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Abstract

Let R = ⊕n∈N0Rn be a standard graded ring, M be a finitely generated graded R-
module and R+ := ⊕n∈NRn denotes the irrelevant ideal of R. In this paper, considering
the new concept of linkage of ideals over a module, we study the graded components
Hi

a(M)n when a is an h-linked ideal over M . More precisely, we show that Hi
a(M) is

tame in each of the following cases:

(i) i = f
R+
a (M), the first integer i for which R+ ⊈

√
0 : Hi

a(M);

(ii) i = cd(R+,M), the last integer i for which Hi
R+

(M) ̸= 0, and a = b+R+ where
b is an h-linked ideal with R+ over M .

Also, among other things, we describe the components Hi
a(M)n where a is radically

h-M -licci with respect to R+ of length 2.

Key Words: Graded local cohomology modules, linkage of ideals, finiteness
dimension, cohomological dimension, relative Cohen-Macaulay.
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1 Introduction

Throughout the paper, R =
⊕

n∈N0
Rn is a standard graded Noetherian ring, i.e. R0 is

a commutative Noetherian ring and R is generated, as an R0-algebra, by finitely many
elements of degree one, R+ =

⊕
n∈N Rn is the irrelevant ideal of R and a and b are homo-

geneous ideals of R. Also, M denotes a finitely generated graded R-module.

For i ∈ N0, the set of non-negative integers, and n ∈ Z, the set of integers, let Hi
a(M)n

denotes the n-th component of graded local cohomology module Hi
a(M) of M with respect

to a (our terminology on local cohomology comes from [3]). It is well-known that Hi
R+

(M)n
is a finitely generated R0-module for all n ∈ Z and Hi

R+
(M)n = 0 for all n ≫ 0 ([3, 16.1.5]).

The asymptotic behavior of the components Hi
R+

(M)n when n → −∞ has been studied by

many authors, too. See for example [1], [2], [5] and [12]. But, we know not much about the
graded components Hi

a(M)n where a is an arbitrary homogeneous ideal of R. Although,
there are some studies in this topic, see for example [4], [10] and [16].

In a recent paper ([9]), the authors introduce the concept of linkage of ideals over a
module, which is a generalization of its classical concept introduced by Peskine and Szpiro
([15]).
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Let c and d be ideals of the commutative Noetherian ring A with 1 ̸= 0 and N be
a finitely generated A-module. Assume that cN ̸= N ̸= dN and I ⊆ c ∩ d is an ideal
generated by an N -regular sequence. Then the ideals c and d are said to be linked by I
over N , denoted by c ∼(I;N) d, if cN = IN :N d and dN = IN :N c. In [7] and [8], the
authors studied some cohomological properties of linked ideals.

In this paper, we consider the above concept in the graded case. More precisely, the
homogeneous ideals a and b are said to be homogeneously linked (or h-linked) by I over

M , denoted by a
h∼(I;M) b, if I is generated by a homogeneous M -regular sequence and a

and b are linked by I over M . We consider homogeneously linked ideals and study some of
their cohomological properties.

This paper is divided into three sections. In Section 2, we study some basic properties of

homogeneously linked ideals. We Show by examples that if a
h∼(I;M) b, this doesn’t imply

that a ∩ R0 ∼(I∩R0;Mn) b ∩ R0 for all n ∈ Z and vice versa. Although, in some cases it
does. Due to the importance of irrelevant ideal in a standard graded ring, it is natural to
ask whether a homogeneous ideal could be h-linked with R+. In Section 2, we answer this
question in some cases, too.

Section 3, which is the main part of the paper, is devoted to study the graded components
of local cohomology modules Hi

a(M)n where a is an h-linked ideal over M . Let N =⊕
n∈Z Nn be a graded R-module, end(N) is defined to be the last integer n for whichNn ̸= 0.

In [10], it is shown that end(Hi
a(M)) < ∞ for all i ∈ N0 and all homogeneous ideal a ⊇ R+.

In Theorem 3.9, we show that if a is an h-linked ideal with R+ over M , then end(Hi
a(M)) <

∞ for any i ̸= grade(a,M) and that end(H
grade(a,M)
a (M)) < ∞ or H

grade(a,M)
a (M)n ̸= 0 for

all n ≫ 0 where, grade(a,M) denotes the length of a maximal M -regular sequence in a.

f
R+
a (M) is defined to be the first integer i for which R+ ⊈

√
0 : Hi

a(M). This invariant
was studied in [12] as well in [3, §9]. Also, following [1], a graded R-module N =

⊕
n∈Z Nn

is said to be tame if {n ∈ Z|Nn = 0 and Nn+1 ̸= 0} is a finite set. Tameness of local
cohomology modules is one of the most fundamental concepts concerning these modules
and attracts lots of interests, see for example [1], [2], [4], [5] and [18]. In [5, 2.2], the

authors show that H
f
R+
a (M)

a (M) is tame whenever a ⊇ R+. In Theorem 3.13, we prove it
without any restriction on a. Also, in Theorem 3.14, it is shown that if (R0,m0) is local,

then H
cd(R+,M)
a+R+

(M) is tame in the case where a is an h-linked ideal with respect to R+ over

M . Here, cd(R+,M) is the cohomological dimension of M with respect to R+, that is the
last integer i for which Hi

R+
(M) ̸= 0.

Throughout the paper we keep the notations introduced in the introduction.

2 Homogenously linked ideals over a module

We start by the basic concept of the paper.

Definition 2.1. Assume that aM ̸= M ̸= bM and I ⊆ a ∩ b be an ideal generated by a
homogeneous M -regular sequence. Then we say that the ideals a and b are homogeneously
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linked (or h-linked) by I over M , denoted a
h∼(I;M) b, if bM = IM :M a and aM =

IM :M b. The ideals a and b are said to be geometrically h-linked by I over M if, in
addition, aM ∩ bM = IM . Also, we say that the ideal a is h-linked over M if there

exist homogeneous ideals b and I of R such that a
h∼(I;M) b. a is h-M -selflinked by I if

a
h∼(I;M) a.

Remark 2.2. Note that, this definition is a special case of linkage of ideals over a module,
studied in [9]. Moreover, if a and b are h-linked by I over M and grade(a,M) = t then the
following statements hold.

(i) If aM ∩ bM ̸= IM , then IM :M (a + b) ̸= IM . So, (a + b) ⊆ Z(M/IM), the set of
zero divisors of M/IM , that results grade(a+ b,M) = t.

(ii) If aM∩bM = IM (i.e. a and b are geometrically h-linked), then, by [7, 2.9], grade(a+
b,M) = t+ 1.

In the next example, we show that there is no bilateral relation between h-linkedness
of ideals a and b by I over M and linkage of a ∩ R0 and b ∩ R0 by I ∩ R0 over homoge-
neous components of M .

Example 2.3. Let (R0,m0) be local with depthR0 > 0, m = m0 + R+ be the homoge-
neous maximal ideal of R and x1, x2, . . . , xs(s ≥ 2) be a homogeneous R-regular sequence in
m. Assume that 1 ≤ l < s such that deg xi = 0 for all 1 ≤ i ≤ l and deg xi ≥ 1 for all
l < i ≤ s.

• Set a := (x1, x2, . . . , xs), I := (x1, . . . , xl, x
2
l+1, . . . , xs), a0 := a ∩R0 = (x1, . . . , xl)R0

and I0 := I ∩R0 = (x1, . . . , xl)R0. So, by [9, 2.2], a is h-R-selflinked by I. But, since
a0 = I0, a0 is not Rn-selflinked by I0, for all n.

• Again, set a := (x1, x2, . . . , xs), I := (x2
1, x2, . . . , xs−1), a0 := a∩R0 = (x1, . . . , xl)R0

and I0 := I ∩ R0 = (x2
1, x2, . . . , xl)R0. Then, grade(a, R) = s ̸= grade(I,R), so, by

[9, 2.6(i)], a is not h-R-selflinked by I. But, a0 is Rn-selflinked by I0 for all n, using
[9, 2.2] and the fact that x2

1, x2, . . . , xl is an Rn-regular sequence for all n.

Remark 2.4. Assume that (R0,m0) is local and a and b are generated by elements of degree

zero. Then, despite the above example, a
h∼(0;M) b if and only if (a ∩R0) ∼(0;Mn) (b ∩R0)

for all n ∈ Z.

In view of the importance of the irrelevant ideal in a standard graded ring, it is natural
to study homogeneous ideals which are h-linked with R+.

IfR = R0[x1, . . . , xn] is a polynomial ring graded in the usual way, then R+ = (x1, . . . , xn)
is h-R-selflinked by (x2

1, x2, . . . , xn), using [9, 2.2]. In the next example, we find some ho-
mogeneous ideals that are h-linked with R+. It will be used in the next section, too.



18 Graded local cohomology modules with respect to the linked ideals

Example 2.5.

1. Let R = R0[x] and x /∈ Z(M), then R+
h∼((r0xt);M) (r0x

t−1) for all non-unit elements
r0 ∈ R0\Z(M) and all t ≥ 1.

2. Let R = R0[x, y] and r1x, r2y be an M -regular sequence where r1, r2 ∈ R0. Then, it

is straight forward to see that R+
h∼((r1xt,r2yt′ );M) (r1x

t, r2y
t′ , r1r2x

t−1yt
′−1) for all

t, t′ ≥ 1.

It’s natural to ask whether a homogeneous ideal which is linked could be an h-linked
ideal? In the following, we answer it in a special case.

Remark 2.6. Let R0 be reduced and R+ be a linked ideal by I over R. As R0 is reduced,
R+ is radical. Also, in view of [3, 16.1.2], there exists an ideal, say I ′, generated by a
homogeneous R-regular sequence of length t in R+, where t := gradeR+ and I ′ ̸= R+.
So, using [9, 2.8], [6, Theorem 1] and [19, 1.4],

AssR/R+ ⊆ AssR/I ∩ V (R+) = AssHomR(R/R+, R/I)

= AssExttR(R/R+, R) = AssR/I ′ ∩ V (R+),

where V (R+) denotes the set of prime ideals of R containing R+. This implies that R+

is an h-linked ideal by I ′, by [8, 2.8].

Definition 2.7. Following [14, 2.1], a sequence x1, x2, . . . , xt of homogeneous elements
of b is said to be a homogeneous b-filter regular sequence on M if xi /∈ p for all p ∈
Ass( M

(x1,...,xi−1)M
)\V (b) and all i = 1, . . . , t.

Assume that a is generated by elements of positive degrees and a ⊆ b. By [10, 1.5], if
Supp( M

aM ) ⊈ V (b), then all maximal homogeneous b-filter regular sequences in a on M
have the same finite length, that is denoted by f-grade(b, a,M). Also f-grade(b, a,M) := ∞
whenever Supp( M

aM ) ⊆ V (b). Note that grade(a,M) ≤ f-grade(b, a,M).

Moreover, Chu and Gu in [4, 2.4] in the case where b = R+, show that if Supp( M
aM ) ⊈ V (R+)

then
f-grade(R+, a,M) = max{i | Hj

a(M)n = 0, for all n ≫ 0 and all j < i}.

In the following proposition, we consider a polynomial ring and see whether a homoge-
neous ideal could be h-linked with R+.

Proposition 2.8. Let (R0,m0) be a regular local ring containing a field of characteristic
zero and R = R0[x1, . . . , xt] be the polynomial ring graded in the usual way, that is deg(xi) =
1 for all i = 1, . . . , t. Then R+ can’t be h-linked with any ideal a ⊋ R+. Moreover, if

a
h∼(I;R) R+ and a ⊈ R+, then a and R+ are geometrically h-linked by I over R.

Proof. Let a
h∼(I;R) R+ and suppose to the contrary that R+ ⊊ a. Since t := grade(R+) ⩽

f − grade(a, R+, R), so Ht
a(R)n is a finitely generated R0-module for all n ∈ Z, by [10,
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1.7]. Thus Ht
a(R) = 0, using [16, 8.1], that is a contradiction, in view of [9, 2.6(i)].

Now, assume that a
h∼(I;R) R+ and a ⊈ R+. By [10, 1.7] and [16, 8.1], Hi

a+R+
(R) = 0 for

all i ≤ f − grade(a + R+, R+, R). So, f − grade(a + R+, R+, R) ⪇ grade(a + R+). Thus
grade(R+) ⪇ grade(a+R+) and, by 2.2(i), a ∩R+ = I.

In the following proposition, we study the set AssR0
(M/aM) where a is an h-linked

ideal over M . It will be used later in the paper, too.

Proposition 2.9. Assume that a and b are geometrically h-linked by I over M and b ⊇ R+.
Then

(i) AssR0
(M/aM) = AssR0

(M/IM)
∩
V (a0);

(ii) AssR0(M/aM)
∩
AssR0(M/bM) = ∅;

(iii) AssR0
(M/bM)

∩
V (a0) = ∅.

The first case also holds if a and b are just h-linked and AssR(M/IM) = minAssR(M/IM)
(e.g. M is a Cohen-Macaulay module).

Proof. (i) By [9, 2.9] and [13, Exercise 6.7], AssR0
(M/aM) = {p∩R0 | p ∈ AssR(M/IM)∩

V (a)} and that AssR0
(M/IM) = {p ∩ R0 | p ∈ AssR(M/IM)}. This implies that

AssR0
(M/aM) ⊆ AssR0

(M/IM)
∩
V (a0).

Now, let p0 ∈ AssR0
(M/IM)

∩
V (a0). Then, there exists p ∈ AssR(M/IM) such that

p ∩ R0 = p0.
√
0 : M + I =

√
0 : M/IM ⊆ p. Thus, by [7, 2.2] and the assumption,√

0 : M + a ∩R+ ⊆ p. So, p ⊇ a and, again by [9, 2.9], p ∈ AssR(M/aM).

(ii) Let p0 ∈ AssR0
(M/bM) then, by [9, 2.9], there exists p ∈ AssR(M/IM)

∩
V (b) such

that p∩R0 = p0 and p /∈ AssR(M/aM). So, p /∈ V (a). On the other hand, p ⊇ b ⊇ R+

thus p0 ⊉ a0 and by (i), p0 /∈ AssR0(M/aM).

(iii) Follows from (i) and (ii).

If we remove the condition b ⊇ R+, then the above proposition does not hold any more,
as the following example shows.

Example 2.10. Let b and R+ be geometrically h-linked by I over R, then AssR0(R/R+) ̸=
AssR0(R/I).

Proof. Since I = b ∩ R+, so b ⊉ R+. Assume that AssR0(R/R+) = AssR0(R/I), then by
2.9(i), AssR0

(R/b) ⊆ AssR0
(R/R+) that is a contradiction, by 2.9(ii).
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3 Graded components of H i
a(M) where a is an h-linked

ideal

In this section, which is the main part of the paper, we study the graded components of
Hi

a(M) where a is h-linked with the irrelevant ideal R+ over M .

For a graded R-module N =
⊕

n∈Z Nn, set

end(N) := sup{n ∈ Z| Nn ̸= 0}.

Note that end(N) could be ∞ and that the supremum of the empty set is to be taken as
−∞.

The following lemma, which consider a case where end(Hi
a(M)) < ∞, will be used later

in the paper, too.

Lemma 3.1. Let t ∈ N0 and assume that end(Hi
a(M)) < ∞ for all i ̸= t. Then for all

n ≫ 0 and all i ∈ N0,

Hi
a+b(M)n ∼=

{
Hi−t

b (Ht
a(M))n, i ≥ t
0 i ⪇ t.

Proof. We have the following convergence of spectral sequences, by [17, 11.38],

(Ei,j
2 )n = Hi

b(H
j
a(M))n

i⇒ Hi+j
a+b(M)n.

Since end(Hj
a(M)) < ∞ for all j ̸= t, Hj

a(M) is R+-torsion for all j ̸= t. So, by [3, 2.1.9],

Hi
b(H

j
a(M)) ∼= Hi

b+R+
(Hj

a(M)) ∼= Hi
b0R(H

j
a(M)) for all j ̸= t and all i ≥ 0,

where b0 := b∩R0. Hence, by [3, 14.1.12] and the assumption, (Ei,j
2 )n = Hi

b0
(Hj

a(M)n) = 0

for all j ̸= t and all n ≫ 0. As a result, Hi
a+b(M)n ∼= (Ei−t,t

2 )n for all i ≥ t and that
Hi

a+b(M)n = 0 for all i ⪇ t, when n ≫ 0.

The following corollary, which is immediate by the above lemma, generalizes [10, 1.1].

Corollary 3.2. Let end(Hi
a(M)) < ∞ for all i ∈ N0. Then for any homogeneous ideal

b ⊇ a, end(Hi
b(M)) < ∞ for all i ∈ N0.

The following lemma will be used several times in the paper.

Lemma 3.3. Let a be linked by I over M . Then SuppHt
a(M) = SuppM/aM , where

t := grade(a,M).

Proof. By [9, 2.8], [6, Theorem 1] and [19, 1.4], AssM/aM ⊆ AssM/IM ∩ V (a) =
AssHomR(R/a,M/IM) = AssExttR(R/a,M) = AssHt

a(M).

On the other hand, SuppHt
a(M) ⊆ SuppM/aM , which proves the claim.
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In the following, we present some equivalent conditions for end(Hi
a(M)) < ∞, where a

is an h-linked ideal over M .

Proposition 3.4. Let a be an h-linked ideal by I over M with grade(a,M) = t. Then the
following statements are equivalent.

(i) end(Hi
a(M)) < ∞ for all i ∈ N0,

(ii) end(Ht
a(M)) < ∞,

(iii) SuppM/aM ⊆ V (R+).

Also, if a
h∼(I;M) b and one of the above equivalent conditions holds, then

Hi
b(M)n ∼=

{
0 i ̸= t

Ht
I(M)n i = t,

for all i and all n ≫ 0.

Proof. ”(ii) ⇒ (iii)” Since end(Ht
a(M)) < ∞, Ht

a(M) is R+-torsion and AssHt
a(M) ⊆

V (R+). So, the result follows from 3.3.
”(iii) ⇒ (i)” Since

√
a+ 0 : M ⊇

√
R+, using [3, 2.1.9], [3, 16.1.5(ii)] and 3.2, the statement

holds.

The last statement follows from [7, 2.2(i)], 3.2 and the following homogeneous Mayer-
Vietoris sequence

. . . −→ Hi
a+b(M) −→ Hi

a(M)⊕Hi
b(M) −→ Hi

I(M) −→ Hi+1
a+b(M) −→ . . . .

Note that if b ⊆ R+ and one of the above conditions holds, then a can not be ge-
ometrically h-linked with b. Otherwise, by 3.4(iii), Hi

a(M) ∼= Hi
a+R+

(M) for all i, so

grade(a,M) = grade(a+ b,M), that is a contradiction by 2.2.

Definition 3.5.

• We say that the ideal I is generated by an M -regular sequence under radical if there
exists an M -regular sequence x = x1, . . . , xt such that

√
I + 0 : M =

√
x+ 0 : M .

• a and b are said to be in an h-M -linkage class of length n if there exist n ∈ N
and homogeneous ideals a1, . . . , an and I1, . . . , In such that a = a0

h∼(I1;M) a1
h∼

. . .
h∼(In;M) an = b. If, in addition, b is generated by a homogeneous M -regular

sequence under radical, then a is called radically h-M -licci with b of length n.

Corollary 3.6. If a
h∼(I;M) b and t := grade(a,M), then the following statements are

equivalent.
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(i) max{end(Ht
a(M)), end(Ht

b(M))} < ∞,

(ii) SuppM/IM ⊆ V (R+).

In particular, if b = R+ and end(Ht
a(M)) < ∞, then a is radically h-M -licci with R+ of

length 1.

Proof. The results follow from [9, 2.6(iii)], 3.4 and the fact that end(Hi
R+

(M)) < ∞ for all
i ∈ N0.

The above corollary shows, if a
h∼(I;M) b, then end(Hi

a(M)) or end(Hi
b(M)) is infinite

for some i ∈ N0 if and only if SuppM/IM ⊈ V (R+).

Proposition 3.7. Assume that a
h∼(I;M) b

h∼(J;M) c and end(Ht
I(M)) < ∞, where t :=

grade(I,M). Then

Hi
c(M)n =

{
0 i ̸= t

Ht
J(M)n i = t,

for all i and all n ≫ 0.

Proof. Since end(Ht
I(M)) < ∞, Ht

I(M) is R+-torsion. So, by [6, Theorem 1], [19, 1.4]
and [9, 2.6], Supp(M/bM) ⊆ V (R+), in other words R+ ⊆

√
b+ 0 : M . Thus Hi

b(M)n ∼=
Hi

b+R+
(M)n = 0 for all i and all n ≫ 0, by 3.2. Also, in view of [7, 2.2], we have the

following homogeneous Mayer-Vietoris sequence

. . . −→ Hi
b+c(M) −→ Hi

b(M)⊕Hi
c(M) −→ Hi

J(M) −→ Hi+1
b+c(M) −→ . . . .

This, in conjunction with 3.2 and [9, 2.6], follows the result.

Using 3.7, we can describe the components Hi
a(M)n where a is radically h-M -licci with

R+ of length 2, as follows:

Corollary 3.8. If a is radically h-M -licci with R+ of length 2, i.e. a
h∼(I;M) b

h∼(J;M) R+

and
√
R+ + 0 : M =

√
J + 0 : M , then

Hi
a(M)n =

{
0 i ̸= t

Ht
I(M)n i = t,

for all i and all n ≫ 0 where t := grade(I,M).

Proof. By hypothesis Ht
J(M) ∼= Ht

R+
(M). So, using [3, 16.1.5] and 3.7, the statement

holds.
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M is called relative Cohen-Macaulay with respect to a of degree n if Hi
a(M) = 0 for all

i ̸= n.

Theorem 3.9. If a
h∼(I;M) R+ and t := grade(R+,M), then end(Hi

a(M)) < ∞ for all
i ̸= t and end(Ht

a(M)) < ∞ or Ht
a(M)n ̸= 0 for all n ≫ 0.

In a special case, Ht
a(M)n is a finitely generated R0-module for all n ∈ Z.

Proof. The case i ̸= t follows from 3.4 and [3, 16.1.5(ii)]. Also, we have Ht
a(M)n ∼= Ht

I(M)n
for all n ≫ 0. We consider two cases:

case 1: Let Supp(M/IM) ⊈ V (R+). By 3.6 and [3, 16.1.5(ii)], end(Ht
a(M)) = ∞. Now, we

prove, by induction on t, that Ht
a(M)n ̸= 0 for all n ≫ 0.

If t = 0, then Γa(M)n = Γ0(M)n = Mn for all n ≫ 0. On the other hand, by [11,
Theorem 1], R1Mn = Mn+1 for all n ≫ 0, thus Γa(M)n ̸= 0 for all n ≫ 0.
Let t > 0 and assume, inductively, that the claim holds for t−1. Let I = (x1, x2, . . . , xt)
and deg(x1) = l. Now, the homogeneous exact sequence

0 −→ M
.x1−→ M(l) −→ (M/x1M)(l) −→ 0

and [9, 2.6(i)] yield the following exact sequence of R0-modules for all n ∈ Z,

0 −→ Ht−1
a (M/x1M)n+l −→ Ht

a(M)n
.x1−→ Ht

a(M)n+l −→ . . . .

Since x1 ∈ I, a/(x1)
h∼(I/(x1);M/x1M) R+/(x1) and, by the inductive hypothesis,

Ht−1
a

(x1)
(M/x1M)n ̸= 0 for all n ≫ 0. Hence, Ht

a(M)n ̸= 0 for all n ≫ 0.

case 2: Now, assume that Supp(M/IM) ⊆ V (R+). Then
√
0 : M + I =

√
0 : M +R+ and

Hi
I(M) ∼= Hi

R+
(M) for all i. So, by [3, 16.1.5], we have

1. end(Ht
I(M)) < ∞,

2. Ht
I(M)n is a finitely generated R0-module for all n,

3. M is relative Cohen-Macaulay with respect to R+ of degree t.

Therefore, in view of 3.4, end(Ht
a(M)) < ∞. Also, using [14, 3.4], there are homoge-

neous isomorphisms

Hi
a(M) ∼= Hi−t

a (Ht
I(M)) ∼= Hi−t

a+R+
(Ht

I(M)) ∼= Hi
a+R+

(M) for all i ≥ t. (3.1)

Using [9, 2.6], t ≤ f-grade(a0 + R+, R+,M). Therefore, Ht
a0+R+

(M)n is a finitely

generated R0-module for all n ∈ Z, by [10, 1.7]. As a result, by (3.1), Ht
a(M)n is a

finitely generated R0-module for all n ∈ Z.
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As wee have seen in the proof of 3.9, if R+ is h-linked by I over M and Supp(M/IM) ⊆
V (R+) then M is relative Cohen-Macaulay with respect to R+. However, the converse
does not hold any more, as the following example shows. Although, it does in some special
cases, see Proposition 3.11.

Example 3.10. Assume that (R0,m0) is a domain and dimR0 = 2. Set R = R0[x]. So,
there exists a non zero prime ideal p0 of R0 such that p0 ⊊ m0. By 2.5, for any 0 ̸= r0 ∈ p0,

(r0)
h∼((r0x);R) (x) and Supp(R/(r0x)) = V (r0)

∪
V (x) ⊈ V (x), while R is relative Cohen-

Macaulay with respect to (x) of degree 1.

The following proposition considers a case where the irrelevant ideal can be generated
by an M -regular sequence under radical.

Proposition 3.11. Let (R0,m0) be local and M be relative Cohen-Macaulay with respect to
R+ of degree t. Then there exists a maximal homogeneous M -regular sequence I in R+ such
that Supp(M/IM) ⊆ V (R+). In other words, R+ can be generated by a homogeneous M -
regular sequence under radical.

Proof. Assume that t = 0. By [1, 2.3], dimM/m0M = 0. Therefore, M/m0M is Artinian
and end(M/m0M) < ∞, using [11, Theorem 1]. Hence, by Nakayama Lemma, end(M) <
∞. This implies that M is R+-torsion and that SuppM ⊆ V (R+).
Now, let t > 0 and assume inductively that the statement holds for t − 1. As t > 0,
R+ ⊈ (

∪
p∈MinAss(M/m0M) p) ∪ Z(M), where Z(M) denotes the set of zero divisors on M .

So, by [3, 16.1.2], there exists a homogeneous element

x ∈ R+\(
∪

p∈MinAss(M/m0M)

p) ∪ Z(M).

Therefore, dim M/xM
m0(M/xM) = t − 1 = grade(R+,M/xM). In other words, using [1, 2.3],

M/xM is relative Cohen-Macaulay with respect to R+ of degree t−1 and, by the induction
hypothesis, there is a maximal homogeneous M/xM -regular sequence I ′ in R+ such that

Supp M
(I′+<x>)M = Supp M/xM

I′(M/xM) ⊆ V (R+). Now, the result follows by induction.

Definition and Remark 3.12.

(i) Let N =
⊕

n∈Z Nn be a graded R-module. Then following [12],

• N is called finitely graded if Nn = 0 for all but finitely many n ∈ Z;
• ga(N) := sup{k ∈ N0|Hi

a(N) is finitely graded for all i < k};
• f

R+
a (N) := sup{k ∈ N0|R+ ⊆

√
0 : Hi

a(N) for all i < k};
• N is called tame, if the set {n ∈ Z|Nn = 0, Nn+1 ̸= 0} is finite.

Note that, by [12, 2.3], if N is finitely generated, then ga(N) = f
R+
a (N).

(ii) Let a
h∼(I;M) R+ and SuppM/IM ⊈ V (R+), then using [9, 2.6(i)], 3.9 and (i), we

have f
R+
a (M) = grade(R+,M).
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In [5, 2.2], the authors studied tameness of H
f
R+
a (M)

a (M) under the assumption that
a ⊇ R+. In the following Theorem, we consider this problem without any restriction on a.
Although, the proof is a modification of [5, 2.2], we bring it here for the reader’s convenience.
It will be used later in the paper, too.

Theorem 3.13. Let (R0,m0) be local and f
R+
a (M) < ∞. Then H

f
R+
a (M)

a (M) is tame.

Proof. Let y be an indeterminate. Set R′
0 = R0[y]m0[y], R′ = R

⊗
R0

R′
0 and M ′ =

M
⊗

R0
R′

0. R′
0 is a faithfully flat R0-algebra so, by [3, 16.2.2(iv)], Hi

a(M)n
⊗

R0
R′

0
∼=

Hi
aR′(M ′)n for all i ∈ N0 and all n ∈ Z. This results fR+

a (M) = f
R′

+

aR′(M). Thus, replacing
R by R′, we can assume that R0/m0 is an infinite filed. Now, we prove the assertion by

induction on f := f
R+
a (M).

Let f = 0. By [11, Theorem 1], Γa(M)n = 0 for all n ≪ 0 and R1Γa(M)n = Γa(M)n+1 for
all n ≫ 0 that makes Γa(M)n ̸= 0 for all n ≫ 0. Now, assume that f ≥ 1 and the result
has been proved for f − 1.
ΓR+

(M) is a finitely graded R-module so, using [12, 2.2], Hi
a(ΓR+

(M)) is finitely graded for
all i ∈ N0. Hence, the exact sequence

. . . −→ Hi
a(ΓR+

(M))n −→ Hi
a(M)n −→ Hi

a(M/ΓR+
(M))n −→ Hi+1

a (ΓR+
(M))n −→ . . .

implies that Hi
a(M)n ∼= Hi

a(M/ΓR+(M))n for all i ∈ N0 and all n ∈ Z \X, where X is a
finite set. So, replacing M with M/ΓR+

(M), we can assume that M is R+-torsion free and
that there exists a homogeneous element x ∈ R1 which is a non-zero deviser on M , by [3,
16.1.4(ii)]. Now, consider the homogeneous exact sequence

0 −→ M
x−→ M(1) −→ (M/xM)(1) −→ 0.

It yields the following exact sequence of R0-modules

. . . −→ Hi−1
a (M)n+1 −→ Hi−1

a (M/xM)n+1 −→ Hi
a(M)n

x−→ Hi
a(M)n+1 −→ . . . .

Therefore, by 3.12, f
R+
a (M/xM) ≥ f

R+
a (M)− 1.

If f
R+
a (M/xM) ⪈ f − 1, by 3.12, 0 −→ Hf

a (M)n
x−→ Hf

a (M)n+1 is exact for all n ≫ 0 and

all n ≪ 0 that shows Hf
a (M) is tame.

Also, if f
R+
a (M/xM) = f − 1, again by 3.12, we have the following exact sequence

0 −→ Hf−1
a (M/xM)n+1 −→ Hf

a (M)n
x−→ Hf

a (M)n+1

for all n ≫ 0 and all n ≪ 0. But, by induction, Hf−1
a (M/xM) is tame, which requires

Hf
a (M) is tame.

Regards t := grade(a,M) ≤ f
R+
a (M) and 3.12, Ht

a(M) is tame.
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Let N be an R-module. The cohomological dimension of N with respect to a is defined
to be

cd(a, N) := sup{i ∈ Z|Hi
a(N) ̸= 0}.

The following Theorem considers tameness of H
cd(R+,M)
a+R+

(M) with some restrictions on
M or linkedness of a with R+.

Theorem 3.14. Let (R0,m0) be local and cd(R+,M) ̸= 0. Then f
R+

a+R+
(M) < ∞ and

H
cd(R+,M)
a+R+

(M) is tame in each of the following cases:

(i) M is relative Cohen-Macaulay with respect to R+;

(ii) a
h∼(I;M) R+.

Proof. (i) Let t := cd(R+,M) = grade(R+,M). Since Hi
R+

(M)n is a finitely gener-

ated R0-module for all i and all n ([3, 16.1.5]), by [18, 2.6], a0H
t
R+

(M)n ̸= Ht
R+

(M)n
for all n ≪ 0, where a0 := a ∩R0. Therefore, using [3, 6.2.7],

for all n ≪ 0 there exists kn ∈ N0 such that Hkn
a0

(Ht
R+

(M)n) ̸= 0. (3.2)

Now, considering the following Grothendieck’s spectral sequence ([17, 11.38])

Ei,j
2 = Hi

a(H
j
R+

(M))
i⇒ Hi+j

a+R+
(M),

we have Ei,j
2 = 0 for all i and all j ̸= t. This implies that

Hi
a(H

t
R+

(M)) ∼= Hi+t
a+R+

(M) for all i ∈ N0. (3.3)

On the other hand, by [3, 14.1.12] and the fact that Ht
R+

(M) is R+-torsion, we have

Hi
a(H

t
R+

(M))n ∼= Hi
a0+R+

(Ht
R+

(M))n ∼= Hi
a0R(H

t
R+

(M))n ∼= Hi
a0
(Ht

R+
(M)n) (3.4)

for all i and all n. So, if f
R+

a+R+
(M) = ∞, then by (3.4), (3.3) and 3.12,

Hi
a0
(Ht

R+
(M)n) ∼= Hi+t

a+R+
(M)n = 0

for all i and all n ≪ 0 that is a contradiction with (3.2). Therefore, f
R+

a+R+
(M) < ∞.

In addition, t = grade(R+,M) ≤ grade(a + R+,M) ≤ f
R+

a+R+
(M). So, by 3.12 and

3.13, Ht
a+R+

(M) is tame.

(ii) Set t := grade(R+,M). By the homogeneous Mayer-Vietoris sequence and [7, 2.2],
we have the homogeneous exact sequence

. . . → Hi−1
I (M) → Hi

a+R+
(M) → Hi

a(M)⊕Hi
R+

(M) → Hi
I(M) → Hi+1

a+R+
(M) → . . . .
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It yields

Hi
a+R+

(M) ∼= Hi
a(M)⊕Hi

R+
(M) for all i ⪈ t+ 1 (3.5)

and, by [3, 6.2.7], the exact sequence

0 −→ Ht
a+R+

(M) −→ Ht
a(M)⊕Ht

R+
(M) −→ Ht

I(M) −→ Ht+1
a+R+

(M)

−→ Ht+1
a (M)⊕Ht+1

R+
(M) −→ 0.

(3.6)

Therefore, in view of (3.5), (3.6) and [18, 2.6], H
cd(R+,M)
a+R+

(M)n ̸= 0 for all n ≪ 0. So,

by [10, 1.1], H
cd(R+,M)
a+R+

(M) is tame and, using 3.12, f
R+

a+R+
(M) ≤ cd(R+,M) < ∞.

Remark 3.15.

(i) Here is another situation for the finiteness of f
R+
a (M). Assume that a and R+ are

geometrically h-linked over M . Then, by [9, 2.9(iii)], Supp(M/aM) ⊈ V (R+) and
there exists a homogeneous prime ideal p ∈ SuppM ∩ V (a)\V (R+). Hence, p+ a+
R+ = p+R+ = p ∩R0 +R+ ̸= R. Therefore, by [3, 9.3.7],

f
R+

a+R+
(M) ≤ depthMp + ht(a+R+ + p)/p < ∞.

(ii) Assume that b ⊇ a. Then b can be represented as b = a + (b1, . . . , bs) for some
homogeneous elements b1, . . . , bs ∈ R. Using [3, 14.1.11] and induction on s, one

can see that f
R+
a (M) ≤ f

R+

b (M).

The following proposition presents possibilities for f
R+
a (M) and fR+

(M) in the case
where a is h-linked with R+.

Proposition 3.16. Let a
h∼(I;M) R+, then f

R+
a (M), fR+

(M) ∈ {grade(R+,M), f
R+

a+R+
(M)}.

Proof. Set t := grade(R+,M). By [9, 2.6(i)] and [3, 6.2.7], t ≤ f
R+
a (M), fR+(M). Also, by

3.15(ii), f
R+
a (M), fR+

(M) ≤ f
R+

a+R+
(M).

If f
R+

a+R+
(M) ≤ t+ 1, the result follows. So, let f

R+

a+R+
(M) ⪈ t+ 1. By (3.5) and (3.6), for

all i ≥ t+ 1, Hi
a(M) and Hi

R+
(M) are finitely graded if and only if Hi

a+R+
(M) is finitely

graded and this proves the claim.
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