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Laguerre isoparametric hypersurfaces in R®
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Abstract

Let © : M — R™ be an (n — 1)-dimensional hypersurface in R" and B be the Laguerre
second fundamental form of the immersion z. An eigenvalue of the Laguerre second fun-
damental form is called a Laguerre principal curvature of . An umbilic free hypersurface
x : M — R"™ with non-zero principal curvatures and vanishing Laguerre form C = 0
is called a Laguerre isoparametric hypersurface if the Laguerre principal curvatures of x
are constants. The aim of this article is to classify all oriented Laguerre isoparametric
hypersurfaces in R®.
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1 Introduction

Li and Wang [7] studied invariants of hypersurfaces in Euclidean space R™ under the Laguerre
transformation group. An oriented hypersurface x : M — R”™ can be identified as the subman-
ifold (z,£) : M — UR™, where ¢ is the unit normal of . Two hypersurfaces z,z* : M — R"
are called Laguerre equivalent, if there is a Laguerre transformation ¢ : UR™ — UR™ such that
(x*,&*) = ¢ o (x,8) (see [8]). In [7], Li and Wang gave a complete Laguerre invariant system
for hypersurfaces in R™. They proved the following:

Theorem 1. Two umbilical free oriented hypersurfaces in R™ with non-zero principal curvatures
are Laguerre equivalent if and only if they have the same Laguerre metric g and Laguerre second
fundamental form B.

We notice that the Laguerre geometry of surfaces in R3 has been studied by Blaschke in [1]
and other authors in [2], [3]. From [7], we know that the Laguerre metric g of the immersion
x can be defined by g = (dY,dY). Let {E1, Es,...,E,_1} be an orthonormal basis for g with
dual basis {wy,ws, ..., wn_1}. The Laguerre tensor L, the Laguerre second fundamental form
B and the Laguerre form C of the immersion = are defined by

n—1 n—1 n—1

L= Z Lijwi@)wj, B = Z Bijwi®wj, C= ZCiwi, (1.1)

ij=1 ij=1 s}
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respectively, where L;;, B;; and C; are defined by

Lij = p~*{Hess;;(log p) — E;(log p) E;(log p) + % (IVlogp> —1) b5}, (1.2)
Bjj = p~ ' (ri = 1)dij, (1.3)
Ci = —p *{Ei(r) — Ei(log p)(ri — 1)}, (14)

where g = Y, (r; —7)2I11 = p*I11, r; and r are the curvature radii and mean curvature radius
of = respectively, Hess;; and V are the Hessian matrix and the gradient with respect to the
third fundamental form 171 = d¢ - d€ of z (see [7]).

If VB = 0, we call that x is of parallel Laguerre second fundamental form, where V is
the Levi-Civita connection of the Laguerre metric g. We call an eigenvalue of the Laguerre
second fundamental form a Laguerre principal curvature, an eigenvalue of the Laguerre tensor
a Laguerre eigenvalue of x. An umbilic free hypersurface x : M — R"™ with non-zero principal
curvatures and vanishing Laguerre form C = 0 is called a Laguerre isoparametric hypersurface
if the Laguerre principal curvatures of x are constants. A hypersurface with vanishing Laguerre
form is called a Laguerre isotropic hypersurface, if the Laguerre eigenvalues of = are equal.

Let o be the Laguerre embedding o : UR} — UR™ defined by o(z,&) = (2/,¢') € UR™,

T = (.’L’07.’171) € Rn—l X Ra 6 = (60351) S Rn—l x R and :LJ = (_%7370 - %fo) ) f/ = (é? %)

and let 7 be the Laguerre embedding 7 : UR} — UR" defined by 7(z,¢) = (2/,£') € UR™, z =

(331,13071'1) € RXRnil XR? g = (£1+17507§1) € RXRnil xR and 2’ = <—%,$0 - %60) ) gl =
(1 + é, %‘f) (see [9]). Recently, Li, H. Li and Wang [8] classified the umbilic free hypersurfaces
with parallel Laguerre second fundamental form (see Theorem in [8]). Very recently, we notice
that Li and Sun [10] proved the following:

Theorem 2. Let x : M — R* be a Laguerre isoparametric hypersurface in R*. Then x is
Laguerre equivalent to an open part of one of the following hypersurfaces:

(1) the oriented hypersurface x : S¥~1 x H4=F — R* given by Example 1, or

(2) the image of T of the oriented hypersurface = : R® — R¢ given by Ezample 2.

The aim of this article is to classify all oriented Laguerre isoparametric hypersurfaces in R°.
We obtain the following:

Theorem 3 (Main Theorem). Let x : M — R® be a Laguerre isoparametric hypersurface in
R5. Then z is Laguerre equivalent to an open part of one of the following hypersurfaces:

(1) the oriented hypersurface z : S¥=1 x H>~% — R> given by Example 1, or

(2) the image of T of the oriented hypersurface x : R* — R} given by Ezample 2, or

(3) the image of o of hypersurface T in R} with mean curvature radius r = 0 and p =
constant, or

(4) the image of T of hypersurface & in RS with mean curvature radius r = 0 and p =
constant.

Remark 1. From Theorem 1, we see that the examples of case (3) and case (4) in Theorem 3
(Main Theorem) have the same Laguerre second fundamental form B with the Laguerre isopara-
metric hypersurfaces © : M — R®, thus they are also Laguerre isoparametric hypersurfaces. Li
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and Sun [10] pointed out that, like Laguerre isoparametric surfaces, the Laguerre isoparametric
hypersurfaces in R* have parallel Laguerre second fundamental form, but for higher dimensional
hypersurfaces, the result may not hold. From the proof of our Theorem 3, we see that the La-
querre isoparametric hypersurfaces in R® have parallel Laguerre second fundamental form if
they are not the Laguerre isotropic hypersurfaces: case (3) and case (4) in Theorem 3. We
notice that Hu, H. Li and Wang classified the Mobius isoparametric hypersurfaces in the unit
spheres S* and S (see [4] and [5]) and the first author and Su [11] classified the conformal
isoparametric spacelike hypersurfaces in conformal spaces QF and Q3.

2 Laguerre fundamental formulas

We recall the fundamental formulas on Laguerre geometry of hypersurfaces in R™, for more
details, see [7]. Let x : M — R™ be an (n — 1)-dimensional umbilical free hypersurface with
vanishing Laguerre form in R". Defining the covariant derivative of Cj, L;j;, B;; by

ZCi’jwj =dC; +ZCjoi7 (2.1)
J J
Z Lijrwr, = dLi; + Z Lipwrj + Z Lijwp;, (2.2)
i k i
Z Bijkwi = dBij + Z Birwi; + Z Byjwri, (2.3)
k k k
we have from [7] that
1
dwij = Zwik N Wrj — 5 Z Rijriwr Awi, Rijri = —Rjiki, (2.4)
k k,l
R

_ 2 _ R _ ) —
;ano, ;BijfL ;Bmlf(n 2)C;, trL = 53 (2.5)

Lijr = Lirj, Cij—Cj;= Z(Bikij — Bji L), (2.6)
%

Bijk = Bik,; = Cjdir — Cidij, (2.7)

Rijii = L0y + L0 — Lidjs — Ljids.

Since the Laguerre form C = 0, we have for all indices i, j, k

Bijr = Bir,j, Z BiiLyj = Z By L. (2.9)
k k
Defining the second covariant derivative of B;; by

Z Bij iwr = dByj i + Z By pwii + Z Bii wwi; + Z Byjwik, (2.10)
] . ] ]
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we have the Ricci identity

Bijwi = Bijik = > BumjRmirt + Y Bim Rk (2.11)

3 Examples

We review some examples of hypersurfaces in R™ and calculate their Laguerre invariants, for
more details, see [8] and [9] .

Example 1. Let z : S¥=1 x H"* — R™ be an umbilic free hypersurface in R™ defined by
z(u,v,w) = (L(14w),2), where H" % = {(v,w) € R |y . v —w? = —1,w > 0} denotes
the hyperbolic space embedded in the Minkowski space R?_M'l. From [8], we know that x has two

distinct Laguerre principal curvatures By = —, /W_(Z*l)’ By = ,/mfﬁ)ﬁ, the Laguerre
form is vanishing and the Laguerre second fundamental form of x is parallel.

Example 2. For any positive integers my, ..., ms with mi;+---+ms = n—1 and any non-zero
constants A1,. .., \s, we define x : R"™1 — RZ to be a spacelike oriented hypersurface in RY
given by
{)\1|u1|2+---+)\3|u3|2 )\1\u1\2+~~+>\s\us\2}
= y UL, U2y v vy Us, )
2 2
where (u1,...,us) € R™ x - x R™s = R and |u;|?> = w;-us,i =1,...,5. Then 1o (z,&) =
(2',¢) : R*~! — UR", and we obtain the hypersurfaces ¥’ : R*~1 — R™. From [8], we know
that « has s(s > 3) distinct Laguerre principal curvatures B; = ﬁ, 1 <i<s, where
Ty = i r= )‘1’”14‘)‘2’”24{ HAsrs gnd \; # 0 is the constant principal curvature corresponding to

€;. Also from [8], we know that the Laguerre form is vanishing, L;j; = 0 for 1 <i,j <n—1
and the Laguerre second fundamental form of x is parallel.

Example 3. Lety = (v,w) : M"~™~1 — R?™™ be an umbilic free space-like hypersurface with
non-zero principal curvatures in the semi-Euclidean space R} ™™ and &€ = (&,&) : M"~™1 —
R} be its unit normal field, where v,&y € R*"™"™71 w & € R and & - & — & = —1. Let
f: 8™ = R™! be the canonical embedding. Defining hypersurface x : S™ x M"~™~1 & R»
by x = (——f,v — 150), from [9], by a direct calculation, we know that the Laguerre form is
vanishing, r has distinct constant Laguerre principal curvatures

H
B; = - —1<i<m,
(n—=1)\/Hy — =
1 H 1
Bi: 2( 117]@7)7 m+1§l§n71,
H277f{_11 " i

k; # 0 are the constant principal curvatures of y and the Laguerre second fundamental form of
x is not parallel.
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4 Proof of Theorem 3 (Main Theorem)

Proof: From (2.5), we know that the number « of distinct Laguerre principal curvatures
can only take the values v = 2,3,4. From (2.9), we can choose the local orthonormal basis
El, EQ, Eg, E4 to diagonalize the matrix (Bz]) and (Aij)7 that iS7 Bij = Bléw and Lij = Lz(szg

Let By, Bs, B3, By be the constant Laguerre principal curvatures of . From (2.3), we have

ZBij,kwk = (.BZ - Bj)w,»j. (41)
k

We consider three cases:

(1) If v = 2, that is, x has two distinct constant Laguerre principal curvatures B; and Bs
with multiplicities m; and msy. From (4.1), we have By = (B; — B;)I'),, where I/, is the
Levi-Civita connection for the Laguerre metric g given by w;; = %ngwk, I, = fr;ik. Thus

Bijr=0,if 1 <¢,5 <mygormy+1<14,5 <my+mo = 4. From the symmetry of B;; 1, we see
that B;; = 0 for all ¢, j, k, that is,  has parallel Laguerre second fundamental form. By the
Theorem in [8], Example 1 and Example 2, we know that Theorem 3 (Main Theorem) is true.

(2) If v = 3, when the Laguerre second fundamental form is parallel, from the Theorem in
[8], Example 1 and Example 2, we know that Theorem 3 (Main Theorem) is true.

When the Laguerre second fundamental form is not parallel, we can prove that this case
does not occur. In fact, without loss of generality, we may assume that B; # By # B3 = Bj.
From (4.1), we have

B“’,k = O, BS4,k = 0, for all i, k’, (42)
Bk
w” = k ﬁaﬂw for Bz % B] (43)

From (4.2), (4.3) and (2.10), we have

2B12 3B
Z Bi3 qw; = Bi2awa3 + Bia zway = AT, (4.4)
p By — B3
2B7, 3 2B123B12.4
B =2B = . : : . 4.5
zl: 11,31W1 12,3W21 B, — B, w3 B, — B, Wy ( )
Comparing two sides of (4.4) and (4.5), we have
2B19 3B
Bisar = 2220 Biss = Bisas = Bisaa = 0, (4.6)
By — Bs

2B7%, 3 2B123B12,4
B = — =——=" B =0. 4.7
s = g p Biiss B, _ B, & Dus (4.7)

From (2.11), we have B;j i — Bijix = (B; — Bj)Rijii. From (2.8), we know that if three of
{i,7,k,1} are either the same or distinct, then R;;z; = 0. Thus, if three of {3, j, k,{} are either
the same or distinct, then

Bij7kl = Biij. (48)
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From (4.8), (2.9), (4.6) and (4.7), we have B3 3B124 = 0. Since the Laguerre second fun-
damental form is not parallel, without loss of generality, we may assume that B2 3 # 0 and
Bi2.4 = 0. We may also prove that Bis 3 is constant. In fact, from (2.10), (4.2) and (4.3), we
have

Z B 3wy, = dBi2,3, (4.9)
B Blz,]Blz k
ZZWM—QZBm%—Q:Z ',br&#&. (4.10)
14,5 k l#i,5
Thus B..B
BwaEZé%%er&¢&. (4.11)
1#1,j
From (4.2) and (4.11), we know that
Bii,ji = Bii,jl =0, for distinct 1,7, l. (4.12)
From (4.12), (4.8) and (2.9), we have
Bio31 = B11,23 =0, Bi232 = Bas13 =0, Bi233 = Bs312=0. (4.13)

On the other hand, from (4.2), (4.3) and Bij24 = 0, we have Y Bsgipwi = Bioswas =
k

Z Biz 3324’%% Thus Bsy i1k = % and we have Bss12 = 0. From (4.8) and (2.9),

we have
Bi234 = Bsa12 = 0. (4.14)

From (4.9), (4.13) and (4.14), we see that dBy2 3 = 0. Therefore, we know that B 3 is constant.
From (4.2) and (4.3), we have

wig = B w3, Wiz = Bz w2, W3 = ﬂwlv w14 = woy = 0. (4.15)

B, — B, B, — Bs B, — Bs
From (4.15), (2.4), and by a simple calculation, we have

1 2B%y 3 Bia3
MR Aw = : A 2% s A wsa, 4.16
5 2 12kIWE N\ Wi (B — B3)(Bs _Bg)wl wa + B, _B2w4 w34 ( )
1 2B, 3
— E R Nw; = A —d = : N 4.17
5 - 13kIWE N\ W = W12 /\ W23 w13 (31 — Bz)(Bs — BQ)wl w3, ( )
! E Rygpwi Awi = w1z Awsg = sz A w3, (4.18)
2 ™ B, — Bj
1 2B, 3
— E R Nw; = A —d = : A 4.19
5 - 23kIWE N\ W = W21 A W13 W23 (32 — 31)(33 — Bl)w2 w3, ( )
1 E Rospiwi N wp = waz A w3y — dwoy = 312 3 —— w1 N\ W34. (420)
2 By — B3

k,l
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Let wyg = Y I3, wy, I3, = —I'{;. Comparing two sides of (4.16)— (4.20), we have
k

Ri210 = 2515, Ri313 = 2515 (4.21)
(B1 — B3)(B2 — B3)’ (B1 — B2)(Bs — Ba)’
Rogo3 = 2815 , Ri414 = Rogoq = 0. (4.22)
(B2 — B1)(Bs — B1)
From (4.16), (4.18) and (4.20), we know that
%}3121@4 = %F}i@ %R142k = %FZ@ %R24k'1 = %Fi- (4.23)

Since we know that the Bianchi identities of curvature tensors R are Rijr + Rikij + Rijr = 0
and Rijkl = Rklij, Rijlk = Rjikh we have Rigor + Riogsa + Rosr1 = 0. Thus, from (423), we
have I';, = 0 for all k. Thus w3y = 0. From (4.15) and (2.4), we have —% kZ;Rg;;mLUk ANw; =

dwsy — > w3k A wgg = 0, this implies that

k
R3434 = 0. (4.24)
From (2.8), (4.21), (4.22) and (4.24), we have
2B? 2B?
“Li= L= g 33)1(2;2 gy L= 32)1(25”3 myL (4.25)
—Ly— Ly = 2Bl Ii+Li=Lo+Ly=Ls+L;=0 (4.26)
(B2 — B1)(Bs — B1)’ 7
this implies that I, = Ly = L3 and L1 = —(327;]13)%(253731), Ly = —(Bﬁ;f)%’%f&), Ly =

2B%, .
the case that the Laguerre second fundamental form is not parallel does not occur.
(3) If v = 4, when the Laguerre second fundamental form is parallel, from the Theorem in
[8], Example 1 and Example 2, we know that Theorem 3 (Main Theorem) is true.
When the Laguerre second fundamental form is not parallel, since By # By # B3 # By,
from (4.1), we have B;; , = 0, for all 4,k. We denote by i, j,k, [ the four distinct elements of
{1,2,3,4} with order arbitrarily given, from (2.3), we have

By a simple calculation, we must have By = By = B3, a contradiction. Thus,

Bijrwr + Bijiw
B. - B,

Wwij = ; for Z?é ] (427)
From (4.27) and (2.4), by a simple and similar calculation (see [5]), we have
1
3 Z Rijsiws N\ wy :dwij — Wik N\ Wi — wig AWy

s,t
2B2, 2B2,
=_ i,k + ij,l wi A w;
(Bi — Bx)(Bj — Br)  (Bi— Bi)(B;j — By)

mod (ws Awy, (8,t) # (i,4), (4,1)) -
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Comparing two sides of the above equation, we have

2B

(Bi — By)(Bj — By)

25 (4.28)
B; — B))(Bj — By) '

Rijij = + (

Since the Laguerre second fundamental form is not parallel, by the symmetry of B;; x, we may
consider two cases:

Case(i) If at least two of {Bi23, B12.4, B13.4, B23 4} are nonzero, without loss of generality,
we may assume that Biz 3 # 0 and Big 4 # 0. From (2.2) and (2.3), we have

Lijk = Bx(Li)dij + T3 (Li — L),

Bijx = E(Bi)dij +T9,(B; — By).
Thus, we see that

Lz = T3p(Ly — Lg) = Ta3(Ly — Lg) = Ti3(La — Ly), (4.29)
Bias =T3,(By — By) =T3,(B; — B3) = T'3(By — B3) #0, (4.30)
Liza =Ti(L1 = Lo) = T3y(L1 — L) = T}, (Le — L), (4.31)
Biga =Tis(B1 — By) = Ty(B1 — By) = I'},(Bz — By) # 0, (4.32)

and therefore

Lo L1—L2:L1—L3:L2—L3
Biss By—By By—B3 By—Bj’
Loy Li—Ly Li—Ly Ly—1Ly4

Bioys B1—By B —By By—DBy

Thus, there is a function A such that

Li—Ly Li—Ly Ly—Ly Li—Li Ly—1L4

31—32_31—33_32—33_31—34_BQ—B4Z_A’ (4.33)
and there is another function p such that
Ly +ABy =Ly+ ABy=Ls+ ABs =Ly + ABy = p, (4.34)
that is, we have
Lij + ABjj = pd;;, forany 1<4,j<4. (4.35)

By the similar method in [6] (see page 8 of [6]), we can prove that A and p are constants.
From (4.34), we see that L, Lo, L3, Ly are constants. If Ly = Ly = L3 = Ly, then x is a
Laguerre isotropic hypersurface in R®. From the Theorem 1.1 in [9], we see that Theorem 3
(Main Theorem) is true. From Remark 1, we know that these two isotropic hypersurfaces are
also Laguerre isoparametric.
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If at least two of {L1, La, L3, L4} are not equal, that is,  is non-Laguerre isotropic hyper-
surface, by the Proposition 6.1 in [9], we know that VL = 0, that is, the Laguerre tensor of
is parallel. From (4.29)—(4.32), we see that L; = Ly = L3 = Ly, a contradiction.

Case(ii) If exactly one of {Bi23, B12,4, B13.4, B23.4} is nonzero, without loss of generality,
we may assume that Big 3 # 0. From (2.8) and (4.28), we see that

22 2B}
L L= 12,3 Ly — Ly 12,3 ,
(B]_ — B3)(BQ — Bg) (Bl - B2)(BB - B2)
2By 3
—Ly— L3 = : —Ly—Ly=—Ly—Ly=—L3—Ls=0,

(B2 — B1)(B3 — By)’

this implies that L1 = Lo, = L3. By a simple calculation, we must have By = By, = Bs, a
contradiction. Thus, Case(ii) does not occur. This completes the proof of Theorem 3 (Main
Theorem). 0
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