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Abstract

We provide upper bounds for the sum of the multiplicities of the non-constant
irreducible factors that appear in the canonical decomposition of a polynomial f(X) €
Z[X], in case all the roots of f lie inside an Apollonius circle associated to two points
on the real axis with integer abscissae a and b, with ratio of the distances to these
points depending on the admissible divisors of f(a) and f(b). In particular, we obtain
such upper bounds for the case where f(a) and f(b) have few prime factors, and f is
an Enestrom-Kakeya polynomial, or a Littlewood polynomial, or has a large leading
coefficient. Similar results are also obtained for multivariate polynomials over arbitrary
fields, in a non-Archimedean setting.
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1 Introduction

The prime factorization of the values that an integer polynomial f(X) takes at some speci-
fied integral arguments gives useful information on the canonical decomposition of f. Many
of the classical or more recent irreducibility criteria make use of such information, combined
with information on the location of the roots of f. One may find such classical results in the
works of Stéckel [28], Weisner [29], Ore [24] and Dorwart [14]. For more recent results and
some elegant connections between prime numbers and irreducible polynomials we refer the
reader to Ram Murty [27], Girstmair [18], Guersenzvaig [19], and Bodin, Débes and Najib
[3], for instance. Some particularly elegant irreducibility criteria write prime numbers or
some classes of composite numbers in the number system with base B, say, and then replace
the base by an indeterminate to produce irreducible polynomials. Here we mention Cohn’s
irreducibility criterion [26] that uses prime numbers written in the decimal system, and its
generalization by Brillhart, Filaseta and Odlyzko [8] to an arbitrary base, as well as further
generalizations by Filaseta [15], [16], and by Cole, Dunn and Filaseta [11]. Another way
to produce irreducible polynomials f is to write prime numbers or prime powers as sums
of integers of arbitrary sign, one of these integers having a sufficiently large absolute value,
and to use these integers as coefficients of f [4], [6].
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In [5] the irreducibility of an integer polynomial f was studied by combining information
on the admissible divisors of f(a) and f(b) for two integers a and b, with information on
the location of the roots of f. We recall here the definition of admissible divisors, that will
be also required throughout this paper.

Definition 1. Let f be a non-constant polynomial with integer coefficients, and let a be an
integer with f(a) # 0. We say that an integer d is an admissible divisor of f(a) if d| f(a)

and
a
eod (4. 150 ecats @), 1) (1)
and we shall denote by Dya(f(a)) the set of all admissible divisors of f(a). We say that an
integer d is a unitary divisor of f(a) if d | f(a) and d is coprime with f(a)/d. We denote
by Dy(f(a)) the set of unitary divisors of f(a).

We note that this definition was motivated by the fact that if a polynomial f(X) € Z[X]
factors as f(X) = g(X)h(X) with g, h non-constant polynomials in Z[X], then given an
integer a with f(a) # 0, the integers g(a) and h(a) are divisors of f(a) which must also
satisfy the equality f’(a) = ¢’(a)h(a) + g(a)h/(a). This implies that the greatest common
divisor of g(a) and ggz; must divide both f(a) and f’(a). We also note that if f(a) and
f'(a) are coprime, then D,4(f(a)) reduces to the set D, (f(a)).

As seen in [5], one can connect the study of the irreducibility of f with the location
of the roots of f inside an Apollonius circle associated to the points on the real axis with
integer abscissae a and b, and ratio of the distances to these two points expressed only in
terms of some admissible divisors of f(a) and f(b). We recall here the famous definition of
a circle given by Apollonius, as the set of points P in the plane that have a given ratio r
of distances to two fixed points A and B (see Figure 1), which may degenerate to a point
(for r — 0 or r — 00) or to a line (for r — 1).

d(P,B) = r - d(P, A)

Figure 1. The Apollonius circles associated to a pair of points in the plane

More precisely, given two points A = (a,0) and B = (b,0) and r > 0, r # 1, the set of
points P = (z,y) with d(P, B) = r - d(P, A) is the Apollonius circle Ap(a,b,r) given by the

equation
ar? —b\” 9 b—a\’
(x— r21> +y =<rr21) ; (1.2)
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which degenerates to the point (b,0) for » — 0, to the point (a,0) for » — oo, and to the
vertical line z = “TH’ for r — 1.

Consider the canonical decomposition f(X) = const - [ fi(X)™ of a polynomial f €
i=1

Z[X], with the f;’s irreducible and prime to each other. The aim of this paper is to generalize
the results in [5] by obtaining upper bounds for mj + --- + m,.. This will be achieved by
adapting the methods in [5] and considering a sequence of potentially larger Apollonius
circles that might contain the roots of f, and here too, the admissible divisors of f(a) and
f(b) will play a crucial role. For other results that bound the sum of these multiplicities
we refer the reader to Guersenzvaig [19], and to [7], where some methods of Cavachi, M.
Vajaitu and Zaharescu [9], [10] to study linear combinations of relatively prime polynomials
have been employed.

Throughout the paper, instead of saying that the sum of the multiplicities of the non-
constant irreducible factors that appear in the canonical decomposition of f is at most k,
we will simply say that f is the product of at most k irreducible factors over Q.

Our first result that establishes a connection between Apollonius circles and the sum of
these multiplicities is the following.

Theorem 1. Let f(X)=ao+ a1 X+ +a,X™ € Z[X], and assume that for two integers
a,b we have 0 < |f(a)| < |f(b)]. Let k be a positive integer, and let

— {j < o m dy € Dou(f(a), ds € Dad<f<b>>}. (1.3)

Then f is the product of at most k irreducible factors over Q in each one of the following
three cases:

1) qr > 1 and all the roots of f lie inside the Apollonius circle Ap(a,b,qr);

ii) qx > 1, all the roots of f lie inside the Apollonius circle Ap(a,b, \/qx), and f has no
rational roots;

iii) gr = 1 and either b > a and all the roots of f lie in the half-plane x < “TH’, ora>b
and all the roots of f lie in the half-plane x > “TH’.

We mention that by taking k = 1 in Theorem 1, we recover Theorem 1 in [5]. Theorem
1 can be given in a more explicit form by taking into account the equation of the Apollonius
circles given by (1.2), as follows.

Theorem 2. Let f(X)=ao+a1 X +---+a, X" € Z[X], and assume that for two integers
a,b we have 0 < |f(a)| < |f(D)|. Let k be a positive integer and let g be given by (1.3).
Then f is the product of at most k irreducible factors over Q in each one of the following
three cases:

. . ) b—
i) qr > 1 and each root 0 of f satisfies |60 — 2%’“_1 | < q lqi_all ;
il) gr > 1, each root 0 of f satisfies |0 — %:1” < /K ‘;kiall , and f has no rational roots;

iii) g = 1 and either b > a and all the roots of f lie in the half-plane x < %rb, ora>b
and all the roots of f lie in the half-plane z > “TH’.

Notice that if b > a and we can prove that g = 1 for some k > 1, by imposing the
condition that f(X + %) is a Hurwitz stable polynomial, so that all the roots of f lie in
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the half-plane = < “T'H’, then by Theorem 1 iii) we may conclude that f is the product of
at most k irreducible factors over Q. Recall that a necessary and sufficient condition for a
polynomial to be Hurwitz stable is that it passes the Routh—-Hurwitz test.

In some situations, instead of testing the conditions in Theorem 1 or Theorem 2, it
might be more convenient to use the maximum of the absolute values of the roots of f:

Theorem 3. Let f(X) =ao+ a1 X + -+ a, X" € Z[X], let M be the mazimum of the
absolute values of its roots, and assume that for two integers a,b we have 0 < |f(a)| < |f(b)].
Let k be a positive integer and let qi be given by (1.3). Then f is the product of at most k
irreducible factors over Q in each one of the following three cases:

i) bl > aylal + (1 + @) M;

ii) |b| > \/qxlal + (1 + \/qx)M and f has no rational roots;

iii) qx =1, a2 < b? and M < @.

As we shall see later in Remark 1, in some cases, conditions i) and ii) in Theorem
2 may lead to sharper conditions than the corresponding ones in Theorem 3, even if we

don’t explicitly compute the coefficients of f(X + aqqf:lb) and f(X + ‘fgfij’) to derive then
estimates for the maximum of the absolute values of their roots. However, by computing
these coefficients and avoiding unnecessary use of the triangle inequality, one might obtain
even sharper conditions on a and b.

When there is no information available on the prime factorization of f'(a) and f'(b), thus
preventing one to use the admissible divisors of f(a) and f(b), we may content ourselves
with slightly weaker results by allowing d; and ds in the definition of g to be arbitrary
divisors of f(a) and f(b), respectively. This will potentially increase gy, leading to stronger
restrictions on a and b. The computation of g requires analyzing inequalities between
products of prime powers, so an explicit, effective formula of g, can be obtained only in a
few cases where f(a) and f(b) have a small number of prime factors. On the other hand,
one may relax the restrictions on a and b by finding sharp estimates for M, the maximum
of the absolute values of the roots of f. The reader may benefit of the extensive literature
on this subject, originating in the works of Cauchy and Lagrange. Here we will only refer
the reader to the generalization for Cauchy’s bound on the largest root of a polynomial
[23], to a recent improvement of the bound of Lagrange [2], to some classical results relying
on families of parameters obtained by Fujiwara [17], Ballieu [1], [22], Cowling and Thron
[12], [13], Kojima [21], and to methods that use estimates for the characteristic roots for
complex matrices [25].

The results stated so far will be proved in Section 2. We will present in Section 3 some
corollaries of Theorem 3, for some cases where the prime factorizations of f(a) and f(b)
allow one to conclude that g = 1. Results that rely on information on the unitary divisors
of f(a) and f(b) will be given in Section 4. In Section 5 we will provide some analogous
results for multivariate polynomials over arbitrary fields. Some examples will be given in
the last section of the paper.

2 Proofs for the case of admissible divisors

Proof of Theorem 1 First of all let us notice that, if we fix the integers a and b as in
the statement of the theorem, then gy is a decreasing function on k. Moreover, since 1 is
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obviously an admissible divisor of f(a) and f(b), a possible candidate for ¢ is 1, so g > 1
for each k. Assume now to the contrary that f is the product of s factors fi,..., fs € Z[X]
with s > k41 and f1,..., fs irreducible over Q. Next, let us select an index i € {1,...,s}

and let us denote
x)=1[rHx
J#i
We may thus write f = f; - g; for each i = 1,...,s. Now, since f(a) = fi(a )gl( ) # 0 and
f'(a) = fi(a)gi(a) + fi(a)g;(a), and similarly f(b) = f;(b)gi(b) # 0 and f'(b) = fi(b)g:(b) +
Ji(b)gi(b), we see that f;(a) is a divisor d; of f(a), and f;(b) is a divisor d; of f(b) that must
also satisfy the following divisibility conditions
et (. 282 oa(s @), @) andgea (.20 [ geatro). /o)

K2

Therefore d; and d; are admissible divisors of f(a) and f(b), respectively, and this holds for

each i = 1,...,s. Next, since
dy di _ f(b)

4 dy fa)
one of the quotients }Zﬂ,.. IZ,I, say }d—i}, must be less than or equal to ¢ % In
particular, this shows that we must have
|f1(0)]
< Qs—1- (2.1)
[fi(a)] =7

Assume now that f factors as f(X) = a,(X —61)--- (X — 6,) for some complex numbers
01,...,0,. Without loss of generality we may further assume that deg f1 = m > 1, say, and
that

fl(X) = bm(X*‘gl)"'(X*'gm)

for some divisor b,, of a,. Next, we observe that we may write

AG) b0 b—0,
f1(a) _a—91.”a—9m’

so in view of (2.1) for at least one index j € {1,...,m} we must have
b—0;]
2.2
|CL — | = qs 1 ( )

Now, let us first assume that ¢, > 1 and all the roots of f lie inside the Apollonius circle
Ap(a,b,qi). In particular, since ; lies inside the Apollonius circle Ap(a,b,qy), it must

1
satisfy the inequality [b — 0;| > qx|a — 6;]. Since g > 1 and m > 1, we have ¢ > ¢;", so
we deduce that we actually have

b0l o &
ja—g;] ~ W =Gy

as qr > gs—1, and this contradicts (2.2). Therefore f is the product of at most k irreducible
factors over Q.
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Next, assume that ¢ > 1 and that all the roots of f lie inside the Apollonius circle
Ap(a,b, \/qx). In particular, we have |b —6;| > \/gr|a — 0;|. Since f has no rational roots,

1
we must have m > 2, so \/qx > ¢;*, which also leads us to the desired contradiction

b—6;l = L &
>qr 290,

la — 0]

so in this case too one may write f as a product of at most & irreducible factors over Q.
Finally, let us assume that g = 1. Since 1 < gs_1 < g, this implies that gs_; is also
equal to 1, so in this case inequality (2.2) reads

0=0il
|la — 6]
which is equivalent to
(b— Re(6;))* < (a — Re(6;))*. (2.3)

To contradict (2.3), it is therefore sufficient to ask all the roots of f to lie in the half-plane
x < ‘%rb if a < b, or in the half-plane x > “TH’ if a > b, and this completes the proof. O

Proof of Theorem 2 i) In view of (1.2), the abscissa of the center of the Apllonius circle

Ap(a, b, q;) is Cy, = (Z%’z:lb, and its radius is Ry = qi Lbz_fll. The condition that all the roots
k k

of f lie inside the Apollonius circle Ap(a,b, qx) is equivalent to asking all the roots of the

polynomial f(X + Cy) to lie inside the circle centered in the origin and with radius Ry, or

equivalenly, that all the roots of f(X + C}) have absolute values less than Rj. Thus, if the

roots of f are 61,...,0,, say, then the roots of f(X + Cy) are 6; — Cy, ..., 0, — C, and our

condition on 61, ..., 0, reads

0; — C Ry. 2.4
1%%Xn| i k| < Ry (2.4)

ii) Here the abscissa of the center of the Apllonius circle Ap(a,b, /qx) is C}, = ‘Zi’flb,
and its radius is R}, = \/q Lbkiall. One argues as in the previous case with C}, instead of Cy

and Rj, instead of Ry. O

Remark 1. We mention that, using the notation in the proof of Theorem 2, we have

FX+Cp) =) b:X" with b=> a;(})C ", (2.5)

i=0 j=i

so when it is possible, to test (2.4) one should compute the coefficients b; in (2.5) and then
apply some known estimates for the roots of f(X + Cyi) in terms of the b;’s. When the
computation of the b;’s is rather difficult, one may use a condition stronger than (2.4), that
18

max |91| < Ry — |Ck|,

1<i<n
provided Ry > |Ckl|, or equivalently, that qi|b — a| > |agi — b|. In this way one may
directly use some suitable estimates for M := max |0;] in terms of the coefficients of f,

1SN

thus avoiding the computation of the b;’s, and in some cases the outcome may consist of
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sharper conditions on a and b than those in Theorem 3 1). To see this, we will assume that
qr > 1 and we will present the cases where Ry > |Cy|, depending on the signs of a and b
and on their magnitude:

1)Ifa>0>0b, b >aand g < %, then Ry — |Ck| = _% > 0, and our condition
M < Ry, — |Cy| leads us to |b] > gilal + (1 + qx) M;

2)Ifb>a>0and g < \/g, then R —|C| = ‘fi"ﬁb > 0, and condition M < Ry, —|C|
leads to |b| > —qila| + (1 + qi)M;

3) Ifb > a >0 and \/g < qn < %, then Ry — |Cy| = }iqiﬂrb > 0, and condition
M < Ry, — |Cy| leads to |b| > qxla| + (qx — 1)M;

4) Ifa=0 and b #0, then Ry — |Cx| = q;llj-l > 0, and condition M < Ry — |Cy| leads
to bl > (1+ qx)M;

5)Ifa<0<b b>lal and ¢ < ﬁ, then Ry, — |Cy| = % > 0, and condition
M < Ry, — |Cy| leads to |b| > qila| + (1 + qx)M;

6) Ifb < a <0 and g < \/g, then Ry — |Cy| = —Z‘i’flb > 0, and our condition
M < Ry, — |Cy| leads to |b| > —qglal + (1 + qx) M ;

N Ifb <a<0 and \/g < qp < L, then Ry, —|Cil = =2 > 0, and condition
M < Ry, — |Cy| leads to |b| > qxla| + (g — 1) M.

Thus, in cases 2), 3) and 6),7) we reach the same conclusion as in Theorem 8 i), but

with a less restrictive condition than |b| > qxla| + (1 4+ q1) M.
Similar considerations apply to case ii) of Theorem 3 as well.

Proof of Theorem 8 The proof follows the same lines as in the case of Theorem 1, and

we deduce again that for at least one index j € {1,...,m} we must have
b—6l o &
— <. 2.6
|CL — 0]| > 451 ( )

On the other hand, if |b] > ¢xla| + (1 + gx) M we observe that

O U VR
- - c = Z HYs—1>
ja =0, = la[+ 1651 = la[+ M

since g > 1 and ¢ > ¢s—1. This contradicts (2.6), so f is the product of at most k
irreducible factors over Q.

In our second case, if we assume that |b] > \/gx|a| + (1 + ,/qx)M and f has no rational
roots, then m > 2, and consequently

b—6;] _ [o[~M
|a—9j| - |a‘+M

1 1
> vV 4k Z(J;;n qunlh

again a contradiction.

In our third case, let us assume that ¢, = 1, a®> < b% and M < |a2ib|. If b > a, then
a+b > 0 and the conclusion follows by Theorem 1 iii) since the disk {z : |z| < M} containing
all the roots of f lies in the left half-plane z < “T*b. On the other hand, if a > b, then

a+b <0 and the disk {z : |z < M} lies in the right half-plane z > %t as —M > 22, O
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3 Applications

Our first application of Theorem 3 is the following result.

Corollary 1. Let f(X)=ao+a X + 4 a, X" € Z[X], and a, b two integers such that
a? < b? and |a,| > Y7, |al|(‘a+b‘) . Assume that |f(a)| = pFir, |f(b)| = p*2 with p a
prime number and ki, k‘z, T integers wzth ko > k1 >0 and0<r <p. Then f is the product
of at most 1+ [ (k2 — k1 — 1)logp p] irreducible factors over Q.

Proof. An immediate consequence of Rouché’s Theorem is that the condition [a,| >
S el la;bl )'™" forces all the roots of f to have absolute values less than “”b‘ . There-

fore M < @. Note that for every positive integer k we have q; < §i, with

A [TTCTR
. —max{d1 < o)l tdy | f(a), da | f(b)}- (3.1)

We search for a positive integer k£ as small as possible such that ¢ = 1, which will also
imply that ¢, = 1. In view of (3.1) we have

dz _ kia/phh
i _max{dj < H\l/?:(h | p™r, dy |pk2}.

Observe that the least quotient g—f that exceeds 1 with dy | p*ir and dy | p*2 is B, so

to prove that gp = 1 it suffices to prove that £ > v @, or equivalently that £ >
(ko — k1 — 1)1ogp p. Note that for ko — k1 > 1 and r > 1, the term (kg — ky — 1)logp p
cannot be an 1nteger as p is a prime number. A su1table candidate for k is 0bv10usly

+ (ke — k1 — 1) log% p|, and the conclusion follows from Theorem 3. 0

We mention here that for an upper bound which depends only on p and ko, one may
use 14 [(k2 —1)log_»_p], for instance. A special instance of Corollary 1 is the following
=

result.

Corollary 2. Let f(X) =ap+a1 X + -+ a, X" be a polynomial with integer coefficients,
with |an| > 2|an_1| + 2*|an—o| + - + 2"[ao| and ag # 0. If f(Z\ {0}) or —f(Z\ {0})
contains a prime power p* with p > |ag| and k > 1, then f is the product of at most

1+ [(k—-1) log 2 p]
wrreducible factors over Q.

Proof. We will apply Corollary 1 with a = 0 and b an integer such that f(b) = p*, so here
ko = k. Since p > |ag| = |f(0)| we have ky = 0 and r = |ag| < p. As b # 0 we have |b| > 1,
so our assumption on the magnitude of a,, implies that

lan] > 2lan_1] + 22|an_s| + - + 2"|ao|

22 2" — a+b\'""
> 2|an1|+|b|2|an2|+"'+|b|n|ao|:Z|ai|<| 9 |>
=0
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Thus condition |a,| > E?:_Ol |ai\(@)i_n in Corollary 1 is satisfied, so we may conclude
that f is the product of at most 1+ |(k — 1) logﬁ p| irreducible factors over Q. 0
ag

Another application of Theorem 3 is the following result.

Corollary 3. Let f(X)=ao+ a1 X + -+ a, X" € Z[X], and a, b two integers such that
a? < b? and |a,| > 2?_:01 |aﬂ(@)lin. Assume that |f(a)| = p*, |f(b)| = p*2r with p,r
prime numbers with p > r and ki, ko integers with ko > k1 > 0. Then f is the product of
at most 1+ |(ka — k1) log,. p| irreducible factors over Q.

We will prove here a more general version of Corollary 3, in which we allow r to be
composite:

Corollary 4. Let f(X) =ao+ a1 X + -+ a, X" € Z[X], and a, b two integers such that
a® < B2 and |an| > Y00 |ai| (142" Assume that |f(a)| = pFr, |£(b)] = p*>r with p a
prime number, r an integer with 0 < r < p and k1, ka integers with ko > k1 > 0. Let also q be
the smallest prime factor of r. Then f is the product of at most 1+ | (ka2 —k1) log, p+log, gJ
irreducible factors over Q.

Proof. Here too, all the roots of f have absolute values less than w, so M < w In
view of (3.1), we deduce in this case that

d
(jk:max{j < k+\1/kak1r:d1 |pk17 do |pk27“}.
1

Observe that here the least quotient g—f that exceeds 1 with d; | p** and do | p*2r is ¢, so
to prove that g = 1 it suffices to prove that ¢ > **{/pk2—Fk1r or equivalently that

k> (ky — ky) log, p+ log, g

We may therefore choose k = 1+ (k2 — k1) log, p+log, £ |, and the conclusion follows again
from Theorem 3. O

Using the well-known Enestréom—Kakeya Theorem [20], saying that all the roots of a
polynomial f(X) =ap+ a1 X + --- + a, X" with real coefficients satisfying 0 < ag < a3 <
-+ < a, must have absolute values at most 1, one can also prove the following results, in
which we will only consider the case of positive integers a, b.

Corollary 5. Let f € Z[X] be an Enestrom—Kakeya polynomial with f(0) # 0, and let
a, b be two positive integers such that f(a) = p*ir, f(b) = p** with p a prime number
and ki, ks, r integers with ke > k1 > 0 and 0 < r < p. Then f is the product of at most
1+ [(k2 — k1 — 1)logr p] irreducible factors over Q.

Proof. Here, by the Enestrom—Kakeya Theorem all the roots of f must have modulus at
most 1, so M < 1. Since f(a) < f(b) and f has positive coefficients, we must have a < b,
which also shows that a 4+ b > 2, hence condition M < w in Theorem 3 iii) is obviously
satisfied. To prove that gr = 1 with k =1+ [(k2 — k1 —1)logz p], one may argue as in the
proof of Corollary 1, and the conclusion follows by Theorem 3 iii). 0
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Another result for Enestrom—Kakeya polynomials is the following.

Corollary 6. Let f € Z[X] be an Enestrom—Kakeya polynomial with f(0) # 0, and let
a, b be two positive integers such that f(a) = p*t, f(b) = p*2r with p,r prime numbers
with p > 7, and kq, ko integers with ko > ki > 0. Then f is the product of at most
1+ | (ke — k1) log,. p| irreducible factors over Q.

Proof. We argue as before, this time using the fact that ¢ = 1 with k = 1+ (k2—k1) log,. p|,
as in Corollary 3. 0

One may also prove the following analogous results for Littlewood polynomials, that is
for polynomials all of whose coefficients are +1.

Corollary 7. Let f be a Littlewood polynomial, and a, b two nonnegative integers with
a+b >4 such that f(a) = p*ir, f(b) = p*2 with p a prime number and ki, ko, 7 integers
with ke > k1 >0 and 0 < r < p. Then f is the product of at most 1+ | (ke — k1 — 1) loge p|
irreducible factors over Q. ’

Proof. Here we use the fact that all the roots of a Littlewood polynomial have absolute
values less than 2, so M < 2. Indeed, assume to the contrary that f would have a root 6
with || > 2. Then we would obtain

n n—1
0 = Izaﬂ”IZM(ZIaiI-@I”)
i=0 1=0
1 1 1 1 1 1 1 1 <0
o116/ o~ 2 22 an =

a contradiction. Since a +b > 4 and M < 2, condition M < @ in Theorem 3 iii)
is obviously satisfied. Again, one proves as in Corollary 1 that we have ¢ = 1 with
k=14 (ks — k1 —1)loge p], and the conclusion follows by Theorem 3 iii). 0

Corollary 8. Let f be a Littlewood polynomial, and a, b two positive integers with a+b > 4
such that f(a) = p*t, f(b) = p*2r with p,r prime numbers with p > r, and ky, ks integers
with ke > k1 > 0. Then f is the product of at most 1 + | (ko — k1) log,. p| irreducible factors
over Q.

Proof. Here we use the fact that g = 1 with £ = 1+ | (k2 — k1) log, p|, and also the fact
that M < 2. The conclusion follows again by Theorem 3 iii). 0

4 The case of unitary divisors

The aim of this section is to find upper bounds for the sum of the multiplicities of the
irreducible factors by studying the unitary divisors of f(a) and f(b). Instead of ¢x given by
(1.3), we will use here a potentially smaller rational number g}, defined by

¥ = max d2 _ i SO a
%= {dl < [ € DU (@), da GDu(f(b))}. m
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With this notation we have the following results, that are similar to the theorems in the
case of admissible divisors.

Theorem 4. Let f(X) =ap+ a1 X+ +a, X" € Z|X], and assume that for two integers
a,b we have 0 < |f(a)] < |f(b)| and ged(f(a), f'(a)) = ged(f(b), f/(b)) = 1. Let k be a
positive intiger and let gi be given by (4.1). Then f is the product of at most k irreducible
factors over Q in each one of the following three cases:

i) g} > 1 and all the roots of f lie inside the Apollonius circle Ap(a,b, qjt);

ii) g > 1, all the roots of f lie inside the Apollonius circle Ap(a,b, \/(E), and [ has
no rational roots;

ili) ¢j =1 and either b > a and all the roots of f lie in the half-plane x < ‘%H’, ora>b
and all the roots of f lie in the half-plane x > GTH’,

Proof. Using the same notations as in the proof of Theorem 1, we observe that our assump-
tion that ged(f(a), f'(a)) = ged(f(b), f/(b)) = 1 together with the divisibility conditions

P | et £1@) and g (4, 22 a0 1)

%

ged (di,

imply that d; and d} must be unitary divisors of f(a) and f(b), respectively, and this holds
for each ¢ = 1,...,s. The proof continues as in the case of Theorem 1, except that instead
of gs—1 and g we have to use here g¢_; and ¢}, respectively, which are still greater than or
equal to 1, as 1 belongs to both D, (f(a)) and D, (f(b)). 0

One may rephrase Theorem 4 too in a more explicit form, as follows:

Theorem 5. Let f(X) =ap+a1 X +---+a, X" € Z[X], and assume that for two integers
a,b we have 0 < |f(a)| < |f(b)| and ged(f(a), f'(a)) = ged(f(b), f/(b)) = 1. Let k be a
positive integer and let gt be given by (4.1). Then f is the product of at most k irreducible
factors over Q in each one of the following three cases:

w2
i) gy >1 and each root 0 of f satisfies |6 — a((ffl:ﬁ < qy lb—al

(a) O
ii) ¢ > 1, each root 0 of f satisfies |0 — Z‘ff“:lb| < \/a} ‘qb[_all, and f has no rational
k k
r001S;

ili) gj =1 and either b > a and all the roots of f lie in the half-plane x < %H’, ora>b
and all the roots of f lie in the half-plane © > ‘%rb.

Proof. The proof is similar to that of Theorem 2, with ¢ instead of g. 0

We mention here that considerations as in Remark 1 apply in this case too, with g}
instead of q.

Theorem 6. Let f(X) =ag+a1 X + -+ a, X™ be a polynomial with integer coefficients,
M the mazimum of the absolute values of its roots, and assume that for two integers a,b we
have 0 < |f(a)| < |f(b)] and ged(f(a), f'(a)) = ged(f(b), f'(b)) = 1. Let also ¢} be given
by relation (4.1). Then f is the product of at most k irreducible factors over Q in each one
of the following three cases:
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i) 16 > gitlal + (1 +q)M;
ii) [b] > \/q}lal + (1 + \/qi)M and f has no rational roots;
i) g =1, a> < b% and M < 1<F2

Proof. One argues as in the proof of Theorem 3, with ¢ instead of g. 0

In particular, we obtain the following result.

Corollary 9. Let f(X) =ap+ a1 X + -+ a, X" € Z[X]| and a, b two integers such that
a® < b and |a,| > Y00 ai| (152 Assume that | f(a)] = p*, [f(b)] = p*2rd with
p,r distinct prime numbers and k1, ky positive integers such r7 > pF17%2 Assume also that
pt f(a)f'(b) and r 1 f(b). Then [ is the product of at most k irreducible factors over Q
in each one of the following cases:
D) k1 < ko, 7 <pM,rl <pPTRand k=14 [ %2R log, p);
11) kl < k27 TJ> pkla rj < pk2—kl7'and k=1 + L]Eiiii%fp 2
iii) k1 = ko, 77 > p?*1 and k = L7 log, ]
i) B =k, p? > 00 > ph and k=14 | SRR
V) ki = ko, 77 <p*, and k =1 (f is irreducible);
vi) ky > ko, 77 < p*, and k =1 (f is irreducible);
vii) ky > ko, 17 > pMtRe and =1+ Ljilogzz_klj;
viil) k1 > ko, pft < 1rd < pFrtRe and k =1+ Lj‘fiioligfp ’
. a+b
Proof. As in the proof of Corollary 1 we have Md< % Note that D, (f(a)) = {1,p*1}
_ ks g pkapd : :
and Dy (f(b)) = {1,p",r7,p"2r7}, so any quotient 3 with di € Dy (f(a)) and ds € Dy (f(b))
belongs to the set

1 ool . .
S = {17pkl7pk27pk2_k17rjapkl7pk2TJ7pk2_klrj} .

In each case i in the statement denote by s; the least element of S that exceeds 1. One
may check that s; = r7, s5 = p%, S3 :pkl, Sq4 = p%, s5 =1, sg :p’”_klrj, s7 :p’€2 and
sg = pTTJI. The values of k in the statement are then obtained by imposing the conditions

s > %, that is s¥T1 > pk2=F177 thus forcing g to be equal to 1 in each one of the
eight cases. The conclusion follows from Theorem 6. 0

5 The case of multivariate polynomials

In this section we will prove some similar results for bivariate polynomials f(X,Y") over an
arbitrary field K. Generalizations for polynomials f(Xi,...,X,) in r > 3 variables may
be then obtained from the results in the bivariate case, by writing Y for X,., X for X, 1,
and by replacing K with K(X1,...,X,—2). We will recall the definition used in [5] for the
admissible divisors in the bivariate case.
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Definition 2. Let K be a field, f(X,Y) € K[X,Y] and a(X) € K[X] such that f(X,a(X)) #
0. We say that a polynomial D(X) € KI[X] is an admissible divisor of f(X,a(X)) if
D(X) | f(X,a(X)) and

wea (D00, LD fyea (sx.a0), S0k a0 6.1

The set of admissible divisors of f(X,a(X)) will be denoted by Duq(f(X,a(X)), and for
f(X,Y) and a(X) as above we will denote

D X,a0) = { € KIX]: 001X, a00). e (a0, L) 1
and call it the set of unitary divisors of f(X,a(X)). Notice that in the particular case that
ged(f (X, a(X)), g—){(X,a(X))) =1, Doa(f(X,a(X)) reduces to Dy (f(X,a(X))).

With this definition, we have the following result, from which one may recover Theorem
5 in [5] by taking k = 1.

Theorem 7. Let K be a field, f(X,Y) = ap(X)+a1(X)Y +---+a,(X)Y" € K[X,Y], with
ag,...,an € K[X], agan, # 0, and k a positive integer. Assume that for two polynomials
a(X),b(X) € K[X] we have f(X,a(X))f(X,b(X)) #0 and Ay, := k%i-l - (deg f(X,b(X)) —
deg f(X,a(X))) >0, and let

qr = max{degds — degdy < Ay :dy € Dua(f(X,a(X))),ds € Daa(f(X,b(X)))}.

If deg b(X) > max{deg a(X),O<m<ax . %} + qx, then f(X,Y) is the product of at

most k irreducible factors over K(X).

Proof. Note that once we fix the polynomials a(X) and b(X) as in the statement of the
theorem, q; is a decreasing function on k. Moreover, since Ay > 0 and 1 is obviously
an admissible divisor of both f(X,a(X)) and f(X,b(X)), a possible candidate for gy is
0 =degl—degl, so g > 0 for each k. Assume towards a contradiction that one may write
f as a product of s > k+1 factors f1,..., fs € K[X,Y] that are irreducible over K(X). In
particular, we have

Gk > qs-1- (5.2)
Let us fix an index i € {1,..., s} and denote
gi(X,Y) =[] (X, Y).
i
We may therefore write f = f; - g; for each i = 1,...,s. Next, since
f(X,a(X)) = filX,a(X))gi(X, a(X)) #0

and

a0 = T a(0)(X,a(0) + 10X, a(00) T (X, 0(X)),

I = 2 b)) B0) + K60 2 (),
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we see that f;(X,a(X)) is a divisor d;(X) of f(X,a(X)), and f;(X,b(X)) is a divisor d}(X)
of f(X,b(X)) that must also satisfy the divisibility conditions

P ) 1w (#0600, LY a(x) ) and

1Y
f(X,b(X)) of

wed (400, L5EE0) 1 e (00000, Ghxa0n).

Therefore d;(X) and d}(X) are admissible divisors of f(X,a(X)) and f(X,b(X)), respec-
tively, and this holds for each i = 1,...,s. Observe now that
di(X) d(X) _ f(Xb(X))

d(X)  do(X)  f(X,a(X)) (5.3)

ged (cli(X)7

At this point we will introduce as in [5] a nonarchimedean absolute value |- | on K(X), as
follows. We choose an arbitrary real number p > 1, and for any polynomial A(X) € K[X
we define |A(X)| by

A(X)] = s A,

Then we extend the absolute value |- | to K(X) by multiplicativity, that is, for any polyno-
mials A(X), B(X) € K[X] with B(X) # 0, we let ‘% = Al We note here that for

—1BX)
any non-zero element A(X) of K[X] one has |A| > 1. Finally, let K(X) be a fixed algebraic
closure of K(X), and let us fix an extension of our absolute value | -| to K(X), which we

will also denote by |- |.
Applying now our absolute value to relation (5.3), we deduce that one of the quotients

}315;8} ey Iggg:, say :jig;}, must be less than or equal to {/ % In particular,

we must have deg f1(X,b(X)) — deg f1(X,a(X)) < %(deg FX,b(X)) —deg f(X,a(X))), so

deg f1(X, b(X)) - deg f1(X, a(X)) < g,_1, or equivalently,
|f1(X?b(X))| Spqs,l.
|f1(X, a(X))]

Let us assume that f as a polynomial in Y with coefficients in K[X] factorizes as

f(va) = an(X)(Y_fl)(Y _fn)

for some &1, ...,&, € K(X). Next, we will prove that

(5.4)

deg a; —deg an

Iylax s
max{[&],. .., [§n|} < p osism . (5.5)
To this end, let § := [ Jnax %, and let us assume to the contrary that f has a
<i<n-—

root & with |€] > p°. Since & # 0 and our absolute value also satisfies the triangle inequality,
we successively deduce that

n—1

n
0= gaigi*n > an| — z%aigi*“ > \an\—ogr?gaig_l|ai|-|§|i*”
1= =
_ 1 (i=n)s
> an| = max Jai - p"7",
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50 |ay| < o Jnax lai| - p=™9 or equivalently

i<n—1
dega, < OSI?Saz(_l{deg a; + (i —n)o}. (5.6)
Let us choose now an index k € {0,...,n — 1} for which the maximum in (5.6) is attained.

In particular, we have dega,, < degay + (k — n)d, which leads us to

dega; — dega
>§= max 8%~ C8An
n—=k 0<i<n—1 n—1

degay — degan,

a contradiction. Therefore inequality (5.5) must hold, so |&| < p? fori=1,...,n.
Assume now without loss of generality that f1(X,Y) = b, (Y —&;1)--- (Y —=&,,,) for some
m > 1 and some divisor b, of a,. Notice that we may write

AXBX)) (X)) =& b(X) —ém

AXa(X))  aX)-&  a(X) &’

so by (5.4) we see that for at least one index j € {1,...,m} we must have
b(X) —&] _ 2
o) &1 e (5.7)
|a(X) - &l

On the other hand, our absolute value also satisfies the triangle inequality, so

P —&| o BOOL=[&] o BOOI=p° ) —
e = &1 = 1)+ 16| ~ Ja(O)[+ g7~ pleae) 4 g

All that remains now is to prove that for a sufficiently large p we have

degb(X) _ 0 s

P > pqS—l 2 ,OT,

pdeg a(X) + p5

which will contradict (5.7). Here the right-most inequality p%-1 > pqu_1 obviously holds for
an arbitrary p > 1 since gs—1 > 0 and m = degy f1 > 1. The first inequality is equivalent

to
pdegb(X) > pqsfl—i-dega(X) _'_pqs,l—&-é _’_p5’

which will obviously hold for a sufficiently large p, since by our assumption on the magnitude
of deg b(X) we have degb(X) > max{qy +dega(X), q; + 9,0}, and g, > ¢s—1, according to
(5.2). Therefore one may write f as a product of at most k irreducible factors over K (X),
and this completes the proof of the theorem. 0

In particular, for a(X) = 0 and b(X) denoted by g(X), we obtain from Theorem 7 the
following result:

Corollary 10. Let K be a field, f(X,Y) =ao(X) +a1(X)Y +--- 4+ a,(X)Y" € K[X,Y],
with ag,ay,...,a, € K[X], apan #0, ag € K and

dega,—1 > dega, > max{degag,degas,...,dega, 2}

If f(X,9(X)) = h(X)* for g,h € K[X] with degg > dega,_1 — degay, h irreducible and k
a positive integer, then f(X,Y) is the product of at most k irreducible factors over K(X).
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Proof.  We apply Theorem 7 with a(X) = 0 and b(X) = g(X). Since f(X,a(X)) =ag €
K\ {0} we have deg f(X,a(X)) = 0, and since f(X,b(X)) = h(X)* with h irreducible over
K and k > 1, we have deg f(X,b(X)) = kdegh > 1. Therefore A, = k%ﬂ(degf(X,b(X))—

deg f(X,a(X))) = kiﬂ deg h > 0. Our assumption that

deg a,—1 > dega, > max{degag,degay,...,dega,_2}

shows that condition degb(X) > max{dega(X), max de&ei—degan} L , reduces in this

0<i<n—1 n-t
case to degb(X) > dega,—1 — dega, + gx. It remains to prove that g = 0. To prove this,
we notice that any divisor dy of f(X,b(X)) = h(X)¥ is a power of h, as h is irreducible,
while any divisor d; of f(X,a(X)) is a constant, as ay € K. Thus, the least positive
value of degds — degd; with dy | f(X,b(X)) and dy | f(X,a(X)) is degh, and since

A = kiﬂ deg h < deg h, we conclude that ¢ = 0, which completes the proof. 0

We end this section with a result that requires knowing only the unitary divisors of
f(X,a(X)) and f(X,b(X)), provided f(X,a(X)) and g—{i(X,a(X)) are relatively prime,
and f(X,b(X)) and %(X, b(X)) are also relatively prime.

Theorem 8. Let K be a field, f(X,Y) = ag(X)+a1(X)Y+---+a,(X)Y" € K[X,Y], with
ag,...,an € K[X], aga, # 0, and k a positive integer. Assume that for two polynomials
a(X),b(X) € K[X] we have f(X,a(X))f(X,b(X)) #0 and Ay := k%H - (deg f(X,b(X)) —
deg f(X,a(X))) >0, and let

gy = max{degds —degdy < Ay :d; € D, (f(X,a(X))),d2 € D, (f(X,b(X)))}.
If ged(f (X, a(X)), H(X, a(X))) = 1, ged(f(X,b(X)), 5£(X,b(X))) =1 and

dega; — degay, u
deg b(X) > max {deg a(X), o ax n—z} + @,

then f(X,Y) is the product of at most k irreducible factors over K(X).

Proof. Here, with the same notations as in the proof of Theorem 7, we see that d;(X) must
belong to D, (f(X,a(X))), while d;(X) must belong to D,(f(X,b(X))). We notice here
that we will still have g}t > 0, since 1 belongs to both D, (f(X,a(X))) and D, (f(X,b(X))).
The rest of the proof is similar to that of Theorem 7, and will be omitted. 0

6 Examples

1) To show that in some cases our results are sharp, we will first consider the following
example. Let p > 7 be a prime number, and let f(X) =p(p — 1)X> + X2+ (p —2)X + 1.
We will apply Corollary 2 by observing that f(1) = p? a9 = 1,80 k = 2 and 1 + [(k —
1) logﬁ p| = 2. The condition |ay| > 2|an—1| + 2%|an—2| + - - + 2"|ag| reduces in our case
to the inequality p(p — 1) > 2 +4(p — 2) + 8, that is to p? > 5p + 2, which holds for primes
p > 7. We may thus conclude that f is the product of at most two irreducible factors over
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Q. On the other hand, we notice that f may be written as (pX2 — X +1)((p — 1)X + 1),
so it has two irreducible factors.

2) For another simple example where our results provide sharp estimates, this time with
g2 > 1, consider the polynomial f(X) = 35X*+12X? +1, and let us pretend that we don’t
know how to factor it. One may check that f has no rational roots. Without computing
the roots of f, we are going to test the conditions in Theorem 2 ii) with a = 1 and b = 2.
We have f(1) = 2*-3 and f(2) = 3-7-29, and one may deduce that go = 23 = 1.8125.

Instead of asking all the roots 6 of f to satisfy condition |0 — 22=| < /g5 Ibial , it suffices to
g2—1 q2

1

check that they satisfy |0] < \/qjlqbg—_al‘ - % ~ 1.4262. Since 35 > 12 + 1, we deduce by

Rouché’ s Theorem that all the roots of f have absolute values less than 1, and we conclude
by Theorem 2 ii) that f is the product of at most two irreducible factors over Q.

3) Let us fix any arbitrarily chosen integers aq,...,a,—1 and k > 0. Then for all but
finitely many prime numbers p the polynomial

fX) =2 +a1 X+ +a, 1 X"+ "2 —ay - —a, )X

is the product of at most two irreducible factors over Q.

To prove this, observe that f(0) = 2p* and f(1) = p**2, so we may apply Corollary 1
witha =0,b=1, ki =k, kp = k+2,r=2, and 1+ [(k2 — k1 — 1)loge p| = 2, since
1< 10g§ p < 2 for p > 5. It remains to prove that the leading coefficient of f satisfies the

inequality
n—1

|pk+2 _ 2pk —ay — - — an—1| > 2n+1pk + ZQn_i‘aiL
i=1
and this obviously holds for sufficiently large prime numbers p.
For an example where an explicit lower bound for p can be easily obtained, one can
take |a1| = -+ = |ap—1] = 1 and k& > 2 to conclude that f is the product of at most two

irreducible factors over QQ for all primes p > 2" +1. Indeed, since |a,| > pFt2 —2pF —n+1
and Z?;OI 2"~ g;| = 2" — 24 271 pk it suffices to ask p to satisfy p? > 2+2"F! + 2”';7?_3,
which will obviously hold for p > 23" + 1.

4) Let p be a prime number and consider the polynomial f(X,Y) € Z[X,Y] given by

(X + 1Y+ (2p—2)(pX* + X)Y? + [(p— 1)°X* + 2pX +2]Y? + (2p — 2) XY + 1.

Notice that f is written as a polynomial in Y with coefficients in Z[X], namely f =
Z?:o a;(X)Y'® with a;(X) € Z[X], and we have degas = degas = degas = 2, dega; = 1,
and degag = 0, so condition

degan,_1 > dega, > max{degag,degay,...,dega,_2}
in Corollary 10 is satisfied. On the other hand, we observe that
X, X) = p’XS 4+ 2p°X° +p? X4 +2pX3 + 2pX2% 4+ 1
(PX?® +pX* +1),

which is the square of an Fisensteinian polynomial with respect to the prime p. We may thus
apply Corollary 10 with g(X) = X, which satisfies the condition deg g > deg a,,—1 — deg ay,,
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and with h(X) = pX?3 + pX? + 1, which is irreducible over Q. We conclude that f is the
product of at most two irreducible factors over Q(X). Indeed, one may check that in fact
we have f(X,Y) = ((pX +1)Y?+ (p— )XY +1)?,s0 (pX + 1)Y2 + (p — 1) XY + 1 must
be irreducible over Q(X), which may also be tested directly, or again by Corollary 10.
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