi(z)f1(x) =0 mod (z* —1).
Therefore
(1 —®)(f (@) /ged(f(2), 1(2))) fi (@) F1 (@) = v(” —1).
Since f;(z) | (27 —1), (f(z)f1(z)/ged(f(z),l(x)))* | (z¥ — 1), according to Proposition 3, we

have
deg(f(2)) = B — deg(fi(x)) — deg(f(x)) + deg(ged(f(x),I(x))).

Thus we may assume that v =1, and so

Fi(@) = (@7 = Dged(f(2), Ux))*/£* (@) fi ().

Proposition 7. Suppose that C = {(f(x),0), (I(z), (1—u?) f1(z)+27  (u® +u) fo(z) +27 L (u?—
u) f3(z))) is a Z,R-additive cyclic code, where f;(x)g;(x) = (z° — 1) for 1 <i <3, and let

CF = ((f(x),0), (), (1 = u?) f1(2) + 27" (W? + ) fo(x) + 27 (u® = u) f3())),
where f;(x)g;(x) = (2% — 1) for 1 <i < 3. Then

Falx) = (27 = 1)/ f3(2).
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Proof. Clearly

271 (w? ) (), (1= w?) fy(z) + 27" (u + u) fy(2)
+271(u? — ) fa(2)) = (0,271 (u® +u)fy(x)) € O

Hence

Now, by Lemma 3, we obtain 271 (u2 + u) fo(z) f5(z) = 0 mod (z# — 1). Thus 27 (u2 +
w) fo(x) fo(z) = (2P — 1), for some ¢ € R[z]. Since fo(z)|(x” — 1), f5(x)|(z® — 1) for some
¢ € Rlz], we have ¢ = 1. Thus f,(z) = (2% — 1)/ f5 (). O

By using the method similar that used in the proof of Proposition 7, one can establish the
next proposition.

Proposition 8. Suppose that C = ((f(z),0), (I(x), (1—u?) f1(z)+27 (u? +u) fa(z)+27 (u® —
u)f3(z))) is a Z,R-additive cyclic code, where fi(x)g;(z) = (27 — 1) forall1 <i <3, and let

= ((f(@),0), (i(x), A = u?) 1 (2) + 27" (u” + u) o (@) + 27 (u® — u) f5(x))),
where f;(x)g;(x) = (2% — 1) for all 1 <i < 3. Then
Fa@) = (27 = 1)/f5(2).

Proposition 9. Assume that C = ((f(x),0), (I(x), (1—u?) f1(x)+27 (u?+u) fo(x)+27 1 (u?—
u)f3(x))) is a ZyR-additive cyclic code, and let

= ((f(2),0), (I(z), (1 — u®) fy (@) + 271 (w® + u) fo(2) + 27 (u® — u) f3(2))),
where f;(x)g;(x) = 2 — 1 fori=1,2,3. Then
I(x) = 9(x® —1)/f*(x), where
0 = —gm-deelfile)Fdeell®) (1% (z) /deg(f (), U(z))*) ™" mod f*(x)/ged(f(z), 1(x))*".

Proof. The proof is similar to that of Proposition 6 in [11]. a

4 Quantum constacyclic code from Z,R-additive consta-
cyclic codes

Let A be a unit element in R with A2 = 1. A linear code € of length n over R is called \-
constacyclic if, for every codeword (cg,c1, -+ ,cq—1) in €, we have (Acq—1,¢0, - ,Cn_2) € €.
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It is well known that a A-constacyclic code of length n over R can be identified with an ideal
in the quotient ring R[z]/(z" — A). The R-module isomorphism as follows:

:R" = Rlz]/(z’ = \)
(co,e1y+ yena1) = (co+ a1z 4+ cn_lx“_l) mod(a:ﬁ —A).

In the case when A = 1, A-constacyclic codes are just cyclic codes and while A = —1, -
constacyclic codes are known as negacyclic codes. Put

Rapa = Lylz]/{a® = 1) x Rlz]/{@” = N).

Let € be a code of length n over R, and T'(€) be its polynomial representation, that is,

n—1
]'—‘(Q:) = {Zrl‘rl ‘ (TO,'I"17 e 7701171) S e}
=0

It is easy to see that:

Lemma 7. Let € be a A-constacyclic code, where A = § + Ou + pu? of length n over R.
Then € = ((1 — u®)fy(z) + 27 (u? + w)fa(z) + 271 (u? — w)f3(x)), where fi(x) generates a
§-constacyclic code with f1(z)|(z? — §), fa(x) generates a (6 + 0 + p)-constacyclic code with
fo(z)|(z? — (6 + 0 + 1)) and f3(x) generates a (6 — 0 + p)-constacyclic code with f3(x)|(x? —
(6 — 0+ p)). Moreover, f;(x) are the monic polynomials for all 1 < i < 3.

Proof. Tt is similar to the proof of Theorem 3.2 appeared in [2]. a

Theorem 4. Let C be a Z,R-additive constacyclic code of length (e, 8) over R. Then C is
a ZyR-submodule of Ra.g,x given by

C = ((f(2),0), (I(x), X = w?) fi(z) + 27" (u® + w) fo(a) + 27" (u® — u) f3(2))),

where f1(x) generates a §-constacyclic code with fi(x)|(z” —6), fo(x) generates a (646 + p)-
constacyclic code with fa(z)|(2? — (§+04p)), f3(x) generates a (5 — 60 + p)-constacyclic code
with f3(z)|(2? — (6 — 0 + ) and f(z)|(z* — 1). Moreover, f(x) and fi(x) are the monic
polynomials fori=1,2,3.

Proof. Consider the projection map

W1 Zyla]/ (e — 1) x Rla] /(2" = X) = Rla]/(z” = X)
(a(2),b(x)) = b(2),

where a(x) € Zy[x]/{(x® — 1), b(z) € R[z]/(z”? — \). Tt is clear that the map ¢ is an R[z]-
module homomorphism. Suppose that C' is a Z,R-additive constacyclic code. Then 9(C) is
an R[z]-submodule of R[z]/(2® — \). Hence, by Lemma 7,

D(C) = (1 = u?) fu(2) + 271 (u* +u) fo(w) + 27 (u® — u) f3(2)),
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where f1(2)|(z” —6), f2(2)|(z® — (§+ 0+ 1)), f3(z)|(2® — (6 — 0 + p)). Furthermore, we have
Ker(p) = {(h(x),0) € C | h(z) € Zy[z]/{(z* — 1)}. Define

D = {h(z) € Zp[a]/(z* = 1) | (h(2),0) € Ker(¢)}.

Obviously, D is an ideal of the principal ring Z,[z]/(z* — 1). Hence, D = (f(z)). Thus
Ker(¢)) = ((f(x),0)). Moreover, there exists I(x) € Zp[z]/(z™ — 1) such that

C = ((f(2),0), (U(x), X =) fr(2) + 27" (u® +u) fo(z) + 27 (u® = u) f3(2))),
where f(z)|(z* — 1), fi(2)|(z” = 9), fo(@)[(2” = (640 +p)), fs(@)|(@” = (6 —0+p). O

Definition 11. The Z,R-additive code C is called constacyclic code if, for any codeword
z=(co,C1," "+ ,Ca—1,70,T1," " ,Tp—1) in C, we have

O—A,,B(Z) = (coc717CO7 e 7Ca727)\rﬁflur07 U 7Tﬁ72) eC.

Lemma 8. Let C be a Z,R-additive code of length (o, 3). Then C is a Z,R-additive con-
stacyclic code if and only if it is a Z,R[x]-submodule of Ra g -

Definition 12. [18] Let n be a positive integer and 1 <1 < n. Let C be a linear code of length
n over R. Then C is called a quasi-cyclic code of index | if for any (co,c1,--+ ,cn—1) € C, we
have
(Cn—h Cn—l+1,""" ,Cn—-1,C0, """ 7Cn—l—1) cC
Rlz]

(zi" = 1)
fori=1,--- 1. Then an R[x]-submodule R = Ry X Ry X -+ X Ry is called a generalized
quasi-cyclic code of length (my,--- ,my) with index | over R. If m =m; fori=1,--- 1, then
C' is called a quasi-cyclic code with length ml.

Definition 13. [13, Definition 2] Let my, ma,--- ,m; be positive integers and R; =

Lemma 9. Suppose that C is a ZyR-additive constacyclic code of length (o, B). Then ¢(C)
is a generalized quasi-cyclic code of length (a, 38) over Z,.

Proof. The proof can be easily obtained. 0

Corollary 2. Let C be a Z,R-additive constacyclic code of length (o, ). Then ¢(C) is a
quasi-cyclic code of length 4o and index 2 over Zy.

Proof. The proof follows from Definition 13 and Lemma 9. 0

The following lemma is immediate from [6].
Lemma 10. Let € = (1 —u?)f;(x) + 27 (u? +u)fa(z) + 271 (u® —u)f3(z)) be a A-constacyclic
code of length B over R, where A = §+0u+pu?, and let 6 = £1, §+0+p = +1, 6—0+p = £1.
Then €&+ C € if and only if
2*=8=0 mod fi(x)f](x),
2 —(04+0+p)=0 mod fo(x)f(z) and
2 — (6 —0+p)=0 mod f3(z)fi(x).
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Proposition 10. Let € = ((1—u?)f; +27 (u? +u)fo+27 (u? —u)f3) be a A- constacyclic code
of length B over R, where A = 6 + Ou + pu?. If, there exists a dual containing \-constacyclic
code of length B over R, then

Ae {£1,+(1 —u—u?), (1 +u—u?),+(1 — 2u?)}.

Proof. Suppose that ¢ is a dual containing A-constacyclic code over 3, where A = §+0u+ pu?.
By Lemma 7, f;(z) generates a d-constacyclic code over Z,, fo(x) generates a (6 — 0 + p)-
constacyclic code, and also f3(x) generates a (& + 6 + p)-constacyclic code. By Lemma 10, we
get 6 ==+1,0—0+p=xland 6 +60+p==£1

Set 6 = 1. Then

1. If0—0+pu=1and §+0+ pu =1, then § = = 0 implying A = 1.
2. If6—04+p=1and 64+60+pu = —1,then § = —1, u = —1. This means that A = 1 —u—u2.
3. f§—0+p =—1and 6+60+pu = —1, then § = 1, u = —1. This implies that A = 14+u—u?.

4. If§—0+p=—-1and 6+60+u = —1, then = 0, u = —2. This means that A = 1 —2u?.

Similarly, we set § = —1 to deduce that A = —1+2u?, —14+-u+u?, —1—u+u?, —1, respectively.
O

In the following corollary, we shall establish a generalization of Lemma 10 to Z,R-additive
codes.

Corollary 3. Let C = C, x Cg be a separable Z,R-additive constacyclic code of length o+ 3
with X = § + Ou + pu?, where C, = (f(z)) and Cs = (1 — u?)fi(z) + 27 (u?® + u) fo(z) +
271 (u? — ) f3(x)) with conditions § = +1, 6 +0+pu=+1,6 —0+pu=+1. Then C+ C C if
and only if the following conditions are satisfied

Lemma 11. [6]. Let € be a (§ 4 Ou + pu?)-constacyclic code of length s over R. If ¢+ C €,
then there exists a quantum error-correcting code with parameters [[3s,2k — 3s, > dg]]q where
de is the minimum Gray weight of € and k is the dimension of the code ¢1(C).

From Corollary 3 and Lemma 11, we can construct non-binary quantum codes as follows.

Theorem 5. Let C = {(f(z),0),(0,(1 —u?)fi(z) + 271 (u® + u) fa(z) + 271 (u® — u) f3(z)))
be a o+ B,pk,dL] separable Z,R-additive constacyclic code, where dy, is the minimum Lee
distance of C. Then there exists a quantum code with parameters [[n,2k —n, > di]],, where
n=a+ 30.
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Example 1. It is clear that, in Z3[x], we have the following equalities:
29 —1=(1+2)>*2+x)?® and
o2 —1=(142)32+2)3(1 +2%)3.

Let a = 6 and 3 = 12. Suppose that f(x) = fi(x) = fa(x) = (1 + ), f3(x) = (1 + 2?) and
C = {(f(2),0),(0, (1 —u?) fi(z) + 27 (u® +u) fa(x) + 271 f3())). Therefore, C is a separable
additive constacyclic code with parameters [18,3%7,2], where A = 1+u—u?. As all f;(z)f} ()

divide 212 — 1 for 1 < i < 3, f(z)f*(z) divide 2% — 1 and C+ C C. Thus, there exists a
quantum code with parameters [[42,32,2]]3.

Example 2. Suppose that a« = B = 15. It is clear that z¥° — 1 = (4 + 2)°(1 + = + 22)® in
Zolal. Let f(x) = fi(2) = fole) = folx) = (1+2+22) and C = {(f(z),0), (0, (1—a2) f; (x) +
27 (w? +u) fo(x) + 27 (u? — u) f3(2))). So, C is a separable additive constacyclic code with
parameters [30,552, 3], where A = 1 —u +u?. Clearly, it satisfies the conditions in Corollary
3. We get a quantum code with parameters [[60, 44, 3]]s.

Conclusion: In this paper, we studied the algebraic structure of additive cyclic codes and
orthogonal codes over Z,R. We obtained the generator polynomials of this family of codes
and their dual codes. We also determined the minimal generating sets of additive cyclic codes.
We described some properties of the Gray image of a additive cyclic code over Z,R be a linear
code over Z,. We also argumented the structure of additive constacyclic codes and quantum
codes and showed that our results can be generalized to Z,R-additive constacyclic codes and
quantum codes.
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