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Abstract

The existence of infinitely many solutions for a class of doubly eigenvalue nonlinear
Dirichlet boundary value problems with impulsive effects is established. Our approach is
based on variational methods.

Key Words: Infinitely many solutions, Dirichlet boundary value problems with
impulsive effects, critical point theory, variational methods.

2010 Mathematics Subject Classification: Primary 34B37, Secondary 34B15,
58E05.

1 Introduction

The aim of this paper is to investigate the existence of infinitely many weak solutions for the
following doubly eigenvalue nonlinear Dirichlet problem

—u(z) = M (z,u(zx)) + pg(x, u(x) a.e. z€l0,T],

with the impulsive conditions
Au'(z) = Ij(u(z;), j=1,2,...p (1.2)

where T > 0, f,g : [0,7] x R — R are L!'-Carathéodory functions, zop = 0 < 21 < Za... <
zTp < Tpp1 = T, AU (z;) = u’(zj‘) —u'(z;) = lim, , +u'(z) —lim, , -u'(2),l; : R - R
are continuous and A is a positive parameter and p is rion—negative paraimeter. We refer to
impulsive problem (1.1)-(1.2) as (IP).

Owing to importance of impulsive differential equations arising from the real world describe
the dynamics of processes in which sudden, discontinuous jumps occur, many researchers have
studied this kind of equations, and here we refer the interested reader to the recent works
[13, 18] and the references therein. For a second order differential equation u” = f(¢,u,u’)
one usually considers impulses in the position u and the velocity u’. However, in the motion
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of spacecraft one has to consider instantaneous impulses depending on the position that result
in jump discontinuities in velocity, but with no change in position [11]. The impulses only on
the velocity occurs also in impulsive mechanics [16]. Existence and multiplicity of solutions for
impulsive differential equations have been studied by several authors and, for an overview on
this subject, we refer the reader to the papers [1, 2, 3, 4, 14, 19, 20, 21, 22]. In the present paper,
motivated by [2], employing a smooth version of [7, Theorem 2.1] which is a more precise version
of Ricceri’s Variational Principle [17, Theorem 2.5] under some hypotheses on the behavior of
the nonlinear terms at infinity, under conditions on the potentials of f and g we prove the
existence of a definite interval about A in which the problem (IP) admits a sequence of weak
solutions which is unbounded in the Sobolev space H(0,7)(Theorem 3). We also list some
consequences of Theorem 3. Replacing the conditions at infinity of the nonlinear terms, by
a similar one at zero, the same results hold and, in addition, the sequence of weak solutions
uniformly converges to zero; see Remark 4. An example of application is pointed out(see
Example 1). To the best of our knowledge, no investigation has been devoted to establishing
the existence of infinitely many solutions to such a problem as (IP). We also refer the interested
reader to the papers [5, 6, 8, 9, 10, 12] in which Ricceri’s Variational Principle [17, Theorem
2.5] and its variants ([7, 15]) have been successfully employed to the existence of infinitely many
solutions for boundary value problems.

2 Preliminaries

Our main tool to investigate the existence of infinitely many weak solutions for the problem
(IP) is a smooth version of Theorem 2.1 of [7] which is a more precise version of Ricceri’s
Variational Principle [17, Theorem 2.5] that we now recall here.

Theorem 1. Let X be a reflexive real Banach space, let , ¥ : X — R be two Gateaux differen-
tiable functionals such that ® is sequentially weakly lower semicontinuous, strongly continuous,
and coercive and W is sequentially weakly upper semicontinuous. For every r > infx ®, let us
put

su “1(—sor) ¥(v) — U (u
inf Pved—1(]—oc0,r) (v) (u)

r) = 1
() u€d—1(]—o00,r() r— ®(u)

and
v:=liminfp(r), 6:= liminf ¢(r).

r—+00 r—(infx ®)*

Then, one has

(a) for everyr > infx ® and every A €]0, ﬁ[, the restriction of the functional Iy = & — AV

to ®~1(]—oo,r[) admits a global minimum, which is a critical point (local minimum,) of Iy in X .

(b) If v < 400 then, for each A €]0, %[, the following alternative holds:
either
(b1) I possesses a global minimum,
or
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(b2) there is a sequence {u,} of critical points (local minima) of I such that

lim ®(u,) = +oo.
n—-+oo
(c) If § < +oo then, for each X €]0, 3], the following alternative holds:

either

(c1) there is a global minimum of ® which is a local minimum of Iy,

or

(ca) there is a sequence of pairwise distinct critical points (local minima) of I which
weakly converges to a global minimum of ®.

Let X := H}(0,T). In the Sobolev space X, consider the inner product < u,v ==
fOT o' (x)v'(z)dz and the norm ||u|| = (fo [u/ (2 2d:v> . Let H*(0,T) = {u € C'[0,T] : u”
L?[0,T7}.

The following lemma is useful for proving our main result.

Lemma 1. (see [2] ). Let uw € X.Then

. (21)

= t) I<

0 o= s |u®)|<

By a classical solution of the problem (IP), we mean a function u € {u(z) € H'(0,T) :

u(z) € H*(xj,2j41), j = 0,1,...,p} such that u satisfies (1.1)-(1.2). We say that a function
u € X is a weak solution of the problem (IP) if

/OU’(f)v'(x)dx+;IJ(U(%))W(%‘)—)\/0 [ (@, u(z))v(x)de

—MA o, u(a))v()dz = 0

for every v € X. Using standard methods, if f and g are continuous, we see that a weak solution
of (1.1) is indeed a classical solution(see [2, Lemma 5]).

In this paper, we assume throughout, and without further mention, that the following
condition holds:

(A1) The impulsive functions I; have sublinear growth, i.e., there exist constants a; > 0,
b; >0, and v; € [0,1), j = 1,2,...,p such that

| L;(t) |[<a;j+b; |t forveryteR, j=1,2,...,p
For the sake of convenience, in the sequel, we define F(z,t) = fo x,&)d¢ for all (z,

t) €
b; . b
0, T]xR, Cy = 3->1_, 71_11(@)%“,02 =3+>0 A,erl(TT) Pand O3 =37%_ La; %+

P b (@)wﬂ
j=1 %41\ 2 :
A special case of our main result is the following theorem.
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Theorem 2. Suppose that C1 > 0 and there exist positive constants n and § withn+4§ < T. Let
f: R — R be a non-negative continuous function and let F(t) = fot f(&)d¢E for allt € R. Assume
F(&)

F() = +oo. Then,

that liminfe 4 = 0 and limsup,__,

+9
Cs¢ U

7C S —

T 1€ JT
for every arbitrary L'-Carathéodory function g : [0,T] x R — R whose G(z,t) = fg g(x,&)de
for every (z,t) € [0,T) x R, is a non-negative function satisfying the condition

Co€24,/ T Cye

fT supy<¢ Gz, t)dx

— T 0
Joo i= 511141_100 éc §2_icg < 400 (2.2)
741 Nia 3
and for every p € [0, pig.1[ where f1g1 = g%.o 1 —Tliminfe —4# , the problem

701627

T T

{ —u"(x) = f(u(z)) + pg(z,u(x))  ae xe€l0,T],
uw(0) =u(T)=0

Cs¢

with the impulsive conditions Au'(zj) = Ij(u(z;)), j = 1,2,...,p, admits a sequence of weak
solutions.

3 Main results

We formulate our main result as follows:

Theorem 3. Assume that
(A2) C1 > 0 and there exist positive constants n and § withn+ 6 < T such that

(A2.1) F(z,t) >0 for all (x,t) € ([0,n]U[T — 6,T)) x R;

T

T=3 p(x T
(A2.2) liminfe_ o0 Lo I Feg)d

Pl ge P Dde < lim SUP¢— 400 n+0

TC152—ﬁCS€ 70252-‘4- UT_S&CBE
Then, for each X €A1, Ao where
1
Avi= - ST F(a,6)da
llmsup§_>+oo n I 5
WC2E2+ %CSE
and ]
)\2 = T

Jo supy <¢ F(z,t)dz ’

liminfe
70152_

T VT

Cs¢
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for every arbitrary L'-Carathéodory function g : [0,T] x R — R whose G(z,t) ﬁ) x,&)d¢
for every (z,t) € [0,T] X R, is a non-negative function satisfying the condztwn (2.2) and for
every p € [0, pg A [ where

1 su F(x,t)dx
pgx = — | 1 — Aliminf f4 Plui<e ( ) ,
g

> TS0 - Tcgf

the problem (IP) has an unbounded sequence of weak solutions in X.

Proof: Our goal is to apply Theorem 1. Fix X €]\, A;[ and let g be a function satisfies the
condition (2.2). Since, A < A2, one has p 5 > 0. Fix 7 € [0, 5, 5[ and put v, := Ay and
Aa '

Vg i=m ———
2 1+%)\29m

. If goo = 0, clearly, v1 = A1, v2 = Xg and X €]vy, vo|. If goo # 0, since i < Hg X
77A2
1+%)\2g<x> _
A > A\; = vy, one has \ €]y, 5]. Now, put Q(x,&) = F(x,&) + %G(m,g) for all z € [0,T] and
& € R. Consider the functionals &, ¥ : X — R for each u € X, as follows

u(xj)
@(u):%/o dm+2/ t)dt and U(u / Q(x,u(x

It is well known that ¥ is a Gateaux differentiable functional and sequentially weakly upper
semicontinuous whose Gateaux derivative at the point u € X is the functional ¥'(u) € X*,
given by

we obtain )\% 4+ g0 < 1, and so > )\, namely, A < v,. Hence, bering in mind that

o —/ P, ulw )dz+i/0Tg(:L',u(x))v(x)dx

for every v € X, and ¥/ : X — X* is a compact operator. Moreover, ® is a Gateaux differen-
tiable functional whose Gateaux derivative at the point u € X is the functional ®'(u) € X*,

given by . )
¥ = [ W@ @)de+ Y I (ula;)ola)

for every v € X. Moreover, since I; for j =1, ..., p are continuous, we see that ®(u) is continu-
ous. Also, as shown in [2], we have Ci|u|[* — Cs||u|| < ®(u), which follows limj,||_ 4o P(u) =
400, namely @ is coercive. Furthermore, ® is sequentially weakly lower semicontinuous. In-
deed, let u,, — u be a weakly convergent sequence to u in X. Then, liminf, . ||un]| > ||u||
and u,, — w uniformly on [0,7T]. Hence

. 1
i (5 f o d“Z/

'“'n(xj)
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namely liminf,,_, y oo ®(uy,) > ®(u) which means @ is sequentially weakly lower semicontinuous.
Put I := ® — AW. Clearly, the weak solutions of the problem (IP) are exactly the solutions of
the equation I’X(u) = 0. Now, we want to show that v < 400, where + is defined in Theorem 1.

Let {&,} be a real sequence such that &, > {TT? for all n € N and &, — 400 as n — oo and

T
i Jo supy <¢, Q(x,t)dz
e Lo 2 o
T 1Sn \/T 3Sn

T
= liminf Jo supjy<c Q(z, t)dz
N E—+o0 4 2 .
02— ¢
T 16 \/T 35

4 2
Put r, = TC&{% — ﬁ03fn for all n € N. By the same arguing as given in the proof of [2,

Lemma 6], we observe that r, > 0 for all n € N. Taking (2.1) into account that, by the same
reasoning as given in [2] we have ®71(] — 0o, 7,[) € {u € X;||u|loo < &} . Hence, taking into
account that ®(0) = ¥(0) = 0, for every k large enough, one has

(Supveéfl(]—oo,rn[) \I/(U)) - \I’(u)

#(ra) we®1(~00,rn) 7 — ®(u)
< SUPyed—1(]—o0,rn|) \I/(’U)
< .
T T E
_ Jo supjy<e, Qz,t)dx B Jo supp<e, [F(xat) + %G(x,t)}dx
- 4 2 B 4 2
fclé% - ﬁcsfn TCHS% - ﬁc?)fn
T T
< o SWri<e, F@.)de 7 Jy supy<e, Gl t)d

2

\/TO?)fn

1 2 !
_ 2 . _— _ 2 _
7016 = —=Catn 0182

Moreover, it follows from Assumption (A2) that

T
lim inf Jo supyy<e Fla,t)dz

§—>+o0 4 2
o N L Je
T 1& \/T 35

< 400,

so we obtain
T
Jo suppy<¢, F(z,t)dx

2
20— 2 e,
T 167 = 3¢

Then, in view of the condition (2.2) and (3.1), we have

lim
n—o0

< +o0. (3.1)

T
i fo supyy<¢, F(x,t)dx
n o0 2
T 08 - =0

T
Efo supj<¢, G(x,t)dx

4 2
20— 2 e,
T 167 Wi 3¢

+ lim

n—oo )\

< 400,
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which follows

fOT SUp||<¢, [F(x,t) + “G(x,t)} dz

>l

Lm 1 5 < 4o00.
T 1577, \/T 35
Therefore,
T _
Jo supp<e, [F(x,t) + £G(,t) |da
v < liminf ¢(r,) < lim < +o00. (3.2)
n——+00 n— 00 éc 52 . lcg
T 1Sn \/T 3Sn
Since

T
Jo supp<e, Q(x t)dz fo SUP|y<¢,, F(x t)dx

4
TCI&% \/>C3£TL 70152 C3§n

taking (2.2) into account, one has

f suppy<¢, Gz, t)dx

Cre2 — %Cgsn

IED
Bl

3

'ﬂ\%

\F

sup F(x,t)dr 7

C3¢

T
S T
lim inf fo HPir<e Qa, t)dz < lim

£—+o0 4 2 £~>+oo
—C62 - —=C —Ce2 - =
T8~ o T T

Moreover, since G is nonnegative, from Assumption (A1) we obtain

T—6 d 5 p d
lim sup f Uz, £)d > limsup +£77 (. £)dr (3.4)

e Tl B v Iloey [Bio

Therefore, from (3.3) and (3.4), and from Assumption (A2) and (3.2) we observe

A E]Vl,l/g[g

1 1

c10,—|.
li fnTﬂs Az )de 7 liminf Jo supjy<e Qa t)dz —} ,’Y{
1M SUPe s 400 n+o iminfe o =7 >

n+5 —(Cq£2—

5 ——— 282+ C3¢ T 1€ \/T

For the fixed A, the inequality (3.2) concludes that the condition (b) of Theorem 1 can be

applied and either I5 has a global minimum or there exists a sequence {u, } of weak solutions
of the problem (IP) such that lim, . [lul| = +oc.

The other step is to show that for the fixed A the functional I has no global minimum. Let us

Cs¢
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verify that the functional I3 is unbounded from below. Assumption (A1) follows that Cy and
Cs are positive. Since

T—§
. < limsup fn Fle, )
= ; ,
£—+oo 777’(S Co? + ";36035

we can consider a real sequence {d,} and a positive constant 7 such that d,, — +00 as n — oo
and

1 fT_(S F(z,dy)dz
§<T<n+(;’ (3.5)
+6
UTCQd% + %ngn
for each n € N large enough. Let {w,} be a sequence in X defined by
g, x € [0,7],
(T —z), ze€[l-6T)
0
For any fixed n € N, w, € X and ||w,|| = %dn, and in particular, since ®(u) < Co|ul|> +
Csl|u|| for all w € X, one has
) )
D(w,) < ”*5 Cod? + ”*6 Cyd,. (3.7)

On the other hand, bearing Assumption (Al) in mind and since G is nonnegative, from the
definition of ¥, we infer

T35
U(wy) > / F(z,d,)dx. (3.8)
n
So, according to (3.5), (3.7) and (3.8) we obtain

n+9
no

n+90

Cod? +

[ T-6
Cad,, — )\/ F(z,d,)dz
n

3 n+6 ., o n+6
<(1 /\T)( 775 Ogdn-l- ’175 Csd,

for every n € N large enough. Hence, the functional I5 is unbounded from below, and it follows
that Iy has no global minimum. Therefore, applying Theorem 1 we deduce that there is a
sequence {u,} C X of critical points of Iy such that lim, o ®(u,) = +oo, which from the
definition of ® follows that lim, o ||un|| = +00. Hence, the conclusion is achieved. O
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=0 and

fOT sup|y <¢ F(z,t)dz
4

VT
JT7° F(2,8)da

limsupe_, = = 400, Theorem 3 concludes that for every A > 0 and for
Tczﬁer "T?C:zé

Remark 1. Under the conditions liminfe

C1€2— Cs¢

T

each 1 € [0, g%.o[ the problem (IP) admits infinitely many weak solutions in X. Moreover, if
Joo = 0, the result holds for every A > 0 and p > 0.

We now exhibit an example in which the hypotheses of Theorem 3 are satisfied.
Example 1. Consider the problem

(@) = M, (@) + pg(e,u()  ae ze 04,
u(0) =u(4) =0, (3.9)
A (z1) = 5+ Sju(zy) 3, 1y € (0,4)

where
F*(x)tet (2 + ¢+ sin(In([t])) — (2 + ) cos(ln(|t|)))
f@t) = if (,1) € [0,4] x (R — {0}),
0 if (x,t) € [0,4] x {0}
where f* : [0,4] — R is a non-negative continuous function, and g(z,t) = et (t+)7~1(y—tT)
where tT = max{t,0} and v is a positive real number, for all z € [0,4] and t € R.
It is obvious that C1 = 0.25,Cy = 0.75 and C3 = 0.5 Also a direct calculation shows

Pl = | F@e (1= cos(t)) if (.)€ 0.4 x (&~ {0}),
’ 0 if (x,t) € ]0,4] x {0}.

[ F(z,€)dx
1.562+32¢

f(;l sup|, <¢ F(a,t)dz

So, liminfe 02582 0.5¢ = 0 and limsup,__,

= +oo. Hence, using
Theorem 3, since
4 _
Jo supjy<¢€® ¢ (tT)Vdx . (e —=1et¢Y
i _

o= i = e =0,
Joo = I Ch62 — Ot eto 0.25€2 — 0.5¢

the problem (3.9) for every (A, u) €]0,400[x[0,+00] has an unbounded sequence of classical
solutions in Hg(0,4).

Remark 2. Arguing as in [5, Remark 3.3] we explicitly observe that Assumption (A2.2) in
Theorem 3 could be replaced by the following more general condition
(A2.3) there exist two sequence {an} and {b,} with b, > \/22(113 foralln € N and
2

VT

n+90
nd

Csby, for every n € N and lim,,_, 4 oo b, = 400 such that

Cgai—i—

4
+0 2
Lm; Cgan < —TClbn —

T T—5
i fo Sup|y<p,, F(x,t)dz — fn F(x,a,)dr
ZC1E — ——=Cyby — L2 Ca

VT né "

44
- 777]5 C?)an
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. ST P, €)de
< limsup

0
{——+o0 ;’; Cs £2+ n+503£

Obviously, from (A2.3) we obtain (A2.2), by choosing ar, = 0 for all n € N. Moreover, if we
4
assume (A2.3) instead of (A2.2) and set r, = TClb% — ﬁC?,bn for allm € N, by the same

arguing as inside in Theorem 3, we obtain

(p(’l" ) < SUPyeq- (- oo’r‘n] fo .’E ’U}n )dCU
T 2dx+zj Ly 1)t

T—§
fo SUD|4|<p, F(x,t)al:rfﬁ7 F(x,a,)ds

_ ’7+502a721 _
76

IN

4 2
—C1b2 — —(Csb,
7l \/TC3

where wy, as given in (3.6) with a, instead of d,,. We have the same conclusion as in Theorem
3 with A replaced by

+6
%Cg;an

A 1 1 _ {
’ li fnT*‘s F(z,£)d¢ ’ | fOT SUP|¢| <b,, F(m,t)dzfﬁ?ﬂ*o F(z,a,)dz
M SUPe 4 o0 n+o 1My — 400 7 TET)
Cag2 [T Cat TR E Ty GV R Come

Here, we point out a simple consequence of Theorem 3.

Corollary 1. Assume that all assumptions in Theorem 3 except Assumption (A2.2) hold and

T
(B1) liminfe_, o fo4suplt|§£ Fatds 1

TC1€2*ﬁC3§
Tﬁ’sFac7 dx
(B2) limsup,__, , o Iy (©:8)
n+o —
T TV Ot

> 1.

ns

Then, for every arbitrary L'-Carathéodory function g : [0,T] x R — R whose G(x,t) =
fo x,&)dE for every (xz,t) € [0,T] x R, is a non-negative function satisfying the condition
(2.2) and for every p € [0, g1 | where

fg1:=— | 1 —liminf f supjy<e F(2, t)de
. Joo §ortoo éC&ﬁ? _ ic&
T T

the problem

—u(x) = f(z,u(x)) + pg(z, u(z)) a.e. z €[0,T],

u(0) =u(T)=0
with the impulsive conditions Au'(x;) = I;(u(z;)), j = 1,2,...,p, has an unbounded sequence
of weak solutions in X .
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Remark 3. Theorem 2 is an immediately consequence of Corollary 1.
The following result is special case of Theorem 3 with p = 0.

Theorem 4. Assume that the assumptions in Theorem 3 hold. Then, for each A €A1, Aa]
where

A= : JT F(ag)da
limsup,__, ., 7 +§ ’
W02§2+ ”,;}5 Cs¢
and )
Ag = )

- 5 F(z,t)d
hmlnf£—>+oo f04511pm§5 (z,t)dz

fClézfﬁcsé
the problem
—u"(z) = Af(z,u(z))  ae z€][0,T],
{ u(0) =u(T) =0

with the impulsive conditions Av'(x;) = I;j(u(z;)), 7 = 1,2,...,p, has an unbounded sequence
of weak solutions in X .

Remark 4. We observe in Theorem 3 we can replace £ — +oo with € — 0%, that by the same
arguing as in the proof of Theorem 3 but using conclusion (c¢) of Theorem 1 instead of (b), the
problem (IP) has a sequence of pairwise distinct weak solutions, which strongly converges to 0
n X.
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