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Abstract

We introduce the notion of associative (BiHom-)Yang-Baxter pair of weight (λ, γ)
which can provide the solution to the double curved Rota-Baxter (BiHom-)system.
Equivalent characterizations of (quasitriangular) covariant BiHom-bialgebra are given.
We also prove that associative BiHom-Yang-Baxter equation of weight −1 can be
obtained by the unitary quasitriangular covariant BiHom-bialgebra. At last, we present
two approaches to construct (BiHom-)pre-Lie modules from Rota-Baxter (BiHom-)
paired modules.
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1 Introduction and preliminaries

The associative Yang-Baxter equation (aYBe) [3] is analogous to the classical Yang-Baxter
equation (cYBe) which is named after C. N. Yang and R. J. Baxter. Rota-Baxter operators
[4], on the other hand, are named after G. Baxter, which is widely used in many fields,
such as pure and applied mathematics, and more recently in mathematical physics. One
can refer to Guo’s book [11] for the detailed theory of Rota-Baxter algebras. The relation
between Rota-Baxter operator on Lie algebra and cYBe is closely. Rota-Baxter operator
of weight 0 can be regarded as an operator form of the cYBe. To study the representation
of Rota-Baxter algebra, Zheng, Guo, Zhang introduced the notion of Rota-Baxter paired
module and investigate the properties.

Recently, in [5], Brzeziński introduced the notions of associative Yang-Baxter pair
(aYBp) and Rota-Baxter system (the curved version was given in [6]), then constructed
a class of bialgebra (named covariant bialgebra) via two derivations, which extends Joni,
Rota’s infinitesimal bialgebra [12], and found that some quasitriangular covariant bialge-
bras give rise to Rota-Baxter systems. In [10], Graziani, Makhlouf, Menini and Panaite
introduced algebras in the group Hom-category, which are called BiHom-associative alge-
bras and involve two commuting multiplicative linear maps. In [17], Liu, Makhlouf, Menini
and Panaite introduced and studied (quasitriangular) Joni, Rota’s infinitesimal BiHom-
bialgebras. In [22], Ma and Makhlouf proposed the notion of nonhomogeneous associative
BiHom-Yang-Baxter equations based on the structure of coboundary λ-infinitesimal BiHom-
bialgebra (the BiHom-version of Ebrahimi-Fard’s weighted infinitesimal bialgebra including
Joni, Rota’s infinitesimal bialgebras [12] and Loday, Ronco’s infinitesimal bialgebras [19])
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which covers Liu, Makhlouf, Menini and Panaite’s version in [17] for the BiHom-type of
cYBe when the weight λ = 0 and Ebrahimi-Fard’s version in [9] for the nonhomogeneous
type of cYBe when the structure maps α = β = ψ = ω = id. More research on BiHom-type
algebras can be found in [7, 8, 13–18,21,23,24,27], etc.

Based on the above research, it is natural to consider that what nonhomogeneous associa-
tive (BiHom-)Yang-Baxter pair is and what is the relationship with other algebraic struc-
tures, such as curved Rota-Baxter (BiHom-)system, curved weak BiHom-pseudotwistor,
covariant BiHom-bialgebra, etc. In this paper, we investigate the relations among them in
the setting of BiHom-case. As the application of Rota-Baxter (BiHom-)system, we provide
two approaches to construct (BiHom-)pre-Lie modules from Rota-Baxter (BiHom-)paired
modules.

The layout of the paper is as follows. In Section 2, we present the notions of nonho-
mogeneous associative (BiHom-)Yang-Baxter pair and double curved Rota-Baxter (BiHom-
)system which can cover the homogeneous (BiHom-)associative Yang-Baxter pair in [5], the
BiHom-Yang-Baxter equation in [17] and (curved) Rota-Baxter system in [5, 6]. The rela-
tions among nonhomogeneous associative (BiHom-)Yang-Baxter pair, double curved Rota-
Baxter (BiHom-)system, double curved weak BiHom-pseudotwistor and BiHom-associative
algebra are discussed (see Theorems 2.5, 2.10 and 2.16). Equivalent characterizations of
(quasitriangular) covariant BiHom-bialgebra are also given (see Theorem 2.23), which can
recover [23, Theorem 3.5] and [5, Proposition 3.10]. And also we prove that the solution to
nonhomogeneous associative BiHom-Yang-Baxter equation (abhYBe) can be provided by
unitary quasitriangular covariant BiHom-bialgebra (Proposition 2.33). As a special case, we
really obtain the BiHom-version of quasitriangular infinitesimal bialgebra by four structure
maps (Proposition 2.26) which is different from the BiHom-version in [17].

Throughout this paper, K will be a field, and all vector spaces, tensor products, and
homomorphisms are over K. Next we recall some useful definitions which will be used later.
Now let us recall some basic notions from [10] in the theory of BiHom-type algebra.

Definition 1.1. A BiHom-associative algebra is a 4-tuple (A,µ, α, β), where A is a
linear space, α, β : A −→ A and µ : A ⊗ A −→ A (write µ(a ⊗ b) = ab) are linear maps
satisfying the following conditions: α ◦ β = β ◦ α and for all a, b, c ∈ A,

α(ab) = α(a)α(b), β(ab) = β(a)β(b), (1.1)

α(a)(bc) = (ab)β(c). (1.2)

A BiHom-associative algebra (A,µ, α, β) is called unitary if there exists an element
1A ∈ A (called a unit) such that

α(1A) = 1A, β(1A) = 1A, a1A = α(a), 1Aa = β(a), ∀a ∈ A. (1.3)

Definition 1.2. A BiHom-coassociative coalgebra is a 4-tuple (C,∆, ψ, ω), in which
C is a linear space, ψ, ω : C −→ C and ∆ : C −→ C ⊗ C are linear maps, such that
ψ ◦ ω = ω ◦ ψ and

(ψ ⊗ ψ) ◦∆ = ∆ ◦ ψ, (ω ⊗ ω) ◦∆ = ∆ ◦ ω, (1.4)

(∆⊗ ψ) ◦∆ = (ω ⊗∆) ◦∆. (1.5)



T. Ma, J. Li 99

A BiHom-coassociative coalgebra (C,∆, ψ, ω) is called counitary if there exists a linear
map ε : C −→ K (called a counit) such that

ε ◦ ψ = ε, ε ◦ ω = ε, (idC ⊗ ε) ◦∆ = ω, (ε⊗ idC) ◦∆ = ψ. (1.6)

Definition 1.3. Let (A,µ, αA, βA) be a BiHom-associative algebra. A left (A,µ, αA, βA)-
module is a 4-tuple (M,◃, αM , βM ), where M is a linear space, αM , βM : M −→ M and
◃ : A⊗M −→M are linear maps such that, αM ◦βM = βM ◦αM , and for all a, b ∈ A,m ∈M ,

αM (a ◃ m) = αA(a) ◃ αM (m), βM (a ◃ m) = βA(a) ◃ βM (m), (1.7)

αA(a) ◃ (b ◃ m) = (ab) ◃ βM (m). (1.8)

Likewise, we can get the right version of (A,µ, αA, βA)-module.
If (M,◃, αM , βM ) is a left (A,µ, αA, βA)-module and at the same time (M,▹, αM , βM )

is right (A,µ, αA, βA)-module, then (M,◃, ▹, αM , βM ) is an (A,µ, αA, βA)-bimodule if

αA(a) ◃ (m ▹ b) = (a ◃ m) ▹ βA(b). (1.9)

Remark 1.4. When the structure maps are trivial in Definitions 1.1-1.3, then we can get
the usual definitions of associative algebra, coassociative coalgebra, bimodule, respectively.

2 Nonhomogeneous abhYBp and double curved Rota-
Baxter (BiHom-)system

In this section, we aim to investigate the nonhomogeneous type and meanwhile BiHom-
type for the associative Yang-Baxter pair in [5]. We note here the homogeneous associa-
tive BiHom-Yang-Baxter equation (abhYBe) is different from the one introduced by Liu,
Makhlouf, Menini, Panaite in [17]. The solution to nonhomogeneous abhYBe can be ob-
tained by unitary quasitriangular covariant BiHom-bialgebra. In this section, we often
assume that the BiHom-associative algebra is unitary.

2.1 Nonhomogeneous abhYBp

For convenience, we introduce the following notation. Let (A,µ, α, β) be a BiHom-associative
algebra, ψ, ω : A −→ A be linear maps, r, s ∈ A ⊗ A, we define the following elements in
A⊗A⊗A:

r12s23 = α(r1)⊗ r2s1 ⊗ β(s2), r13s12 = ω(r1)s1 ⊗ β(s2)⊗ αψ(r2),

r23s13 = βω(s1)⊗ α(r1)⊗ r2ψ(s2), r13 = ω(r1)⊗ 1⊗ ψ(r2), s13 = ω(s1)⊗ 1⊗ ψ(s2).

Definition 2.1. An associative BiHom-Yang-Baxter pair (abhYBp) of weight
(λ, γ) in (A,µ, α, β) is a pair of elements r, s ∈ A⊗A satisfying

r13r12 − r12r23 + s23r13 = −λr13, (2.1)

s13r12 − s12s23 + s23s13 = −γs13, (2.2)

where λ, γ ∈ K.



100 Nonhomogeneous associative Yang-Baxter equations

Specially, let r = s, λ = γ, then we call

r13r12 − r12r23 + r23r13 = −λr13 (2.3)

the associative BiHom-Yang-Baxter equation (abhYBe) of weight λ in (A,µ, α, β).

Remark 2.2. (1) The abhYBe of weight 0 here is different from the one introduced by
Liu, Makhlouf, Menini, Panaite in [15, Definition 4.1] and also studied by the same authors
in [17]. The formula in Eq.(2.3) consists of four structure maps α, β, ψ and ω. We will
discuss the relation between them later.

(2) If α = β = ψ = ω = id in Eq.(2.3), then the nonhomogeneous associative cYBe
introduced in [9] (also studied in [25]) can be obtained and its solution can be provided by
Bézout operators [25]. Moreover, λ = 0, then we can get the associative cYBe studied in [2]
which is an associative analogy of cYBe.

(3) If α = β = ψ = ω = id, then the abhYBp of weight (0, 0) in (A,µ) is exactly the
associative Yang-Baxter pair in [5].

(4) Eq.(2.3) was introduced in [22] which corresponds to the case of anti-quasitriangular
unitary λ-infinitesimal BiHom-bialgebra.

2.2 Double curved Rota-Baxter BiHom-system

As a generalization of Rota-Baxter algebra, Rota-Baxter system was introduced by Brzeziński
in [5] and its curved version can be found in [6]. Here we slightly modified the Brzeziński’s
curved Rota-Baxter system and also extend it to the BiHom-case.

Definition 2.3. A 7-tuple (A,R, S, α, β, ξ, ζ) consisting of a BiHom-associative algebra
(A,µ, α, β), linear operators R,S : A −→ A, and ξ, ζ : A ⊗ A −→ A is called a double
curved Rota-Baxter BiHom-system, if for all a, b ∈ A,

α ◦R = R ◦ α, α ◦ S = S ◦ α, β ◦R = R ◦ β, β ◦ S = S ◦ β, (2.4)

R(a)R(b) = R(R(a)b) +R(aS(b)) + ξ(a⊗ b), (2.5)

S(a)S(b) = S(R(a)b) + S(aS(b)) + ζ(a⊗ b). (2.6)

Remark 2.4. If α = β = id and ξ = ζ in Definition 2.3, then we can get curved Rota-
Baxter system introduced by Brzeziński in [6]. Moreover, if ξ = ζ = 0, then Rota-Baxter
system can be obtained which was introduced by Brzeziński in [5].

Let A be a vector space, F : A −→ A a linear map. Then an element r ∈ A⊗A is called
F -invariant if (F ⊗ F )(r) = r.

The abhYBp of weight (λ, γ) in (A,µ, α, β) can provide the solution to the double curved
Rota-Baxter system as follows.

Theorem 2.5. Let (A,µ, α, β) be a BiHom-associative algebra, ψ, ω : A −→ A be linear
maps such that ψ(ab) = ψ(a)ψ(b), ω(ab) = ω(a)ω(b), α, β, ψ, ω are bijective and any two of
them commute. Assume that (r, s) is an abhYBp of weight (λ, γ) in (A,µ, α, β) such that
r, s are α, β, ψ, ω-invariant. Define R,S : A −→ A by

R(a) = β2ψ(r1)(α−1β−1(a)αω(r2)), S(a) = β2ψ(s1)(α−1β−1(a)αω(s2)), (2.7)
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and ξ, ζ : A⊗A −→ A by

ξ(a⊗ b) = λR(ab), ζ(a⊗ b) = γS(ab), (2.8)

for all a, b ∈ A. Then (A,R, S, α, β, ξ, ζ) is a double curved Rota-Baxter BiHom-system.

Proof. The fact that R,S commute with α and β follows immediately from the fact that
r, s are α, β, ψ, ω-invariant. Next we check that Eq.(2.5) holds. For all a, b ∈ A,

R(a)R(b)
(1.2)
= αβ2ψ(r1)((α−1β−1(a)(ω(r2)ψ(r̄1)))(α−1β−1(b)αω(r̄2)))

(2.1)
= (β2ψ2(r1)β2ψ2ω−1(r̄1))((α−1β−1(a)ψβ(r̄2))(α−1β−1(b)α2β−1ψω(r2)))

+β3ψ2(r1)((α−1β−1(a)αψ(s1))(α−1β−1(b)(αβ−1ω(s2)αβ−1ωψ(r2))))

+λβ2ψ2(r1)((α−1β−1(a) · 1)(α−1β−1(b)αβ−1ωψ(r2)))

(1.2)
= β2ψ(r̄1)((βψ(r1)((α−2β−2(a)β−1ω(r2))(α−1β−2(b))))αω(r̄2))

+β2ψ(r1)(((α−2β−1(a)α−1βψ(s1))(α−2β−1(b)ω(s2)))αω(r2))

+λβ2ψ(r1)((α−1β−1(a)α−1β−1(b))αω(r2))

= R(R(a)b) +R(aS(b)) + λR(ab).

Similarly, we can obtain Eq.(2.6). These finish the proof.

Corollary 2.6. Let (A,µ, α, β) be a BiHom-associative algebra, ψ, ω : A −→ A be linear
maps such that ψ(ab) = ψ(a)ψ(b), ω(ab) = ω(a)ω(b), α, β, ψ, ω are bijective and any two of
them commute. Assume that r is a solution to abhYBe of weight λ in (A,µ, α, β) such that
r is α, β, ψ, ω-invariant. Define R : A −→ A by

R(a) = β2ψ(r1)(α−1β−1(a)αω(r2)).

Then (A,µ,R, α, β) is a Rota-Baxter BiHom-associative algebra of wight λ.

Proof. Based on the proof of Theorem 2.5, when r = s and λ = γ, we can get that R is a
Rota-Baxter operator of weight λ.

Remark 2.7. If α = β = ψ = ω = id in Corollary 2.6, then we have [9, Proposition 3.23].

Corollary 2.8. ( [5, Proposition 3.4]) Let (A,µ) be an associative algebra, (r, s) be an
aYBp of weight (0, 0) in (A,µ). Define R,S : A −→ A by

R(a) = r1ar2, S(a) = s1as2.

Then (A,R, S) is a Rota-Baxter system.

Proof. Let α = β = ψ = ω = id and λ = γ = 0 in Theorem 2.5.
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Lemma 2.9. (1) Let (A,R, S, α, β, ξ, ζ) be a double curved Rota-Baxter BiHom-system and
for all a, b ∈ A define

a ∗ b = R(a)b+ aS(b). (2.9)

Then (A, ∗, α, β) is a BiHom-associative algebra if and only if, for all a, b, c ∈ A

α(a)ζ(b⊗ c) = ξ(a⊗ b)β(c). (2.10)

(2) In particular, if (A, ∗, α, β) is unitary (i.e., ∃ 1A ∈ A such that Eq.(1.3) holds for
(A, ∗, α, β)), then (A, ∗, α, β) is a BiHom-associative algebra if and only if, for all a, b ∈ A,

ζ(a⊗ b) = α−1ζ(a⊗ 1)b, (2.11)

ξ(a⊗ b) = aβ−1ξ(1⊗ b), (2.12)

βζ(a⊗ 1) = αξ(1⊗ a). (2.13)

Proof. For Part (1), we only need to check that the equation below. For all a, b, c ∈ A, we
have

(a ∗ b) ∗ β(c)− α(a) ∗ (b ∗ c) (2.9)
= R(R(a)b+ aS(b))β(c) + (R(a)b+ aS(b))S(β(c))

−R(α(a))(R(b)c+ bS(c))− α(a)S(R(b)c+ bS(c))

(2.5)(2.6)
= (R(a)R(b))β(c)− ξ(a⊗ b)β(c) + (R(a)b)βS(c)

+(aS(b))βS(c)− αR(a)(R(b)c)− αR(a)(bS(c))

−α(a)(S(b)S(c)) + α(a)ζ(b⊗ c)

(1.2)
= α(a)ζ(b⊗ c)− ξ(a⊗ b)β(c),

as desired.
If (A, ∗, α, β) is unitary, then by Eq.(2.10), for all a, b ∈ A, we have

βζ(a⊗ b) = ξ(1⊗ a)β(b)
αξ(a⊗ b) = α(a)ζ(b⊗ 1)

}
⇒

{
ζ(a⊗ b) = β−1ξ(1⊗ a)b = α−1ζ(a⊗ 1)b
ξ(a⊗ b) = aα−1ζ(b⊗ 1) = aβ−1ξ(1⊗ b)

.

Thus Eqs.(2.11) and (2.12) hold. Let a = c = 1 in Eq.(2.10), then we can obtain Eq.(2.13).
Conversely, we calculate

α(a)ζ(b⊗ c)
(2.11)
= α(a)(α−1ζ(b⊗ 1)c)

(1.2)
= (aα−1ζ(b⊗ 1))β(c)

(2.13)
= (aβ−1ξ(1⊗ b))β(c)

(2.12)
= ξ(a⊗ b)β(c).

Then Eq.(2.10) holds. Therefore we prove the second part.

Theorem 2.10. (1) Let (A,R, S, α, β, ξ) be a curved Rota-Baxter BiHom-system and for
all a, b ∈ A define ∗ by Eq.(2.9). Then (A, ∗, α, β) is a BiHom-associative algebra if and
only if, for all a, b, c ∈ A

α(a)ξ(b⊗ c) = ξ(a⊗ b)β(c).
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(2) In particular, if (A, ∗, α, β) is unitary, then (A, ∗, α, β) is a BiHom-associative alge-
bra if and only if, there exists an element κ ∈ A such that for all a, b ∈ A,

α(κ) = β(κ), (2.14)

κα(a) = β(a)κ, (2.15)

ξ(a⊗ b) = β−1(κ)β−1(ab). (2.16)

Proof. Part (1) is obvious by letting ξ = ζ in Lemma 2.9. For Part (2), based on Part (2) in
Lemma 2.9 and Part (1), we need check that Eqs.(2.14)-(2.16) are equivalent to Eqs.(2.12),
(2.13) and

ξ(a⊗ b) = α−1ξ(a⊗ 1)b. (2.17)

(=⇒) Firstly, for all a, b ∈ A, we verify that Eq.(2.17) holds as follows.

α−1ξ(a⊗ 1)b
(2.16)
= α−1(β−1(κ)β−1(a1))b

(1.3)
= α−1(β−1(κ)β−1α(a))b

(1.2)
= ξ(a⊗ b).

By Eqs.(2.14) and (2.15), one gets

β−1(κ)β−1(ab) = α−1(ab)α−1(κ). (2.18)

So by Eq.(2.16), we have

ξ(a⊗ b) = α−1(ab)α−1(κ). (2.19)

Then

aβ−1ξ(1⊗ b)
(2.19)
= aβ−1(α−1(1b)α−1(κ))

(1.3)
= aβ−1(α−1β(b)α−1(κ))

(1.2)
= α−1(ab)α−1(κ)

(2.18)
= ξ(a⊗ b),

βξ(a⊗ 1)
(2.16)
= β(β−1(κ)β−1(a1))

(1.3)
= κα(a)

(2.15)
= β(a)κ

(1.3)
= α(α−1(1a)α−1(κ))

(2.19)
= αξ(1⊗ a).

Thus Eqs.(2.12) and (2.13) hold.
(⇐=) Set κ = ξ(1 ⊗ 1) ∈ A. Let a = 1 in Eq.(2.13), then we obtain Eq.(2.14). By

Eqs.(2.13) and (2.17), then

ξ(a⊗ b) = β−1ξ(1⊗ a)b. (2.20)

Thus Eq.(2.16) can be proved by Eqs.(2.14) and (2.20).
Similarly, by Eqs.(2.12), (2.13) and (2.14), we can get

ξ(a⊗ b) = α−1(ab)α−1(κ). (2.21)
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Then Eq.(2.15) can be obtained by the following calculation.

κα(a)
(1.3)
= β(β−1(κ)β−1(a1))

(2.16)
= βξ(a⊗ 1)

(2.13)
= αξ(1⊗ a)

(2.21)
= α(α−1(1a)α−1(κ)))

(1.3)
= β(a)κ,

finishing the proof.

Remark 2.11. Let α = β = id in Theorem 2.10, then we can get [6, Proposition 2.1]. In
this case, Eq.(2.15) implies that κ lies in the center of A.

2.3 Double curved weak BiHom-pseudotwistor

The notions of a twistor and more generally a pseudotwistor were introduced by López Peña,
Panaite and Van Oystaeyen [20] to provide a framework unifying some of the deformed or
twisted algebras. The more general concept of a weak pseudotwistor was introduced by
Panaite and Van Oystaeyen in [26], then the curved version was studied in [6]. Here we
provide the double curved (BiHom-)version.

Definition 2.12. Let (A,µ, α, β) be a BiHom-associative algebra. A K-linear map T :
A⊗A −→ A⊗A is called a double curved weak BiHom-pseudotwistor if there exist
K-linear maps T : A⊗A⊗A −→ A⊗A⊗A and ξ, ζ : A⊗A −→ A, such that the following
conditions hold

µ(α⊗ ζ) = µ(ξ ⊗ β), (2.22)

T (α⊗ µT ) = (α⊗ µ)T− α⊗ ζ, (2.23)

T (µT ⊗ β) = (µ⊗ β)T− ξ ⊗ β. (2.24)

The map T is called a weak BiHom-companion of T and ξ, ζ are called curvatures of
T .

Remark 2.13. Let ξ = ζ in Definition 2.12, then T is called a curved weak BiHom-
pseudotwistor. And if furthermore α = β = id, then we can obtain curved weak pseu-
dotwistor introduced in [6, Definition 2.2].

Proposition 2.14. Let (A,µ, α, β) be a BiHom-associative algebra and T : A⊗A −→ A⊗A
a double curved weak BiHom-pseudotwistor with companion T and curvatures ξ, ζ. Then
(A,µT, α, β) is a BiHom-associative algebra.

Proof. We calculate BiHom-associativity as follows:

µT (α⊗ µT )
(2.23)
= µ(α⊗ µ)T− µ(α⊗ ζ)

(2.22)(1.2)
= µ(µ⊗ β)T− µ(ξ ⊗ β)

(2.24)
= µT (µT ⊗ β),

as required.
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Remark 2.15. Let ξ = ζ and α = β = id in Proposition 2.14, then the associative algebra
can be obtained by curved weak pseudotwistor introduced in [6, Lemma 2.3].

Theorem 2.16. Let (A,R, S, α, β, ξ, ζ) be a double curved Rota-Baxter BiHom-system that
satisfies Eq.(2.22), and define, for all a, b, c ∈ A

T (a⊗ b) = R(a)⊗ b+ a⊗ S(b) (2.25)

and

T(a⊗ b⊗ c) = R(a)⊗R(b)⊗ c+R(a)⊗ b⊗ S(c) + a⊗ S(b)⊗ S(c). (2.26)

Then T is a double curved BiHom-pseudotwistor with the weak companion T and curvatures
ξ, ζ.

Proof. For all a, b, c ∈ A, we compute

T (α⊗ µT )(a⊗ b⊗ c)
(2.25)
= R(α(a))⊗R(b)c+ α(a)⊗ S(R(b)c) +R(α(a))⊗ bS(c)

+α(a)⊗ S(bS(c))

(2.6)
= αR(a)⊗R(b)c+ αR(a)⊗ bS(c) + α(a)⊗ S(b)S(c)

−α(a)⊗ ζ(b⊗ c)

(2.26)
= ((α⊗ µ)T− α⊗ ζ)(a⊗ b⊗ c).

In a similar way we can get

T (µT ⊗ β)(a⊗ b⊗ c) = ((µ⊗ β)T− ξ ⊗ β)(a⊗ b⊗ c).

Therefore we finish the proof.

Remark 2.17. Let ξ = ζ and α = β = id in Theorem 2.16, then curved pseudotwistor can
be obtained by curved Rota-Baxter system introduced in [6, Lemma 2.4].

2.4 Unital quasitriangular covariant BiHom-bialgebra

In this subsection, we mainly provide a construction of nonhomogeneous abhYBe through
unitary quasitriangular covariant BiHom-bialgebra. Here we really present the BiHom-type
(including four structure maps α, β, ψ, ω) of quasitriangular infinitesimal bialgebra, which
is a generalization of Liu, Makhlouf, Menini, Panaite’s BiHom-type in [17, Section 5].

Proposition 2.18. Let (A,µ, αA, βA) be a BiHom-associative algebra and (M,◃, ▹, αM , βM ),
(N, ◃, ▹, αN , βN ), (V, ◃, ▹, αV , βV ) be (A,µ, αA, βA)-bimodules. ψA, ωA : A −→ A are linear
maps such that for all a, b ∈ A, ψA(ab) = ψA(a)ψA(b), ωA(ab) = ωA(a)ωA(b) and any two
of the maps αA, βA, ψA, ωA commute. We consider the following left and the right action
of A on M ⊗N ⊗ V , for all a ∈ A,m ∈M,n ∈ N, v ∈ V

a ◃ (m⊗ n⊗ v) = ωA(a) ◃ m⊗ βN (n)⊗ βV (v),

(m⊗ n⊗ v) ▹ a = αM (m)⊗ αN (n)⊗ v ▹ ψA(a).

Then (M ⊗N ⊗ V, ◃, ▹, αM ⊗ αN ⊗ αV , βM ⊗ βN ⊗ βV ) is an (A,µ, αA, βA)-bimodule.
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Proof. We only check the compatible condition between left and right action as follows, the
rest can be proved similarly.

αA(a) ◃ ((m⊗ n⊗ v) ▹ b) = ωAαA(a) ◃ αM (m)⊗ αNβN (n)⊗ βV (v) ▹ ψAβA(b)

(1.7)
= αM (ωA(a) ◃ m)⊗ αNβN (n)⊗ βV (v) ▹ ψAβA(b)

= (a ◃ (m⊗ n⊗ v)) ▹ βA(b),

finishing the proof.

Remark 2.19. (1) As the special cases of Proposition 2.18, we have the following actions
of A on A⊗A and A⊗A⊗A by

a ◃ (x⊗ y) = ω(a)x⊗ β(y), (2.27)

(x⊗ y) ▹ a = α(x)⊗ yψ(a), (2.28)

and

a ◃ (x⊗ y ⊗ z) = ω(a)x⊗ β(y)⊗ β(z), (2.29)

(x⊗ y ⊗ z) ▹ a = α(x)⊗ α(y)⊗ zψ(a). (2.30)

respectively.
(2) The actions defined in Eqs.(2.27) and (2.28) coincide with the actions in [17, Lemma

4.2].

Definition 2.20. Let (A,µ, α, β) be a BiHom-associative algebra and ψ, ω : A −→ A be
linear maps, then δ : A −→ A⊗A is a BiHom-derivation if

(α⊗ α) ◦ δ = δ ◦ α, (β ⊗ β) ◦ δ = δ ◦ β, (ψ ⊗ ψ) ◦ δ = δ ◦ ψ, (ω ⊗ ω) ◦ δ = δ ◦ ω, (2.31)
δ(ab) = a ◃ δ(b) + δ(a) ▹ b. (2.32)

Definition 2.21. [23] A covariant BiHom-bialgebra is a 9-tuple (A,µ, δ1, δ2,∆, α, β, ψ, ω)
where δi : A −→ A⊗A, i = 1, 2 are two BiHom-derivations such that

(1) (A,µ, α, β) is a BiHom-associative algebra,
(2) (A,∆, ψ, ω) is a BiHom-coassociative coalgebra,
(3) ∆ is covariant BiHom-derivation with respect to BiHom-derivations δ1, δ2, i.e.,

∆ ◦ µ = ▹ ◦ (∆⊗ id) + ◃ ◦ (id⊗ δ1)

= ◃ ◦ (id⊗∆) + ▹ ◦ (δ2 ⊗ id)

and moreover the following relations are satisfied

α ◦ ψ = ψ ◦ α, α ◦ ω = ω ◦ α, β ◦ ψ = ψ ◦ β, β ◦ ω = ω ◦ β, (2.33)

(α⊗ α) ◦∆ = ∆ ◦ α, (β ⊗ β) ◦∆ = ∆ ◦ β, (2.34)

ψ ◦ µ = µ ◦ (ψ ⊗ ψ), ω ◦ µ = µ ◦ (ω ⊗ ω). (2.35)

If (A,µ, α, β) is unitary with unit 1A such that

ψ(1A) = 1A and ω(1A) = 1A, (2.36)

then a covariant BiHom-bialgebra (A,µ, δ1, δ2,∆, α, β, ψ, ω) is said to be unitary if ∆(1A) =
1A ⊗ 1A holds.
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Remark 2.22. (1) Let α = β = ψ = ω = id, then we can get covariant bialgebra introduced
in [5].

(2) Let δ1 = δ2 = ∆ be BiHom-derivations. Then we obtain the BiHom-type of in-
finitesimal bialgebra introduced in [17], i.e., an infinitesimal BiHom-bialgebra is a 7-
tuple (A,µ,∆, α, β, ψ, ω), with the property that (A,µ, α, β) is a BiHom-associative algebra,
(A,∆, ψ, ω) is a BiHom-coassociative coalgebra, Eqs.(2.33)-(2.35) and the following condi-
tion are satisfied

∆ ◦ µ = (µ⊗ β) ◦ (ω ⊗∆) + (α⊗ µ) ◦ (∆⊗ ψ).

Below we give an equivalent characterization for covariant BiHom-bialgebra.

Theorem 2.23. Let (A,µ, α, β) be a BiHom-associative algebra (where α, β are bijective),
and ψ, ω : A −→ A be two linear maps, and α, β, ψ, ω satisfy Eqs.(2.33)-(2.36). Let δ1, δ2 :
A −→ A⊗A be two BiHom-derivations, ∆ : A −→ A⊗A be a linear map such that Eq.(1.4)
holds. Then ∆ is a coassociative covariant BiHom-derivation with respect to (δ1, δ2) if and
only if there exists an element u = u1 ⊗ u2 ∈ A⊗A such that for all a ∈ A,

(δ1 − δ2)(a) = α−1(a) ◃ u− u ▹ β−1(a), (2.37)

(δ1 ⊗ ψ − ω ⊗ δ1) ◦ δ1(a) = u23δ1(a)13, (2.38)

(δ1 ⊗ ψ − ω ⊗ δ1)(u) = u23u13 − u12u23. (2.39)

In this case,

∆(a) = α(u1)⊗ u2ψβ−1(a) + δ1(a),

= ωα−1(a)u1 ⊗ β(u2) + δ2(a). (2.40)

Proof. Let ∆ : A −→ A ⊗ A be a linear map and set u = ∆(1) (= 11 ⊗ 12 = 1̄1 ⊗ 1̄2) and
write δi(a) = ai[1] ⊗ ai[2], i = 1, 2.

(=⇒) Assume that ∆ is a covariant BiHom-derivation, then, for all a ∈ A, by Eqs.(1.3),
(2.31) and (2.36), we have

∆(a) = α(11)⊗ 12ψβ
−1(a) + a1[1] ⊗ a1[2]

= ωα−1(a)11 ⊗ β(12) + a2[1] ⊗ a2[2],

which is exactly Eqs.(2.37) and (2.40). While

(ω ⊗∆)∆(a)
(2.40)
= ωα(11)⊗ α(1̄1)⊗ 1̄2ψβ

−1(12ψβ
−1(a))

+ωα(11)⊗ (12ψβ
−1(a))1[1] ⊗ (12ψβ

−1(a))1[2]

+ω(a1[1])⊗ α(11)⊗ 12ψβ
−1(a1[2])

+ω(a1[1])⊗ (a1[2])
1
[1] ⊗ (a1[2])

1
[2]

(2.32)(2.35)(1.1)
= ωα(11)⊗ α(1̄1)⊗ 1̄2(ψβ

−1(12)ψ
2β−2(a))

+ωα(11)⊗ ω(12)ψβ
−1(a)1[1] ⊗ β(ψβ−1(a)1[2])

+ωα(11)⊗ α((12)
1
[1])⊗ (12)

1
[2]ψ

2β−1(a)

+ω(a1[1])⊗ α(11)⊗ 12ψβ
−1(a1[2])

+ω(a1[1])⊗ (a1[2])
1
[1] ⊗ (a1[2])

1
[2]
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and

(∆⊗ ψ)∆(a)
(2.40)(2.35)

= α(1̄1)⊗ 1̄2ψβ
−1α(11)⊗ ψ(12)ψ

2β−1(a)

+α(11)
1
[1] ⊗ α(11)

1
[2] ⊗ ψ(12)ψ

2β−1(a)

+α(11)⊗ 12ψβ
−1(a1[1])⊗ ψ(a1[2])

+(a1[1])
1
[1] ⊗ (a1[1])

1
[2] ⊗ ψ(a1[2]).

Then by the BiHom-coassociative of ∆ at a = 1, and Eq.(2.36) we can get

ωα(11)⊗ α(1̄1)⊗ 1̄2(ψβ
−1(12) · 1) + ωα(11)⊗ ω(12)1

1
[1] ⊗ β(11[2])

+ωα(11)⊗ α((12)
1
[1])⊗ (12)

1
[2] · 1 + ω(11[1])⊗ α(11)⊗ 12ψβ

−1(11[2])

+ω(11[1])⊗ (11[2])
1
[1] ⊗ (11[2])

1
[2]

= α(1̄1)⊗ 1̄2ψβ
−1α(11)⊗ ψ(12) · 1 + α(11)

1
[1] ⊗ α(11)

1
[2] ⊗ ψ(12) · 1

+α(11)⊗ 12ψβ
−1(11[1])⊗ ψ(11[2]) + (11[1])

1
[1] ⊗ (11[1])

1
[2] ⊗ ψ(11[2]).

Based on the properties of BiHom-derivations and covariant BiHom-derivations, one can
obtain

(11)
1
[1] ⊗ (11)

1
[2] ⊗ ψ(12)− ω(11)⊗ (12)

1
[1] ⊗ (12)

1
[2]

= ω(11)⊗ α(1̄1)⊗ 1̄2ψβ
−1(12)− α(1̄1)⊗ 1̄2β

−1(11)⊗ (12),

which is equivalent to Eq.(2.39).
Finally, by the BiHom-coassociativity for ∆ at any a ∈ A, one has

ωα(11)⊗ α(1̄1)⊗ 1̄2(ψβ
−1(12)ψ

2β−2(a)) + ωα(11)⊗ α((12)
1
[1])⊗ (12)

1
[2]ψ

2β−1(a)

+ω(a1[1])⊗ α(11)⊗ 12ψβ
−1(a1[2]) + ω(a1[1])⊗ (a1[2])

1
[1] ⊗ (a1[2])

1
[2]

= α(1̄1)⊗ 1̄2ψβ
−1α(11)⊗ ψ(12)ψ

2β−1(a) + α(11)
1
[1] ⊗ α(11)

1
[2] ⊗ ψ(12)ψ

2β−1(a)

+(a1[1])
1
[1] ⊗ (a1[1])

1
[2] ⊗ ψ(a1[2]).

Again by the properties of BiHom-derivations, covariant BiHom-derivations and Eq.(2.39),
we find that the condition of BiHom-coassociativity for ∆ at any a ∈ A is exactly Eq.(2.38).

(⇐=) By Eq.(2.40), we have

∆(a) = α(11)⊗ 12ψβ
−1(a) + δ1(a) = ωα−1(a)11 ⊗ β(12) + δ2(a), ∀a ∈ A.

So

∆(a) ▹ b = ω(a)α(11)⊗ β(12)ψ(b) + δ2(a) ▹ b, (2.41)

a ◃∆(b) = ω(a)α(11)⊗ β(12)ψ(b) + a ◃ δ1(b). (2.42)

By Eqs.(2.41) and (2.42), then

∆(a) ▹ b+ a ◃ δ1(b) = a ◃∆(b) + δ2(a) ▹ b.
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While

∆(ab) = ωα−1(ab)11 ⊗ β(12) + δ2(ab)

(2.32)
= ωα−1(ab)11 ⊗ β(12) + a ◃ δ2(b) + δ2(a) ▹ b

and

a ◃∆(b) = ω(a)(ωα−1(b)11)⊗ β2(12) + a ◃ δ2(b)

(1.2)
= (α−1ω(a)ωα−1(b))β(11)⊗ β2(12) + a ◃ δ2(b)

(1.1)(2.35)
= ωα−1(ab)11 ⊗ β(12) + a ◃ δ2(b).

Thus, ∆(ab) = ∆(a) ▹ b+ a ◃ δ1(b) = a ◃∆(b)+ δ2(a) ▹ b, ∆ is a covariant BiHom-derivation
with respect to (δ1, δ2).

By Eqs.(2.38) and (2.39), and the properties of BiHom-derivations and covariant BiHom-
derivations, we have

ωα(11)⊗ α(1̄1)⊗ 1̄2(ψβ
−1(12)ψ

2β−2(a)) + ωα(11)⊗ ω(12)ψβ
−1(a)1[1] ⊗ β(ψβ−1(a)1[2])

+ωα(11)⊗ α((12)
1
[1])⊗ (12)

1
[2]ψ

2β−1(a) + ω(a1[1])⊗ α(11)⊗ 12ψβ
−1(a1[2])

+ω(a1[1])⊗ (a1[2])
1
[1] ⊗ (a1[2])

1
[2]

= α(1̄1)⊗ 1̄2ψβ
−1α(11)⊗ ψ(12)ψ

2β−1(a) + α(11)
1
[1] ⊗ α(11)

1
[2] ⊗ ψ(12)ψ

2β−1(a)

+α(11)⊗ 12ψβ
−1(a1[1])⊗ ψ(a1[2]) + (a1[1])

1
[1] ⊗ (a1[1])

1
[2] ⊗ ψ(a1[2]),

which is exactly the condition of BiHom-coassociativity for ∆ at any a ∈ A.

Remark 2.24. Let ψ = β, ω = α in Theorem 2.23, then we can recover [23, Theorem 3.5].
If furthermore α = β = id, then one gets Part (1) in [5, Proposition 3.10].

Lemma 2.25. Let (A,µ, α, β) be a BiHom-associative algebra such that α, β are bijective,
ψ, ω : A −→ A be linear maps, r, s ∈ A⊗A be α, β, ψ, ω-invariant and moreover Eqs.(2.33)
and (2.35) hold. Define the linear maps

δr : A −→ A⊗A, δr(a) = α−1(a) ◃ r − r ▹ β−1(a), (2.43)

δs : A −→ A⊗A, δs(a) = α−1(a) ◃ s− s ▹ β−1(a), (2.44)

∆ : A −→ A⊗A, ∆(a) = α−1(a) ◃ r − s ▹ β−1(a). (2.45)

Then δr, δs are BiHom-derivations and ∆ is covariant BiHom-derivation with respect to
BiHom-derivations δr, δs.

Proof. For all a, b ∈ A, we have

a ◃ δr(b) + δr(a) ▹ b
(2.27)(2.28)

= ω(a)(ωα−1(b)r1)⊗ β2(r2)− ω(a)α(r1)⊗ β(r2)ψ(b)

+ω(a)α(r1)⊗ β(r2)ψ(b)− α2(r1)⊗ (r2ψβ−1(a))ψ(b)

(1.2)(2.35)
= ωα−1(ab)r1 ⊗ β(r2)− α(r1)⊗ r2ψβ−1(ab) = δr(ab).
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Then δr is a BiHom-derivation. Similary, δs is a BiHom-derivation. That ∆ is covariant
BiHom-derivation with respect to BiHom-derivations δr, δs can be verified as follows. For
all a, b ∈ A, we have

∆(a) ▹ b+ a ◃ δr(b)
(2.27)(2.28)

= ω(a)α(r1)⊗ β(r2)ψ(b)− α2(s1)⊗ (s2ψβ−1(a))ψ(b)

+ω(a)(ωα−1(b)r1)⊗ β2(r2)− ω(a)α(r1)⊗ β(r2)ψ(b)

= ω(a)(ωα−1(b)r1)⊗ β2(r2)− α2(s1)⊗ (s2ψβ−1(a))ψ(b)

(1.2)
= (α−1ω(a)ωα−1(b))β(r1)⊗ β2(r2)

−α2(s1)⊗ α(s2)(ψβ−1(a)ψβ−1(b))

(2.35)
= ωα−1(ab)β(r1)⊗ β2(r2)− α2(s1)⊗ α(s2)ψβ−1(ab) = ∆(ab)

and likewise

a ◃∆(b) + δs(a) ▹ b = ∆(ab),

finishing the proof.

Proposition 2.26. Let (A,µ, α, β) be a BiHom-assciative algebra such that α, β are bijec-
tive, and ψ, ω : A −→ A be linear maps, r, s ∈ A⊗A be α, β, ψ, ω-invariant, and moreover
Eqs.(2.33) and (2.35) hold. Then (A,µ, δr, δs,∆, α, β, ψ, ω) is a covariant BiHom-bialgebra
if and only if, for all a ∈ A,

ωα−1(a) ◃ (r13r12 − r12r23 + s23r13) = (s13r12 − s12s23 + s23s13) ▹ ψβ
−1(a). (2.46)

Proof. According to Lemma 2.25, we can obtain that δr, δs are BiHom-derivations and ∆
is covariant BiHom-derivation with respect to (δr, δs). For all a ∈ A and r = r̄, s = s̄, one
can compute,

(ω ⊗∆) ◦∆(a)
(2.45)
= ω2α−1(a)ω(r1)⊗ α−1βω(r2)r̄1 ⊗ β(r̄2)

−ω2α−1(a)ω(r1)⊗ α(s1)⊗ s2ψ(r2)

−ωα(s1)⊗ (ωα−1(s2)α−1β−1ψω(a))r1 ⊗ β(r2)

+ωα(s1)⊗ α(s̄1)⊗ s̄2(ψβ−1(s2)ψ2β−2(a))

(1.2)
= ω2α−1(a)r1 ⊗ α−1β(r2)r̄1 ⊗ β(r̄2)

−ω2α−1(a)ω(r1)⊗ α(s1)⊗ s2ψ(r2)

−α(s1)⊗ (α−1(s2)α−1β−1ψω(a))r1 ⊗ β(r2)

+ωα(s1)⊗ α(s̄1)⊗ (α−1(s̄2)ψβ−1(s2))ψ2β−1(a),

and likewise

(∆⊗ ψ) ◦∆(a) = (ω2α−2(a)ωα−1(r1))r̄1 ⊗ β(r̄2)⊗ βψ(r2)

−α(s1)⊗ (α−1(s2)α−1β−1ψω(a))r1 ⊗ β(r2)

−ω(s1)r1 ⊗ β(r2)⊗ ψ(s2)ψ2β−1(a)

+α(s̄1)⊗ s̄2αβ−1ψ(s1)⊗ ψ(s2)ψ2β−1(a).
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Then ∆ is BiHom-coassociative if and only if

ω2α−1(a)(ω(r1)r̄1)⊗ β2(r̄2)⊗ αβψ(r2)− ω2α−1(a)α(r1)⊗ β(r2)β(r̄1)⊗ β2(r̄2)

+ω2α−1(a)βω(r1)⊗ αβ(s1)⊗ β(s2)βψ(r2) = αω(s1)α(r1)⊗ αβ(r2)⊗ αψ(s2)ψ2β−1(a)

−α2(s̄1)⊗ α(s̄2)α(s1)⊗ β(s2)ψ2β−1(a) + αβω(s1)⊗ α2(s̄1)⊗ (s̄2ψ(s2))ψ2β−1(a).

and this is exactly Eq.(2.46). These finish the proof.

Definition 2.27. Under the assumption of Proposition 2.26, if (r, s) is an abhYBp of
weight (0, 0) in (A,µ, α, β), then by Proposition 2.26, (A,µ, δr, δs,∆, α, β, ψ, ω) is a covari-
ant BiHom-bialgebra. In this case (A,µ, δr, δs,∆, α, β, ψ, ω) is called a quasitriangular
covariant BiHom-bialgebra.

Corollary 2.28. Let (A,µ, α, β) be a BiHom-assciative algebra such that α, β are bijective,
and ψ, ω : A −→ A be linear maps, r ∈ A ⊗ A be α, β, ψ, ω-invariant, and moreover
Eqs.(2.33) and (2.35) hold. Then (A,µ, δr = δs = ∆, α, β, ψ, ω) is an infinitesimal BiHom-
bialgebra if and only if, for all a ∈ A,

ωα−1(a) ◃ (r13r12 − r12r23 + r23r13) = (r13r12 − r12r23 + r23r13) ▹ ψβ
−1(a). (2.47)

Proof. Let r = s in Proposition 2.26.

Definition 2.29. Under the assumption of Corollary 2.28, if r is a solution to abhYBe of
weight 0 in (A,µ, α, β), then by Corollary 2.28, we know (A,µ, δr = δs = ∆, α, β, ψ, ω) is
a covariant BiHom-bialgebra. In this case (A,µ,∆, α, β, ψ, ω) is the BiHom-type of quasi-
triangular infinitesimal bialgebra introduced in [1], called quasitriangular infinitesimal
BiHom-bialgebra.

Remark 2.30. (1) We note here the definition of quasitriangular infinitesimal BiHom-
bialgebra is different from the one introduced by Liu, Makhlouf, Menini, Panaite in [17,
Definition 5.7]. And if ψ = β, ω = α and by r is ψ, ω-invariant, then Definition 2.29 can
cover [17, Definition 5.7].

(2) Definition 2.29 is really the BiHom-type of quasitriangular infinitesimal bialgebra
since it contains four structure maps α, β, ψ, ω.

Theorem 2.31. Let (A,µ, α, β) be a BiHom-associative algebra such that α and β are bijec-
tive, ψ, ω : A −→ A two linear maps such that any two of α, β, ψ, ω commute, r, s ∈ A⊗A be
α, β, ψ, ω-invariant, and δr, δs,∆ be defined by Eqs.(2.43)-(2.45). Then (A,µ, δr, δs,∆, α, β,
ψ, ω) is a quasitriangular covariant BiHom-bialgebra if and only if

(ω ⊗∆)(r) = r13r12, (2.48)

(∆⊗ ψ)(s) = −s23s13. (2.49)

Proof. By the definition of µ in Eq.(2.45), one easily checks that

(ω ⊗∆)(r)
(2.45)
= ω(r1)⊗ ωα−1(r2)r̄1 ⊗ β(r̄2)− ω(r1)⊗ α(s1)⊗ s2ψβ−1(r2)

= α(r1)⊗ r2r̄1 ⊗ β(r̄2)− βω(r1)⊗ α(s1)⊗ s2ψ(r2)

(2.1)
= r12r23 − s23r13
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and

(∆⊗ ψ)(s)
(2.45)
= ωα−1(s1)r1 ⊗ β(r2)⊗ ψ(s2)− α(s̄1)⊗ s̄2ψβ−1(s1)⊗ ψ(s2)

= ω(s1)r1 ⊗ β(r2)⊗ αψ(s2)− α(s̄1)⊗ s̄2s1 ⊗ β(s2)

(2.2)
= s13r12 − s12s23.

Based on the above calculations, Eq.(2.48) is equivalent to Eq.(2.1) and Eq.(2.49) is equiv-
alent to Eq.(2.2).

Corollary 2.32. Let (A,µ, α, β) be a BiHom-associative algebra such that α and β are
bijective, ψ, ω : A −→ A two linear maps such that any two of α, β, ψ, ω commute, r ∈
A⊗A be α, β, ψ, ω-invariant, and ∆ be defined by Eq.(2.43). Then (A,µ,∆, α, β, ψ, ω) is a
quasitriangular infinitesimal BiHom-bialgebra if and only if Eq.(2.48) or

(∆⊗ ψ)(r) = −r23r13 (2.50)

holds.

Proof. Let r = s in Theorem 2.31.

Proposition 2.33. Under the assumption of Proposition 2.26, (A,µ, δr, δs,∆, α, β, ψ, ω)
is a unitary quasitriangular covariant BiHom-bialgebra if and only if

ω(r1)⊗ 1⊗ ψ(r2) = r13r12 − r12r23 + r23r13, (2.51)

or equivalently, Eq.(2.48) and

(∆⊗ ψ)(r) = −r23r13 + 1⊗ r1 ⊗ r2 + ω(r1)⊗ 1⊗ ψ(r2) (2.52)

hold.

Proof. By Eqs.(2.1), (2.2) for the case of weight (0, 0) and s = r− 1⊗ 1, we have Eq.(2.51).
In addition, we complete the proof by replacing s by r − 1⊗ 1 in Eqs.(2.48), (2.49).

Remark 2.34. Eq.(2.51) is exactly the abhYBe of weight −1. Thus unitary quasitriangular
covariant BiHom-bialgebra can provide the solution to the nonhomogeneous abhYBe.

3 Rota-Baxter paired BiHom-module of weight λ

Rota-Baxter paired modules was introduced by Zheng, Guo and Zhang in [28] in order
to study Rota-Baxter module. In this section, we present two approaches to construct
(BiHom-)pre-Lie modules from Rota-Baxter (BiHom-)paired modules.
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3.1 First approach

Lemma 3.1. ( [24]) If (A,R, α, β) is a Rota-Baxter BiHom-associative algebra of weight
λ, then (A,R,R+ λid, α, β) and (A,R+ λid, R, α, β) are Rota-Baxter BiHom-systems.

Let us recall from [16] the following definition: A BiHom-dendriform algebra is a
vector space A together with two binary operations ≺,≻: A⊗A→ A and two commuting
linear maps α, β : A→ A such that for all a, b, c ∈ A,

α(a ≺ b) = α(a) ≺ α(b), α(a ≻ b) = α(a) ≻ α(b),

β(a ≺ b) = β(a) ≺ β(b), β(a ≻ b) = β(a) ≻ β(b),

(a ≺ b) ≺ β(c) = α(a) ≺ (b ≺ c) + α(a) ≺ (b ≻ c),

(a ≻ b) ≺ β(c) = α(a) ≻ (b ≺ c),

α(a) ≻ (b ≻ c) = (a ≺ b) ≻ β(c) + (a ≻ b) ≻ β(c).

For simplicity, we denote it by (A,≺,≻, α, β).

Lemma 3.2. ( [24]) Let (A,R, S, α, β) be a Rota-Baxter BiHom-system and linear maps
≺,≻: A⊗A −→ A be defined by

a ≺ b = aS(b), a ≻ b = R(a)b

for all a, b ∈ A. Then (A,≺,≻, α, β) is a BiHom-dendriform algebra.

Corollary 3.3. Let (A,R, α, β) be a Rota-Baxter BiHom-associative algebra of weight λ,
and let linear maps ≺,≻: A⊗A −→ A be defined by

a ≺ b = aR(b), a ≻ b = R(a)b+ λab (3.1)

for all a, b ∈ A. Then (A,≺,≻, α, β) is a BiHom-dendriform algebra.

Proof. By Lemma 3.1, we know that (A,R + λid, R, α, β) is Rota-Baxter BiHom-system,
then the proof is finished by Lemma 3.2.

Definition 3.4. ( [14]) A BiHom-pre-Lie algebra is a vector space A together with a
binary operation ∗ : A⊗A→ A and two commuting linear maps α, β : A→ A such that

α(a ∗ b) = α(a) ∗ α(b), β(a ∗ b) = β(a) ∗ β(b),
αβ(a) ∗ (α(b) ∗ c)− (β(a) ∗ α(b)) ∗ β(c) = αβ(b) ∗ (α(a) ∗ c)− (β(b) ∗ α(a)) ∗ β(c)

for all a, b, c ∈ A.

Proposition 3.5. Let (A,R, α, β) be a Rota-Baxter BiHom-associative algebra of weight λ
such that α, β are bijective. Define the operation ⋆ by

a ⋆ b = R(a)b+ λab− α−1β(b)R(αβ−1(a)) (3.2)

for all a, b ∈ A. Then (A, ⋆, α, β) is a left BiHom-pre-Lie algebra.



114 Nonhomogeneous associative Yang-Baxter equations

Proof. By Corollary 3.3 and [14, Proposition 2.6], the proof is finished.

Definition 3.6. ( [24]) Fix a λ ∈ K. Let (A,µ, αA, βA) be a BiHom-associative algebra
and (M,αM , βM ) a left (A,µ, αA, βA)-module with action ◃. A pair (R, T ) of linear maps
R : A −→ A and T : M −→ M is called a Rota-Baxter BiHom-paired operator of
weight λ on (M,αM , βM ) if

αM ◦ T = T ◦ αM , βM ◦ T = T ◦ βM , αA ◦R = R ◦ αA, βA ◦R = R ◦ βA, (3.3)

R(a) ◃ T (m) = T (R(a) ◃ m) + T (a ◃ T (m)) + λT (a ◃ m) (3.4)

for all a ∈ A and m ∈M .

We call (M,R, T, αM , βM , αA, βA) aRota-Baxter paired (left) (A,µ, αA, βA)-module
of weight λ.

Remark 3.7. If the structure maps αA = βA = idA and αM = βM = idM , then we can
get the usual notion of Rota-Baxter paired module introduced in [28].

Definition 3.8. Let (A,µ, αA, βA) be a (left) BiHom-pre-Lie algebra. A left (A,µ, αA, βA)-
pre-Lie module is a quadruple (M,◃, αM , βM ), where M is a linear space and ◃ : A ⊗
M −→M , αM , βM :M −→M are linear maps satisfying

αM ◦ βM = βM ◦ αM , αM (a ◃ m) = αA(a) ◃ αM (m), βM (a ◃ m) = βA(a) ◃ βM (m), (3.5)

αAβA(a) ◃ (αA(b) ◃ m)− (βA(a) · αA(b)) ◃ βM (m)

= αAβA(b) ◃ (αA(a) ◃ m)− (βA(b) · αA(a)) ◃ βM (m) (3.6)

for all a, b ∈ A and m ∈M .

Theorem 3.9. Let (A,R, αA, βA) be a Rota-Baxter BiHom-associative algebra of weight
λ such that αA and βA are bijective and (M,R, T, αM , βM , αA, βA) a Rota-Baxter paired
(A,µ, αA, βA)-module of weight λ. Define a map ◃⋆ : A⊗M −→M by

a ◃⋆ m = R(a) ◃ m+ a ◃ T (m) + λa ◃ m (3.7)

for all a ∈ A and m ∈ M . Then (M,◃⋆, αM , βM ) is a left (A, ⋆, αA, βA)-pre-Lie module,
where ⋆ is defined by Eq.(3.2).

Proof. By Proposition 3.5, we know that (A, ⋆, αA, βA) is a BiHom-pre-Lie algebra. Eq.(3.5)
can be verified by Eq.(3.3). So, next we only need to prove that Eq.(3.6) holds. For all
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a, b ∈ A and m ∈M , we have

αAβA(a) ◃⋆ (αA(b) ◃⋆ m)− (βA(a) ⋆ αA(b)) ◃⋆ βM (m)

(3.7)(3.2)
= αAβAR(a) ◃ (αAR(b) ◃ m) + αAβA(a) ◃ T (αAR(b) ◃ m)

+λαAβA(a) ◃ (αAR(b) ◃ m) + αAβAR(a) ◃ (αA(b) ◃ T (m))

+αAβA(a) ◃ T (αA(b) ◃ T (m)) + λαAβA(a) ◃ (αA(b) ◃ T (m))

+λαAβAR(a) ◃ (αAR(b) ◃ m) + λαAβA(a) ◃ T (αA(b) ◃ m)

+λ2αAβA(a) ◃ (αA(b) ◃ m)−R(R(βA(a))αA(b)) ◃ βM (m)

−R(βA(a))αA(b) ◃ T (βM (m))− λR(βA(a))αA(b) ◃ βM (m)

−λR(βA(a)αA(b)) ◃ βM (m)− λβA(a)αA(b) ◃ T (βM (m))

−λ2βA(a)αA(b) ◃ βM (m) +R(βA(b)R(αA(a))) ◃ βM (m)

+βA(b)R(αA(a)) ◃ T (βM (m)) + λβA(b)αAR(a) ◃ βM (m)

(1.8)
= (RβA(a)RαA(b)) ◃ βM (m) + αAβA(a) ◃ T (αAR(b) ◃ m)

+λαAβA(a) ◃ (RαA(b) ◃ m) + (RβA(a)αA(b)) ◃ βMT (m)

+αAβA(a) ◃ T (αA(b) ◃ T (m)) + λβA(a)αA(b) ◃ βMT (m)

+λβAR(a)αA(b) ◃ βM (m) + λαAβA(a) ◃ T (αA(b) ◃ m)

+λ2βA(a)αA(b) ◃ βM (m)−R(RβA(a)αA(b)) ◃ βM (m)

−R(βA(a))αA(b) ◃ T (βM (m))− λR(βA(a))αA(b) ◃ βM (m)

−λR(βA(a)αA(b)) ◃ βM (m)− λβA(a)αA(b) ◃ T (βM (m))

−λ2βA(a)αA(b) ◃ βM (m) +R(βA(b)RαA(a)) ◃ βM (m)

+βA(b)RαA(a) ◃ T (βM (m)) + λβA(b)αAR(a) ◃ βM (m)

= R(βA(a)RαA(b)) ◃ βM (m) +R(RβA(a)αA(b)) ◃ βM (m)

+λR(βA(a)αA(b)) ◃ βM (m) + αAβA(a) ◃ T (αAR(b) ◃ m)

+λαAβA(a) ◃ (RαA(b) ◃ m) + αAβA(a) ◃ T (αA(b) ◃ T (m))

+λαAβA(a) ◃ T (αA(b) ◃ m)−R(RβA(a)αA(b)) ◃ βM (m)

−λR(βA(a)αA(b)) ◃ βM (m) +R(βA(b)RαA(a)) ◃ βM (m)

+βA(b)RαA(a) ◃ T (βM (m)) + λβA(b)αAR(a) ◃ βM (m)

(1.8)
= R(βA(a)RαA(b)) ◃ βM (m) + αAβA(a) ◃ T (αAR(b) ◃ m)

+λαAβA(a) ◃ (RαA(b) ◃ m) + αAβA(a) ◃ T (αA(b) ◃ T (m))

+λαAβA(a) ◃ T (αA(b) ◃ m) +R(βA(b)RαA(a)) ◃ βM (m)

+αAβA(b) ◃ (RαA(a) ◃ T (m)) + λαAβA(b) ◃ (RαA(a) ◃ m)

(3.4)
= R(βA(a)RαA(b)) ◃ βM (m) + αAβA(a) ◃ T (αAR(b) ◃ m)

+λαAβA(a) ◃ (RαA(b) ◃ m) + αAβA(a) ◃ T (αA(b) ◃ T (m))

+λαAβA(a) ◃ T (αA(b) ◃ m) +R(βA(b)RαA(a)) ◃ βM (m)

+αAβA(b) ◃ T (RαA(a) ◃ m) + αAβA(b) ◃ T (αA(a) ◃ T (m))

+λαAβA(b) ◃ T (αA(a) ◃ m) + λαAβA(b) ◃ (RαA(a) ◃ m).

We find that if exchanging a and b in the last item of the above equation, then the last
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item remains unchanged. Therefore we can finish the proof.

If αA = βA = idA and αM = βM = idM in Theorem 3.9, then we have

Corollary 3.10. Let (A,R) be a Rota-Baxter algebra of weight λ and (M,R, T ) a Rota-
Baxter paired A-module of weight λ. Define a map ◃⋆ : A ⊗M −→ M by Eq.(3.7). Then
(M,◃⋆) is a left (A, ⋆)-pre-Lie module, where ⋆ is defined by Eq.(3.2).

3.2 Second approach

The following are parallel conclusions of the above results, so we omit the proof.

Lemma 3.11. Let (A,R, α, β) be a Rota-Baxter BiHom-associative algebra of weight λ and
linear maps ≺,≻: A⊗A −→ A be defined by

a ≺ b = aR(b) + λab, a ≻ b = R(a)b

for all a, b ∈ A. Then (A,≺,≻, α, β) is a BiHom-dendriform algebra.

Lemma 3.12. Let (A,R, α, β) be a Rota-Baxter BiHom-associative algebra of weight λ
such that α, β are bijective. Define the operation ♮ by

a♮b = R(a)b− α−1β(b)R(αβ−1(a))− λα−1β(b)αβ−1(a)

for all a, b ∈ A. Then (A, ♮, α, β) is a left BiHom-pre-Lie algebra.

Theorem 3.13. Let (A,R, αA, βA) be a Rota-Baxter BiHom-associative algebra of weight
λ such that αA and βA are bijective and (M,R, T, αM , βM , αA, βA) a Rota-Baxter paired
(A,µ, αA, βA)-module of weight λ. Define a map ◃⋆ : A ⊗M −→ M by Eq.(3.7). Then
(M,◃⋆, αM , βM ) is a left (A, ♮, αA, βA)-pre-Lie module.

If αA = βA = idA and αM = βM = idM in Theorem 3.13, then we have

Corollary 3.14. Let (A,R) be a Rota-Baxter algebra of weight λ and (M,R, T ) a Rota-
Baxter paired A-module of weight λ. Define a map ◃⋆ : A ⊗M −→ M by Eq.(3.7). Then
(M,◃⋆) is a left (A, ♮)-pre-Lie module.
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