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Abstract
In this paper, we first prove second main theorems with weighted counting functions
for holomorphic maps from a complex disk A(R) C C with finite growth index into
P"(C). Then we apply these theorems to solve the algebraic dependence problems of
holomorphic maps sharing moving hyperplanes in general position.
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1 Introduction

In 1990’s, W. Stoll, M. Ru [11] as well as M. Shirosaki [15, 16] began to study the second
main theorems for meromorphic maps into projective spaces P"(C) with moving hyper-
planes. M. Ru [12] was also the first one who proved the second main theorem with trun-
cated counting functions for holomorphic maps of C into P"(C) and moving hyperplanes in
2001. After that, these results have been reproved and extended by many authors, such as
(18], [13], (6], [4], [7] ..

In 2020, M. Ru and N. Sibony [14] introduced a new class of holomorphic maps into
P™(C), which has finite growth index. In their paper, they gave the second main theorem
for holomorphic maps from a disk A(R) C C into P"(C) involving hyperplanes in general
position, where A(R) = {z € C; |z| < R}, (0 < R < 400). Very recently, S. D. Quang [8]
proved the second main theorem for holomorphic maps from disks with moving hyperplanes.

To state Quang’s results as well as ours, we recall the following.

Let {a;}{_; be ¢ holomorphic maps of A(R) into P"(C)* with reduced representations
a; = (a0 : -+ : @) (1 < i < q). The family {a;}{_; is said to be in general position if
det(a;;1;0<j <n,0<1<n)#0forany 1 <ip<---<i, <q. Let M,, be the field of all
meromorphic functions on A(R). Denote by Ry,,y2 =~ C M,, the smallest subfield which
contains C and all ¢ with ay # 0 (for brevity we will write R if there is no confusion).

Let f: A(R) — P™(C) be a holomorphic map with a reduced representation (fo : -+ :
fn), where fo,..., f, are holomorphic functions on A(R) without common zeros. Then
rankg (f) is defined as the rank of the set {fo,..., f,} over the field R.

According to M. Ru-N. Sibony [14], the growth index of f is defined by

R
cy = inf {c >0 ‘/ exp(cTy(r))dr = +oo} )
0
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For convenient, we will set ¢y = +o0 if {c >0 |fOR exp(cTy(r))dr = —|—oo} =o.

In [8] and [9], S. D. Quang proved the second main theorems for holomorphic maps from
disks with moving hyperplanes as well as moving hypersurfaces. We state here the second
main theorems with moving hyperplanes.

Theorem A (see [8, Theorems 1.1]) Let f : A(R) — P*(C) (0 < R < 400) be a holo-
morphic map. Let {a;}l_; (¢ > 2n — k + 2) be holomorphic maps of A(R) into P"(C)* in
general position such that (f,a;) Z0 (1 < i <gq), where k + 1 = rankg (f). Let v(r) be a

non-negative measurable function defined on (0, R) with fOR ~y(r)dr = co. Then, for every
e > 0, the following assertions hold:

a) ||ETf(r) < L%ZN([?(Z )( )+ 6(n, k) ((1+¢)logv(r) +elogr) + S(r),

q—(n—k) &
k‘+2 & 1]
) || s s (r) < Ty ZN(M 7) + 8(n, k) ((1 +¢) log y(r) + elogr) + S(r),

where S(r) = O(log Tf(r) + maxi<i<q Tu,(r)) and §(n, k) = W

If we assume further that ¢ > (n — k)(k+1) + n+ 2 then

c) HE (r) < %ZN(U;] L)( r)+ k(kT—i_D((l—i—a)log'y(r) —i—Elogr) + S(r).

Here the notation ||p means the inequality holds for all » € (0, R) outside a subset E
with [, y(r)dr < +oc.

In 2016, S. D. Quang [6] first gave the second main theorem with weighted counting
functions and thanks to this result, he can study the algebraic problem to the more general
case. Our first purpose of this paper is to prove some weighted second main theorems
and then apply them to prove the algebraic theorems for the holomorphic maps with finite
growth index from disks into P"(C).

Theorem 1 and Theorem 2 stated below are our generalizations of Theorem A(b) and
Theorem A(c) respectively to the case of weighted ones.

Theorem 1. Let f : A(R) — P*(C) (0 < R < +4o0) be a holomorphic map. Let
{a;}!_; (¢ > 2n — k + 2) be holomorphic maps of A(R) into P*(C)* in general position
such that (f,a;) 0 (1 < i < q), where k+ 1 = rankg(f). Let v(r) be a non-negative
measurable function defined on (0, R) with fOR ~y(r)dr = oco. Let A1,...,Aq be q positive
numbers with 2(n — k) maxi<;<q A\; < >+, Ai. Then for every positive number n satifying
n > maxi<i<q i, 2(n—k)np <30 N, and for every e > 0, the following assertion holds:

4 1A —2(n—k
HEZZ k(k+(2) <ZAN<[J1‘]M)
( )(n+12)((nZ:_|,_—21))\z_( _k) )((1+5)10g7(r)+510g?") +S(T’),

where S(r) = O(log Ty (r) + maxi<i<q T, (r)).
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Theorem 2. Let f : A(R) — P*(C) (0 < R < 400) be a holomorphic map. Let
{a;}!_, (¢ > (n =k + 1)(k + 2)) be holomorphic maps of A(R) into P"(C)* in general
position such that (f,a;) 20 (1 < i < q), where k + 1 = rankg(f). Let v(r) be a non-
negative measurable function defined on (0, R) with fOR ~(r)dr = oo. Let A1,..., g be ¢
positive numbers with (n — k + 1)(k + 2) maxi<i<q A\i < >y Ai. Then for every e > 0, we
have

YN - [k] k(k+1) 370 A
=T < N i= 1 1 1
|55 Tt < ;)\ (ran () + 2(k +2) ((1+e)logy(r) + elogr) + S(r),

where S(r) = O(log Ty(r) + maxi<i<q Ty, (r)).

Remark. In case f has finite growth index (i.e., ¢y < 400), then in Theorem 1 and
Theorem 2, we may take y(r) = exp ((cy + &)T(r)).

As applications of Theorem 1 and Theorem 2, in the next section we will prove algebraic
dependence theorems for holomorphic maps from disks sharing moving hyperplanes, where
all zeros with multiplicities more than a certain number are omitted. To state our results,
we need the following.

In this paper, we call each holomorphic map from A(R) into P"(C)* a moving hyperplane in
P"(C). A moving hyperplane a in P"(C) is said to be slow with respect to aset {f*,..., fM}
of finite growth index holomorphic maps from A(R) into P™(C) if

M
le Ta(r) = o(>_ Ty:(r)),
=1

where E is a subset of (0, R) with [, e™™<i<m ¢s T (D g < 400 for some e > 0
and [, dr < 400 if R = +o0.
Let f; : A(R) — P*(C) (1 <i < A) be holomorphic maps with reduced representations

fi=(fio: " : fin) Let a; : A(R) — P*(C)* (1 < i < ¢) be slowly moving hyperplanes in
general position with reduced representations a; := (a0 : -+ - : @jp,). Suppose that (f;,a;) :=
Z?:o frjai; # 0 foreach 1 <t <\, 1 <i<gqand (f1,a;) {0} == (fr,a;) {0} We

put A; = (f1,a;)"'{0}.

Denote by T[n + 1, q] the set of all injective maps from {1,...,n+1} to {1,...,q}. For
each z € A(R)\Ugerim+1,q12 | ap)(2)A---Aagni1)(2) = 0}, we define p(z) = #{j|z € A4;}.
Similarly as [6], we can show that p(z) < n.

For any positive number r > 0, define p(r) = sup{p(z) | |z| > r}, where the supremum
is taken over all z € A(R) \ Ugern+1,q12 | 9801)(2) A+ A gg(ns1)(2) = 0}. Then p(r) is a
decreasing function. Let d := lim, 1 p(r) then d < n.

In 2001, M. Ru [12] gave an algebraic dependence theorem for meromorphic maps sharing
several moving hyperplanes. After that, the result of Ru has been generalized by many
authors. As we stated above, by giving the weighted second main theorem (Theorem 1.2,
[6]), S. D. Quang could deal with algebraic dependence problems in case the number [
depending on the moving hyperplanes. It means that for each j, we suppose that there
exists a positive number [; such that f;, A--- A fi,j =0 on A; for any I; maps.

On the other hand, in 2017, L. N. Quynh [10] proposed a new technique, by which she
studied the algebraic dependence of meromorphic maps sharing different family of moving
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hyperplanes regardless of multiplicities and obtained the results which are better than
previous ones. Then, based on Quynh’s technique, P. D. Thoan, N. H. Nam and N. V. An
[22] and H. Cao and L. Duan [1] consider the case where the number ! in Quynh’s theorem
may vary dependently on the moving hyperplanes like Quang’s.

In Theorem 3 and 4 as follows, we will prove the similar results as in [1] for the case of
holomorphic maps from disks with finite growth index. In concrete, we will prove algebraic
dependence theorems for holomorphic maps from disks sharing moving hyperplanes, where
all zeros with multiplicities more than a certain number are omitted and the number [
depending on the moving hyperplanes.

Our theorems are stated as follows.

Theorem 3. Let fi,...,fx : A(R) — P*(C) be holomorphic maps with cpi < 400 (i =
1,...,N). Let {a;}!_; be slowly (with respect to { f1,..., fr}) moving hyperplanes in P"(C)
in general position. Let k;j(1 < j < q) be positive integers or +00. Suppose that (f;,a;) # 0
and the following conditions hold
i. Supp V?fl,aj),gkj = ... = Supp y?f%aj)ékj foreach 1< j<gq.
it. Let ly,...,l; be g positive integers with 2 < l; < X such that for any 1 <i; < --- <
i, < fi () A A fi, (2) = 0 for each z € Uj_,Supp V?fl,aj),gk,-'

If k+1 =max;<i<){rankg (f;)} and

1 g+ ) = —2(n— k) (A — 1) — dMk(k +2)
=k = k(k+2)(A—1)
Me(k+2)(n+ 1) (gA+1) = X0_1 ;)
- An+2)(A—1) 1Simn I

then f1,..., fx are algebraically dependent over C, i.e fy A... A\ fx =0 on A(R).
Remark.

1. When R = 400 and f; is not constant, then ¢y, = 0, the theorem implies the result
obtained in the Theorem 1.3 in [1].

2. Letting A =1; =2,d =1 and k; = +o00, we deduce the uniqueness theorem:
2 2)(2k? 4 2n + 2k
(n+2)(2k* +2n + .) then fy = fo.
2(n + 2) — kZ(k + 2)2(71 + ].) ming<;< Cy;

If g >

When d = 1 and the number of hyperplanes is large enough (¢ > (n—k)(k+1)+n+2),
we will obtain the following algebraic dependence theorem.

Theorem 4. Let fi,..., fx : A(R) — P"(C) be holomorphic maps with cyi < +oo (i
1,...,N). Let {a;}]_, be slowly (with respect to { f1,..., fx}) moving hyperplanes in P"(
in general position. Let kj(1 < j < q) be positive integers or +o0o. Assume that (f;,a;)
0 (1<i<\1<j<q) and the following conditions are satisfied.

i (1 a) T {0y (fray) T {0y =0 (1<i<j<q),

)
#
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. min{l”/?fl,aj),gkj} == min{laV?fA,aj),gkj} for each 1 < j <gq.
iti. Let ly,...,l; be q positive integers with 2 < [; < X, such that for any increasing

sequence 1 <y < -+ <idp, <A, fi, (2) A--- A fu, (2) =0, z € Uj_,Supp V?fl,aj),gkj'

Put max {rankg (f;),1 <i <A} = k + 1, where k is a positive integer. In addition, we
suppose that ¢ > (n —k+ 1)(k+2)(A — 1) for k < 5%, orq > (nJFTS)()\ —1) for k> 2521,
If

zq: Lo 1 A L S
Sk 1k k(2 g+ D) =T LAk 1) 2(k+2) 1sisa hi

j=1

then f1,..., fx are algebraically dependent over C.
Remark.

1. When rankg (f;) =k +1 and k; = +oo(1 <i <\, 1 < j <gq), we see that the above
inequality becomes

2Xk(k +2) ) }

1 q
> kD) +2)(A—1), —— k-1
g > max {(n E+1)(k+2)(\ ), )\_’_1(;[] Ak )+ 3 h(k+ 1) lr<n.i£>\cfi

Further, when R = 400 and f; is not constant, then c¢, = 0, we deduce the result given
in the Theorem 1.4 in [1].

2. Let A =1=2 when k; = 400, if rankg (f1) = rankg (f2) =k + 1 and

4k(k +2)
k1) (k+2), k-1 }
q>max{(n +1)(k+2) 2 (k4 1) wmin ¢, ( )
then f; = fs.
We note that this statement is the result obtained in the uniqueness theorem (Theorem
1.3) in [8].

2 Basic notions and auxiliary results from Nevanlinna
theory

We denote by A(R) a disk in C, A(R) := {z € C;|z2]| < R}, (0 < R < +0). Let v
be a divisor on A(R). We consider v as a function on A(R) with values in Z such that
Supp (v) := {z;v(z) # 0} is a discrete subset of A(R). Let k be a positive integer or +oc.
The truncated counting function of v is defined by:

nlf(¢) = 3 min{k,v(2)} (0<t < R) and N¥(r,v) = / nlH (1) - nl¥(0)
|

t
z|<t ro

dt.

We will omit the character ¥ if k = +o0.
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Let ¢ : A(R) - CU {0} be a non-constant meromorphic function. We denote by Vg

(resp. v°) the divisor of zeros (resp. divisor of poles) of ¢ and set v, = v — v°. As
usual, we will write Ngc] (r) and Nl[];]@(r) for N (r, v)) and N (7, vy’) respectively. The

proximity function of ¢ with respect to the point oo is defined by

2
mir,¢) = / log* [io(re'?)|do.

We consider ¢ as a holomorphic map into P!(C) and denote by ©; the Fubini-Study form
on P(C). The characteristic function of ¢ is defined by

T dt .
Tw(r):/ 7/ 0 Q.
0 |z|<t
T

o(r) = m(r, ) + Nijp(r) + O(1).

Let f: A(R) — P™(C) be a holomorphic map with a reduced representation (fp : --- :
fn), where fo, ..., f, are holomorphic functions on A(R) without common zeros. Let H be a
hyperplane in P*(C) defined by H := {(wo : -+ : wy); Y or @iw; = 0}, where a; (0 < i <n)
are constants, not all zero. We define

By Jensen’s formula, we have

(f,H) =Y aifi.
=0

The function (f, H) depends on the choices of the reduced representation of f and the
presentation of H, but the divisor v(y gy is well-defined, not depending on these choices.
The proximity function of f with respect to H is defined by

o Il ]
mptr ) = [ o e

where || f|| = (|fol> + - + | fal>)Y/? and ||H|| = (Jao|? + - -+ + |an|?)'/2. The characteristic
function of f (with respect to the Fubini-Study form €2,, on P"*(C)) is defined by

Ty(r) = /Or‘ff/pld F*0.

The first main theorem states that

Tf(T) = mf(r, H) + N(ﬁH)(T) + O(l)

do,

Now we denote by pfa...az, the divisor associated to f1 A--- A fr. According to [17],
we have the first main theorem as follows.

Theorem 5 (The first main theorem for general position [17], p. 326). Let f; : C™ —
P*(C),1 < i < k be meromorphic maps located in general position. Assume that 1 <k < n.
Then

Nﬂfl/\mAfA (T) +m (T7 fl ARERA f)\) < Z be (T) + O(l)
1<i<A
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3 Proofs of the weighted second main theorems

Proof of Theorem 1

In order to show that the theorem holds, we need the following lemma which is a claim
obtained in the proof of Theorem 1.1 in [8].

Lemma 6 ([8], Equation 2.10). With the same assumption of f,{a;}(i = 1,...q) and
~(r) as in Theorem 1, for every ¢ > 0, there exist a subset J C {1,...,2n — k + 2} with

k(k+2
|[J| =d+2 (<n+2) and a positive integer ng < % such that
||E ZN([an]J) 4 Roel 7 ) 5 (1 +¢)log(r) +elogr) + S(r),

jed
where S(r) = O(log Ty(r) + maxi<i<q Ty, (r)).
We denote by Z the set of all permutations of the set {1,...,¢}. For each element
I=(i1,...,1q) € L, we set

1
M= {re(0.R)|N{, () <--<N o)}
We now consider an element I = (i1,...,1,) of Z, for instance I = (1,2,...,q). Applying
Lemma 6, there is a subset J C {1,2,...,2n — k + 2} with |J| = d + 2 such that

)< DN, ) w((“ﬂ:‘) logy(r) +elogr) + S(r).
JjeJ

Put J'={1,2,...,2n—k+2}\J and J" = {1,2,...,¢}\{1,2,...,2n — k+2}. We see that

[Tl =20~k —dand JUJ UJ" ={1,2,....q}.

I Tr

i=1 i

2(n—k)].

Now we take n € [ma<x A, Because

q

Z)\i—|J’|17:i)\i—(2n—k+2—(d+2))n

i=1 i=1

and k < d < n, then we find that

a a a
O<Z)\i—Q(n—k‘)nSZ)\i—|J’|n§2)\i—(n—k)n. (7)
i=1 i=1 i=1

This implies that

I ZA =7 Ty (r ZA = 1) (2 Nz, ()

i=1 jedJ
no(ﬁJ—l)( i i = |TIn)
+ 2

(1 +¢e)log~(r) + elogr) + S(r).
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On the other hand, since Z Ai, —|J'|n <0, we deduce that

JjeJ’
q
Z&—\J’ln SoNG )
teJ

= (3 A) NI e+ (X A = 1) SN ()

jEJUJ” teJ jEJ’ tedJ

o]
Z Aij) Z (ﬁa%)(r).
jeJuJ” teJ

In other words, we have the following estimations

[no] ZEJUJ” ij [no]
(22 ) Do NGa ) = =55 ] DA NG, ()

jeJu” teJ jeJ
T n N Ljeror Ny oo
B '(; Mg 1)+ 2 (5 NG (1)
<1l Z)\ N[no] )+ Z(Z]’GJUJH Aij Y ) Aol (r)
teJ o N ted |J| " (f @i t3)
[no] ~ arlnol
=|J] (; Nii NG, ) (1) + t;// iV fﬁa%_w)(r))
 pzlnol [no]
< I(Zr N, 0+ 5 xf0)
teJ teJ”
[no]
< |J|Z)\11N(f(:11 )
1
<1l Y23, 5, 0
=
k(k—|—1 )(d+2) [1]
ST T2 Z%Nm "

q

<h(E+1) YA, NG, ).
j=1 ’

For r € My, from these above estimations, we get

q
[ ZA — ') Ty (r) < k(k+1) ;Aleal) r)

— DS A = 1)

5 (1 +e)log~y(r) +elogr) + S(r).

(8)

+
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In addition, we have

notJ —1) _ k(k+2)d+1) _ k(k+2)(n+1)

5 ST 2+ = 2n+2) ©)
Combining (7), (9) and (8), we obtain
3 Az — 2(n — 1
I 1k(k+2) <Z>\N([f]a (r)
(10)
k(k +2)(n + 1)( i=1>\i*(”*k) )

(1 +¢)log~(r) + elogr) + S(r).

2(n+2)

We see that (J;c7 N1 = (0, R) and inequality (10) holds for every r € (0, R) outside a
subset E with [, ~(r)dr < +oo. Hence, the theorem is proved.

Proof of Theorem 2

The theorem will be proved based on the following lemma which is also a result given in
the proof of Theorem 1.1.c in [8].

Lemma 11 ([8], Claim in the proof of Theorem 1.1.c). Let f, {a;} and v(r) be the same
as in Theorem 2. Then for every € > 0, we have

k+1

%] k(k‘f' 1)
HE ZN(f,al T) T((1—|—E)log'y(r)—|—510g7")+S(r),

where S(r) = O(log Ty (r) + maxi<i<q Ty, (r)).

We denote by Z the set of all permutations of the set {1,...,¢}. For each element
I=(i1,...,iq) € L, we set

Ni={re(O.R)| N}, ()<< N(U;}aiq)(r)}.

For all r € Ny, we see that

k+1 n+1

[k] (K] [k]
ZN(f,az )( ) < N(f’al T Z N(f’az T N(f,ll(n k+1)(k+1)+1)( )
7=0 i=n—k+2
1 n—k+1 u (n—k—+1)(k+1) " (n—k+1)(k-+2) "
k k k
(X s X Mo Y NELo)
i=1 i=n—k+2 i=(n—k+1)(k+1)+1

) (n—k+1)(k+2) "

_ k

Tn—k+1 z; Nigao (")
]:
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This follows that

Y (n—k+1)(k+2) .
=17\
Z)\ Z f’at )(T)gn_k_Fl Z:]_ N(f7 1)()
=
n—k+1)(k+2
_ (n—k+1)(k+2)( Z):( ) PR N @
n—k+1 (n—k+1)(k+2) (fas)

j=1
(n—k+1)(k+2)
<k+2 | Y NGO
j=1
(n—k+1)(k+2)

py
+(k+2) z:: ((n—kfn(kw)”)N@a»()

[K]
=(k+2) ZAN(M r)

Combining Lemma 11 together with these above estimations, we have

> (k] LRSI Y
T < N = 1 1 1
le 555 10 ZA Foo) + =g (4 ) loga(r) +<logr) + (1),

for all r € Nj.
Repeating again the argument in the proof of Theorem 1, we have the desired conclusion
in Theorem 2.

4 Proofs of algebraic dependence theorems

The following lemmas and claims obtained in [10] and [6] for the case of meromorphic maps
from C™ into P™*(C). With the same arguments in these proofs, we can show that they also
true for holomorphic maps from A(R) into P"*(C) in our situation. Therefore, here we just
state results without presenting proofs. We also note that, in the case of R = +o00, the
Theorem 3 and 4 have already been proved in [1]. Then in the following proofs, we only
consider the case where R < 4o0.

Proof of Theorem 3
Lemma 12 ([10], Claim 3.1). For every 1 <i< A\ 1<j<gq and 1<k <n, we have

A >t oy K

(Frag) i\ 2 T N () Ty(r).

ki +1—k 7

Lemma 13 ([6], Claim 4.2). For every 1 <t < A, we have

Fﬂ@

A— lj + 1) min {1’ V(ft,aj)(z)} < d:ufl/\'-'/\fx (Z) + Q(/\ - 1) Zua;}(l)/\"'/\(la(nﬂ)(z)'
Jj=1 B
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for each z ¢ A, where the sum is taken over all injective map B : {1,2,...,n 4+ 1} —
{1,2,...,q}.

It suffices to prove the theorem in the case of A < n + 1. Suppose that f1 A--- A fy Z0.
Since 1/([;] 03),<k; (2) < u([f] o )( z), then it follows from Lemma 13 that

q q
1]
N O-L+)NG <SG+ )N )
j=1 j=1
S dNiu'flA.,./\fA (T’) + q(/\ - 1) Nﬂaﬂ(l)/\---/\aﬂ(n+1> (T)

BET [n+1,q]
n+1

A
SdY Tr(r)+ah=1) Y Y T, ()
i=1

BET[n+1,q] i=1
A
= a3 1) o (jmx 70)

Using Lemma 12, we deduce that

A

dy Ty (r) >

i=1

M=

7. (1
A =L+ D) Nigy0).0, (1) +0 (E%TM))

1

<.
Il

M-

ki +1 1
Oty ) (AL - @Tfi<r>)+o<lrgg<ng7<>)

J

q
A
>3 =L+ )N =D il (mafol()>.

1<i<A
Jj=1

M-

I
—

J
Hence, by summing up both sides of these inequalities, we get

A
N
SOt NGL 0k (s ).

1:=1

A q A N —
dAZsz(T)+ZZ Tf, Z

q
i=1 Jj=11i=1 j=

Put s =A—1Li+1i=1,...,q, k +1=rankg (., (ft),t =1,..., A and k = max;<;<x k;.
We can easily see that

1<j<q

q
— — 1. < ) <gq -
2(n — k) max (A=10;+1) <2n(A Z l; +1).

This follows that

q
2(n — k)max \; < Z Y
j=1
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q

1\,

From Theorem 1, for any n € [lrila<x i, ﬁ}, we have
<15q n—

g(A+1) - g 1l =2(n—Fk)n
<
||E key (ke + 2) Ty, (r) <

o

()\ — lj + 1) N[l] (7", l/(f,,,aj))

1
6(kt)((1 + ) log(y:) + € log r) + S(r),

J

kb + 2)(n + D(TE A = (0= ko))

where §(k;) = 30n+2)

On the other hand,

qA+1) =325, lj — 2nm + 2kn _ qA+1) =225 I — 2nm + 2k
k(k +2) - ke (ke + 2)

and

ke(ke +2)(n+ 1) (320, i — (n = ke)n)
2(n+2)

k(k+2)(n+ DS, Ai = (n = F)n).

= 2(n + 2)

Moreover, we take v;(r) = exp{(mini<;<x cy, + €) Z;\:l Ty, (r)}. Then we have

agA+1) — I
I k(Jler2 ZTﬂ

A q
A—
SMZ%W+ZZ Al )
i=1 i=1 j=1

A
+)\6(k)((1+€)( min cg, +¢ ZTfZ ) +elogr) + S(r).

=1

Letting r — 400 (r ¢ E) and letting ¢ — 01, we get

j=1 j=1
Zq)\+1)_ ?:1lj_2(n_k)77_d)\ (14)
k(k+2)
Me(k +2)(n + 1) (qA+1) = X7_, 1j — (n— k)n)
- min_cy,.
2(n+2) 1<i<A

In other words, we see that

A 1< max A < 31)‘J gA+1) - ]111

NSNS o T T T 2k
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It follows from (14) that

LA - IoN—1;+1
Z; kj Z; kj
gA+1) =35 1L —2n—k)(A-1)
= k(k +2) —dA
Me(k+2)(n+1)(gA+1) = 39, 1)
- 4(n +2) 121@ fir
Therefore
1 g+ =Xl = 2(n = B)(A = 1) — dAk(k +2)
;E k(k+2)(A—1)
Me(k+2)(n 4+ 1) (A +1) = X0, 1)
- Mt 1) 22,

It is a contradiction. The proof of Theorem 1.3 is finished.

Proof of Theorem 4

Lemma 15 ([10], Claim 3.3). Let h; : A(R) = P*(C)(1 <i < p <n+1) be meromorphic
maps with reduced representations h; := (hijo : -+ hin), a; := (@ : -+ : ap). Put h o=
((hiya1) : -+ : (hyyant1)), and assume that a1, . .., anq1 are located in general position such
that (hi,a;) # 0 (1 < i < p,1 < j < n+1). Let z be a point of A(R) such that
(a1 A+ ANaps1) (z0) #0. Then (hy A---ANhy)(2z0) = 0 if and only if (hy A /\Ep)(zo) =0.

Now we put J = {j1,...,5x},J ={1,...,¢}\J and

(fl’ajl) (f>\7aj1)
(flvajz) (f>\7aj2)
B, = : . .
(flaa’jx) (fk7a'j)\)
then we have the following lemma.
Lemma 16 ([10], Claim 3.4). If B; is nondegenerate, i.e., det By Z£ 0, then

- ~ 0 mi 0
ViA-Afa ZZ ( ISHIEA {V(fiyaj)ékj} T {1’V(f1:-ﬂj)v<kj})

JjE€J

q
—|—Z —1;+1) mln{l V(f“ < }
Jj=1

_

on the set A(R)\ (ajl/\,__Aa].A)_ (0), where f; := ((fiyaz,) = = ((fisajy).
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It suffices to prove the theorem in the case of A < n+ 1. Suppose that fi A---A fy Z0.
For € > 0, we put

A
y(r) = exp{( mm 0, <, +e ZTﬁ
i=1
We see that fo r)dr =
For each 7,1 < j S q, we bet
A
k
Nj(r) = ZN([fj,aj)ékj () = ((A=Dk+1) ([f]ua]) <k; (r).
i=1

and for each permutation I = (ji,...,jq) of (1,...,¢q), we also put
T = {T’ S (O,R) | le(T) > 2> qu(r)}.

It is clear that (J; 77 = (0, R) Therefore, there exists a permutation, for instance, it is
I = (1,...,q) such that fT y(r)dr = co. Then, we have

Ni(r) 2 No(r) > -+ > Ny(r).

By the assumption that fi A---A fi Z 0, there exists ordered set of indices J = {j1,--- ,jr}
with 1 = j; < --- < jx <n+ 1 such that det B; Z 0. We note that

Ni(r) = Nj, (r) 2 Njp(r) = -+ 2 Ny, (r) 2 Noga(r),

for each r € Tr,. We see that minj<;<x b; > Zj‘zl min {k,b;} — (A — 1)k, for every non-
negative integers A and by,...,by. Lemma 16 implies that

Z (2/\: min {k, V?fi,aj),gkj} —((A=1)k+ 1) min {1, V?fiwaj),gkj })
i=1

JjeJ
q
+ Z (A =1 +1)min {1’ V?fuaj),ikj} < NN
j=1

on the set A(R)\(aj, A---Aaj, )~ *(0). Integrating both sides of the inequality, we get

A
EZ(EJW?%V%<>—«A—Uk+n 8L><k<0

jeJ

(17)
1
+Z — L+ D NG <, () € Njp 27, () = Naew s, (7).
On the other hand, by Jensen’s formula, we obtain
< < .
Nae 5, (1) < /S . log|det By| o, + O(1 ZTf (112% Ty, (r )) (18)
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Set T'(r) = Z%‘_l Ty, (r). Combining (17) and (18), we get for all r € I,

T(r

~

A q
>SN0+ A= DN ) o max 750

1<i<A

=1
A q "
Zg ZN]-(T) + Z A =L+ D) Nj ay,<k, (1) +0 < max T, (r))

1<i<A

1
q
AMA=—Dk+1
:Z <>\ - lj +1- (( ) )) N([Jl"]l,aj)ékj (T)

q

q A
A Tk
* Z Z N([fg,aj),gkj (r)+o (1?% Ty, (7“))

q

q
A—lj+1 A=Dk+1 A\ i
222 ( o gk q) Ntz (7

LS (A= + 1)+ Ak —1
oo (O

j=11:i=1
q
g\ =1+ 1)+ Mk —1) k
T Ty, ,
+Jz:;< g \k k]"‘].—k (7”)+0 1I£ia§X>\ fi(’l“)

qAk + 2—31 o +k1 — (GA=1;+ 1)+ Ak —1)T(r)
" (19)

(qA=1;+ 1)+ Ak - 1))N([’;37aj)(r) +o (max T,c(?“)) .

1<i<A

55

j=1i=1
Foreach 1 <j <g,put \; =¢(A—1; +1)+ A(k — 1), we see that

N ek g
max;  gA—1)+Ak—-1) — A-1

In other words,
-1
oIfkgn q> (n—k+1)(k+2)(A—1), we get

q

1\
2ai=1 N > (n — _
—y >n—k+1)(k+2)>(n—Fk+1)(k+2)
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-1 3)2
oorifk>n ,qz(n—z)

2
Ry > (n+3)*
max\; 4

(A—1), then

> (n—ke+1) (ke +2).

In these cases, for 1 < ¢t < A, taking 7 (r) = exp{(mini<;<xcy, + €) Z?:l Ty, (r)} and
applying Theorem 2, we get

lp D@ =+ 1)+ Ak = D)NE )+

j=1

k(k+1) ¢_1<(q2((2 1 l2j)+ D+Ak-1) ((1 + 6)(121,»1%1/\ cf, +e)T(r) + slogr) +S(r)
(g =L+ 1)+ Ak — 1))

> ) Ty, (r)-

(20)
Combining inequalities (19) and (20), we have

|5 q/\k+zkj+kl_k(q(A—lj+1)+>\(k—1))T(r)

k(k+1)>7 (N =1+ 1)+ Xk —1))

((1 +e) <11§nii£)\ cr, +€)T(r) +clog r) + S(r)

2(k +2)
A3 (@A =1+ 1)+ Ak —1
>y 2 ((q( k+2) ( ))Tft(r).

Letting r — R (r € T,,r ¢ E) and € — 07, we obtain

q(gr+1) - G+ Ak~ 1))
k42

q
k
<k (g =+ 1) Ak — 1)
j:lkj+1_k

N k(k+1)g(qA+1) — Dl Ak~ 1)) in e
2(k+2) 1<ieA

Thus

zq: 1 5 1 A k+1 .
- - min crg,.
Shkitl-k T k(k+2)  qA+1) =20 L +AMk—1)  2(k+2) 1<i<x fi

This is a contradiction. Hence, we have fi A--- A f), = 0.
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