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A note on the generic initial ideal for complete
intersections
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Abstract

We prove that the d-component of the generic initial ideal, with respect
to the reverse lexicographic order, of an ideal generated by a regular se-
quence of homogeneous polynomials of degree d is revlex in a particular,
but important, case. Using this property, we compute the generic initial
ideal for several complete intersection with strong Lefschetz property.
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Introduction.

Let K be an algebraically closed field of characteristic zero. Let S = K[z1,...,zy]
be the polynomial ring in n variables over K. Let n,d > 2 be two integers. We
consider

I =1(fi,-.-,fn) C S an ideal generated by a regular sequence fi,...,f, € S
of homogeneous polynomials of degree d. We say that A = S/I is a (n,d)-
complete intersection. Let J = Gin(I) be the generic initial of I, with respect to
the reverse lexicographical (revlex) order (see [5, §15.9], for details).

We say that a property (P) holds for a generic sequence of homogeneous
polynomials fi, fa,..., fn € S of given degrees di,ds,...,d, if there exists a
nonempty open Zariski subset U C Sy, X Sy, X --- x Sg, such that for every n-
tuple (f1, f2,---,fn) € U the property (P) holds. We say that a set of monomials
M C S is a revlex set if, given a monomial v € M, then any other monomial
greater than w in revlex order is also in M.

IThis paper was supported by the CEEX Program of the Romanian Ministry of Educa-
tion and Research, Contract CEX05-D11-11/2005 and by the Higher Education Commission of
Pakistan.
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For any nonnegative integer k, we denote by J, the set of monomials from J

of degree k. Conca and Sidman proved that Jy is revlex if fi,..., f, is a generic
regular sequence, (see [4, Theorem 1.2]). In the first part of this paper, we prove
that Jy is a revlex set in another case, namely, when f; € k[z;, ..., z,]. It is likely

to be true that Jy is revlex for any (n,d)-complete intersection, but we do not
have the means to prove this assertion.
We say that a homogeneous polynomial f of degree s is semiregular for S/I if

the maps (S/I); RN (S/I)4s are either injective, either surjective for all ¢ > 0.
We say that S/I has the weak Lefschetz property (WLP) if there exists a linear
form £ € S, semiregular on S/I. In such case, we say that £ is a weak Lefschetz
element for S/I. A theorem of Harima-Migliore-Nagel-Watanabe (see [6]) states
that S/I has (WLP) in the case n = 3. We say that S/I has the strong Lefschetz
property (SLP) if there exists a linear form ¢ € S such that ¢’ is semiregular on
S/1I for all integer b > 1. In this case, we say that £ is a strong Lefschetz element
for S/I. Harima-Watanabe [7] and later Herzog-Popescu [8], proved that S/I has
(SLP) if f; € k[z;,...,z,], for all 1 <i < mn.

In the second section of our paper, we compute the generic initial ideal for
some particular cases of (n,d)-complete intersections: (n =4,d =2), (n =5,d =
2) and (n = 4,d = 3). In order to do this, we suppose in addition that S/I
has (SLP). Note that this property holds for generic complete intersection (see
[9]) and also in the case when f; € k[z;,...,z,]. It was conjectured that (SLP)
holds for any standard complete intersection. A theorem of Wiebe [12] states
that S/I has (WLP) (respectively (SLP)) if and only if z,, is a weak (respectively
strong) Lefschetz element for S/J, where J = Gin(I). As Example 1.9 show, the
hypothesis char(K) = 0 and fi, ..., f, is a regular sequence are essentials.

1 Generic initial ideal for (n,d)-complete intersections.

Let I = (f1,..-,fn) C S = K[z1,...,2,] be an ideal generated by a regular
sequence f1, ..., fn € S of homogeneous polynomials of degree d. Let J = Gin(I)
be the generic initial ideal of I, with respect to the revlex order. It is well known
that the Hilbert series of S/ .J is the same as the Hilbert series of S/I and moreover,
H(S/J,t) = H(S/I,t) = (L +t+--- +t¢1)". More precisely, we have:

Proposition 1.1. 1. H(S/J k) = (kaII), for0<k<d-1.

2. H(S/T,k) = (577") =n(r7Y), for d <k < |25 | and j = k- d.
3. H(S/J,k) = H(S/J,n(d—1) — k), for k > [@]

Proof: Use induction on n. Denote H,,(t) = (1+t+---+1t?"1)". The casen =1
is trivial. The induction step follows from the equality H,(t) = Hp—1(¢)(1 + ¢ +
et td—l)_ 0



Generic initial ideal 121

Corollary 1.2. 1. |Jx| =0, for k<d-1.

2 [Tkl =n(mY), ford <k < [@J and j = k — d.

n—1
nd=17, nd=1) | _ ., nd=1) | _ 5 .
3. | Tk = ([ 2 _4;1+n 1) _([ 5 nJ_13+n 1)+n(L 5 nJ—1d i=m)

n

for [n(d;l)-‘ <k<(n—-1)(d—1)—1, where j =k — @1

2

4o [Tkl = (PRFH9) — (PTHHATY), for (n—1)(d - 1) <k <n(d - 1),

n—1

where j =k — (n—1)(d—1).
Proof: Using |Ji| = |Sk| — H(S/J, k) the proof follows from 1.1. O
Suppose f; = Zszl birur for 1 < i < n where uy,us,...,uy € S are all the
monomials of degree d decreasing ordered in revlex and N = (I, ). We denote

u, = £*. For example, a; = (d,0,...,0), as = (d —1,1,0,...,0) etc.

We take a generic transformation of coordinates z; — 377, cija; for i =
1,...,n. Conca and Sidman proved in [4] that we may assume that c;; are alge-
braically independents over K. More precisely, if we consider the field extension
K C L = K(cijli,j = 1,n) and if we set

F; = fi(chjxj,...,chja?j) c L[.Z'l,...,."l,'n], 1= 1,...,1’L

7j=1 7j=1
then J = Gin(I) = in(Fy,..., F,)NS.
We write F; = Z;;l a;ju; + - -+ the monomial decomposition of F; in
Lizi,...,zp)
With these notations, we have the following elementary lemma:
Lemma 1.3. J; is revlex if and only if the following condition is fulfilled:
aix - Qin
A= : | #0.
(4275 I ¢ 273
Proof: Suppose A # 0. Since |J4| = n, it is enough to show that uq,...,u, € J.
Let A = (ai;); jein- Since A = det(A) # 0, A is invertible and we have
F H,
Ail . = .
Fy, Hy,
where H; = u;+ small terms in revlex order. Therefore LM (H;) = u; € J, for
all 1 < i < n, where LM (H;) denotes the leading monomial of H; in the revlex

order.
Conversely, since u1,...,u, € Jg, we can find some polynomials
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H; € Lzy,...,z,],

with LM (H;) = u;, 1 < i < n, as linear combination of F;’s. If we denote

H; = Z;V:1 Giju; and A = (@ij)ij=1,..n, it follows that there exists a map
¢ : L™ — L™, given by a matrix E = (e;); j=1,....n, Such that A = A - E. Now,

since det(A) # 0 it follows that A = det(A) # 0, as required. O

Remark 1.4. By the changing of variables ¢ given by z; — Z?:l CijTj, T
became

my = (zn: cljmj)akl - (zn: cnjg;j)ak" = ( Z Cil‘t) .- ( Z C:,/-Tt),

\t|=ak1 |t|=akn
where, for any multiindex ¢t = (ty,...,t,) we denoted z* = z%* ---zl» and ¢ =

it ... cln. Let gi be the coefficient in ¢;;’s of £ in the monomial decomposition

of my. Using the above writing of my, we claim that:

(1) g =
T B | GO e
1] = _ tin tn1 t12 tn2
1l =g, ltn| = agy
t] 4 Ftn =q

[(Oékl —t11 — "'tln—l) (akn —tpr— - — tnn—l)] t tn
. e . . Cl ... cn .
tln tnn

Indeed, the monomial c’il ---ctn appear in the coefficient of z* in the expansion

of my, if and only if ¢t; + --- +t, = a; and |t1| = ag1,--.,|tn] = k. More-
over, by Newton binomial, the coefficient of z'i*...zkn in (i cijmy) ™ s
(Ge) (o fin) - (3t tinm1) ¢ for any 1 < i <, and thus we proved the
claim.

Since a;; = Egzl bk - gki, from the Cauchy-Binet formula we get:

A= > Bry ko, kn Gha k.. b, Where
1<k1<k2<...<kn <N
bir, --- bik, Ikl Gkl
Biy koybn = : : and Gy ko, kn = :
bnk1 st bnkn Gkin " Gkan

Now, we are able to prove the main result of our paper.

Theorem 1.5. If f; € K[z;,...,z,] then J4 is revlex. In particular, if S/I is a
monomial complete intersection, then J; is revlex.
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Proof: Let k; = ("t%7"), for any i = 1,...,n. Then uy, = z¢. Recall our
notation, up = . We have by1 # 0, otherwise I = (f1,...,fn) C (z2,...,Zp)
contradicting the fact that I is an Artinian ideal. Using a similar argument, we
get bix, # 0 for all 1 < ¢ < n. Thus, multiplying each f; with bi_ki, we may
assume b, = 1 for all 1 <i < n. In other words, f; = z{ + f/, where f! contains
monomials smaller than z¢ in the revlex order. Also, since f; € K[z, ...,z,] we
have byy; = 0 for any ¢’ > 4. In particular,By,, .., = 1.
In the expansion of the determinant Gy, ... ., appears the term

Gha1 " Ghaz*~ Ghan =1 - (1) (cy Te22) - (¢]) -+ - (),

where r is a nonzero (positive) integer. Indeed, by (1), we have g1 = cf,,
Jho2 = dcgl_ Leos and, in general, gx,; = some binomial coefficient cf“ We claim
that m = (cf;) (i en) -+ (¢¥) - -+ (¢2~) doesn’t appear again in the expansion
of A.

Since f; € k[z;, - .., 2y], in the monomials in (cy) of a;; there are no ¢y’s with
t < 4. Also, all the monomials of f] contain variables z; with ¢ > i. Corresponding
to them, in a;;’s there are ¢;;’s with ¢ > ¢. Thus in ay the only monomials in
Cil, - -+, Cin Of degree d comes from o(zd) = (i cijz;)?%, the other monomials
being multiples of some ¢y with ¢ > i. Consequently, in the expansion of A,
the monomials of the type cfl .--cBn where Bi,...,B8, are multiindices with
|B1] = -+ = |Bn| = d comes only from ¢(z¢),...,p(zd).

On the other hand, for any 1 < i < n, ¢ is unique between the monomials
in ¢cy’s from @(xd), because they are of the type ¢], where v is a multiindex
with |y| = d. From these facts, it follows that the monomial m is unique in
the monomial expansion of A and occurs there with a nonzero coefficient. Thus
A # 0 and by applying Lemma 1.3 we complete the proof of the theorem. a

Remark 1.6. In the case n = 2 and n = 3, J; is revlex for any (n,d)-complete
intersection. Indeed, in the case n = 2, J itself is revlex since it is strongly stable.
In the case n = 3, since |J4| = 3 and .J is strongly stable, it follows that either (a)
Jy = (2%, 2% o, 297223), either (b) Jy = (xf, 20 xy, 2¢ 7 23). But in the case
(b), the map (S/J)a—1 —> (S/.J)q is not injective, because 24~ # 0in (S/.J)q_1
and z{"'z3 = 0in (S/J)4. This is a contradiction with the fact that x3 is a weak
Lefschetz element on S/J and therefore, Jy is revlex.

Lemma 1.7. (a) ap = fi(ci1,-..,¢n1) for all 1 <i < n.
(b) If 1 <1 < n is an integer then the sequence ayy, aay, - - ., ani 8 regular as a
sequence of polynomials in K[cij| 1 <14,j < n].

Proof: Substituting z; = 0 for j # 1 in F; we get (a). In order to prove (b),
firstly notice that ai1,az1,...,a,1 is a regular sequence on Klei1,ca1,--.,¢n1],
since f1,..., fn is a regular sequence on Klz1,...,z,] and c¢11,¢21,...,Cn1 are
algebraically independent over K.
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Let 1 <1 < n be an integer. We claim that

K[C”|1S1,,jgn] EK[CH;CQI;---;cnl]

(+) Loyl : = _
(alla---7anlaczl —¢j,1<i<n,2< S") (a117a217---7an1)

Indeed, by (1), if we put ¢;; = ¢ for all 1 < i < nand 2 < j < n in the
expansion of gg; we obtain 7 - gx1, where 7 is a strictly positive integer, which
depends only on I, and therefore, a; became 7; - a;;. From (*) it follows that

ail,---,0n1,61 — Cij for 1 < i <mn, 2 <j < nisa system of parameters for
Kle;5) 1 < 4,5 <n] and thus aqy, - . ., an is a regular sequence on Kc;;| 1 <4, <
n], so we proved (b). O

As we noticed in Remark 1.6, for n = 3, the conclusion of Theorem 1.5 holds
for any regular sequence f1, fa, f3 of homogeneous polynomials of degree d. In the
following, we give another proof of this, without using the fact that S/(f1, f2, f3)
has the (WLP), i.e. z3 is a weak Lefschetz element for S/.J. Also, we get the
same conclusion for the case n = 4 and d = 2. However, this approach do not
works in the general case.

Proposition 1.8. (a) If f1, f2, f3 € K[z1,22,23] is o reqular sequence of homo-
geneous polynomials of degree d > 2, I = (f1, fo, f3) and J = Gin(I), the generic
initial ideal of I, with respect to the reverse lexicographical order, then Jy is a
revlex set.

(b) If f1,fa, f3, fa € K[z1,%2,23,24] is a regular sequence of homogeneous
polynomials of degree 2, I = (f1, f2, f3, f1) and J = Gin(I), the generic initial
ideal of I, with respect to the reverse lexicographical order, then J is a revlex set.

Proof: (a) Let A = (a;); ;,_13. Since Gin(f1, f2) is strongly stable, it follows

i,j=1,3"
#0

by Lemma 1.3 that Az = ‘ i1 iz an  aiz

0. Anal ly, Ay =
#* nalogously, A, a4z aso

a21 Qa2

and A; = @21 (22
a3y asz

A = 0. Tt follows a;3A; = a3As — az3Asz and therefore, since a;3, ass,ass is
a regular sequence in K[c;;|i,j = 1,3], we get Ay € (a23,as3). The first three
monomials of degree d in revlex order are z{, xfflwg and a:‘f*%g. It follows
that the degree of a;1, a;2 and a;3 in cay, a2, ¢o3 is 0, 1, respectively 2, for any
1 < i < 3. Therefore, the degree of A; in the variables ca1, ¢a2, Co3 is 1, but the
degree of as3 and ags in ca1, c22, c23 is 2, which is impossible, since Ay € (ass, ass).
(b) Let A = (as;); j_14- Since any three polynomials from fi, f, f3, f4 form

a regular sequence, it follows from (a) that any 3 x 3 minor of the matrix

A = (aij) i=12 1is nonzero. Let A; be the minor obtained from A by erasing
i=1738

the i-row. Suppose A = 0. It follows that a14A1 = a24As — a34 A3 + as4A4 and
therefore, since a4, as4,as4,a44 is a regular sequence in K{c;;|i, j = 1,4], we get
A1 € (a24,a34,a44). Since the first 4 monomials in revlex are x?,z122, 73, 7123,

# 0. We have A = a13A1 — as3As + azzAs. Suppose
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we get a contradiction from the fact that the degree of A; in the variables
C31,C32,C33,C34 18 zero, but the degree of as4,a34,a44 in ¢31,C32,C33,034 is 1.
d

Remark 1.9. The hypothesis that K is a field with char(K) = 0 is essential.
Indeed, suppose char(K) = p and I = (2},28) C K[z1,22]. Then, simply using
the definition of the generic initial ideal, we get Gin(I) = I and, obviously,
I, = {af, 25} is not revlex.

Also, the hypothesis that fi,..., f, is a regular sequence of homogeneous
polynomials is essential. Let I = (fi, f2, f3) C K|z, T2, 73], where f; = z?,
f2 = 7122 and f3 = z123. In order to compute the generic initial ideal of I we
can take a generic transformation of coordinates with an upper triangular matrix,
ie. z1 = 21, T2 = T2 + 1221, T3 — T3 + C23%2 + 1321, Where ¢;; € K for all
i,7 (see [5, §15.9]). We get

Fi(z1,22,23) := f1(x1,Z2 + c12%1, T3 + 232 + €1321) = SU%;

2
Fy(x1,%2,23) := fa(w1, T2 + c1221, T3 + c23%2 + €13%1) = C122] + 172,
2
Fs(x1,20,23) := f3(x1,22 + 121, T3 + 232 + C13%1) = 1327 + Ca3T1 L2 + T123.

The generic initial ideal of I, J = in(Fy, F», F3) satisfies Jo, = I, but I, is not
revlex.

2 Several examples of computation of the Gin.

Let I = (f1,..-,fn) C S = K[z1,...,2,] be an ideal generated by a regular
sequence f1,..., fn € S of homogeneous polynomials of degree d. Let J = Gin(I)
be the generic initial ideal of I, with respect to the revlex order.

In [2], the case n = 3 and d > 2 is treated completely, when S/(f1, f2, f3) has
(SLP). More precisely, if d is odd, then

d—2 2d213+1 d223+2 d—3 34t
J = (z{ z1, 22}, 27 7 xy’ I I for1<J<T, T,

d—3

3d—3 3d . 3d—3
2j41, 2 2j+1, 2472
@my ° ailgPig, T Y g T 1< i< S

a2 2y} 1 <G < d,

d—2 2d2 1 3j4+1 d—2j 23+2 d—4

or J=(x{ H{z1,m2}, 2] Ty x] T T T for 1< 5 < ——
3d—4 3d—2 3d_3;

Sd -2
p) p 25 .25—1 % —J
TiTy = 5Ty~ 5 T3 Ty" Ty x 3373 x2 1< < 5

mg72+2j{$171"2}d7j7 1 S .7 S d;

if d is even (see [2, Proposition 3.3]).
In the following, we discuss some particular cases with n > 4.
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The case n = 4, d = 2. We assume that S/I has (SLP). From Wiebe’s The-
orem, it follows that x4 is a strong Lefschetz element for S/J. For a positive
integer k, we denote Shad(Ji) = {z1,...,Zn}Jk. We have H(S/J,t) = (1+t)* =
1+ 4t + 6t + 4¢3 + t1.

We have |Jo| = 4. From Proposition 1.8, Js is revlex, therefore

Jo = {x3, w102, 23, w103} = {{w1, 22}, w173}

We have [Shad(J;)| = 12. On the other hand, |J3| = 16, so we need to add
4 new generators at Shad(Js) to get Js3. If we add a new monomial which is

2
divisible by 22, then the map (S/J); —» (S/J)s, will be no longer injective.
Since |(S/J)1| = |(S/J)s], we get a contradiction with the fact that z4 is a strong
Lefschetz element for S/J. But there exists only 16 monomials in S which are
not multiple of #2. Thus

Jz = {{z1, 22,23}, 74 {71, T2, 73}?}, and therefore

Shad(J3) = {{z1, T2, 23}*, 24{T1, T2, 23}, 25 {1, T0, w3 }* }.

Since |Shad(J3)| = 31 and |J4| = |S4| — [(S/J)4| = 35 — 1 = 34 we have to add 3
new generators at Shad(J3) in order to get Jy. Since J is strongly stable, these
new generators are z3x;, 32 and xjr3. So

Jy = {:1:1,:1:2,;53,:1:4}4 \ {aﬁ}. We get Shad(Jy) = {:1:1,:1:2,;53,:1:4}5 \ {xi}

and since J5 = S it follows that we must add z3 at Shad(Jy) to obtain Js.
From now one, we cannot add any new monomial. J is the ideal generated by
all monomials added at some step k to Shad(Jy), thus we proved the following
proposition:

Proposition 2.1. If I = (f1, f2, f3, f4) is an ideal generated by a regular sequence
of homogeneous polynomials fi, fa, fs, fa € S = k[z1, 22,23, 24] of degree 2 such
that the algebra S/I has (SLP) then the generic initial ideal of I with respect to
the revlex order is

— 2 2 3 3 2 2 3 3 3 5
J = (wla T1&2;, Ty, T1T3, T2T3, T3, T3T4, T3T4, Tyll, Tyl2, TyT3, 1'4)-

In particular, this assertion holds for a generic sequence of homogeneous polyno-
mials flaf2;f37f4 €S or Zf fi € k‘[l’,’,. . ,1'4], 1 S i S 4.

The case n = 5, d = 2. In the following, we suppose that S/I has (SLP), so
x5 is a strong Lefschetz element for S/J. Also, we suppose that J; is revlex. We
have H(S/J,t) = (1 +t)% = 1+ 5t + 10t2 + 10t3 + 5t* + t5. We have |Jo| = 5.
Since J is revlex from the assumption, we have J, = {{z1,22}2, z3{x1,72}}. So

Shad(Jz) = {{z1, 22}, {z1, 22} {73, T4, 25}, T3 {71, T2 }{23, T4, 75} }.
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We have |Shad(J2)| = 19. On the other hand | J3| = |S5|—|(S/J)s| = 35—10 = 25,
so we must add 6 new generators, from a list of 16 monomials, at Shad(J2) to
get Js.

Since z5 is a strong Lefschetz element for S/J it follows that we cannot add
any monomial of the form x5 - m, where m is nonzero in (S/J)2 because, in
that case, the map (S/J)z =¥ (S/J)s will be no longer injective. But there
are |(S/J)2| = 10 such monomials m. Therefore, we must add the remaining 6
monomials, 73, 2374, 7127, 223, T375, 3. Thus

J3 = {{a:l,azz,;c;;,5124}3,:55({301,:1:2,:1:3}2 \ {x%})} Therefore :

Shad(Js) = {{z1, 22, 3, 24 }*, 25{21, T2, 3, 24 }>, 22 ({m1, 22, 23 }* \ {23 }) }-

We have |Shad(J3)| = 60 and |Jy| = |S4| — [(S/J)s| = 70 — 5 = 65. So we need
to add 5 new generators at Shad(Js) to get Jy. If we add a monomial which is

.3
divisible by z§ we obtain a contradiction from the fact that the map (S/J)1 B
(S/J)4 is no longer injective. Therefore, we must add:

2,2 2 2 2 2,2
$3$5,$1x4$5,.'1722124.'175,.733.7:4335,11}4.735,
and so
J, = 4 3 2 2
1 = {{z1, 22,23, 24}, w5 {21, 22, 3, 04 }°, 5 {71, T2, T3, 24} }.

So Sha’d(']4) = {{$1,$27.’L'3,$4}5,- o ,$g{$1,$2,$3,$4}2}.

We have |J5| — [Shad(J4)| = 4, so we must add 4 new generators at Shad(Jy)
to get Js. Since J is strongly stable, these new generators are:

4 4 4 4
T5T1,T5T2, T5L3,T5d4-

Therefore J5 = {{z1,...,25}° \ {z2}}. Finally, we must add z¢ to Shad(Js) in
order to obtain Js. We proved the following proposition, with the help of [4,
Theorem 1.2] and Theorem 1.5.

Proposition 2.2. If I = (f1, fa2,...,f5) C K[z1,...,25] is an ideal generated
by a generic (regular) sequence of homogeneous polynomials of degree 2 or if
fi,f2,..., f5 is a regular sequence of homogeneous polynomials of degree 2 with
fi € K[zs,...,x5] fori=1,...,5 then J = Gin(I) the generic initial ideal of I
with respect to the revlex order is:

2 2 3 2 2 2 2 3
J = (x1, ®122, T3, T1¥3, T2T3, T3, T3%4, T1Ty, T2Ty, T3Ty, Ty,

2,.2 2 2 2 2.2 4 4 4 4 6
.733.’1:5, .7312124.’175, 2122.'134:1}5, .’L‘3.CL’4IL'5, .1134.735, .’L'5$1, .735.’1:2, .735.’1:3, .'L'5$4, .'L'5)
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The case n = 4, d = 3. We suppose that S/I has (SLP), so x4 is a strong
Lefschetz element for S/J. Also, we suppose that Js is revlex.
We have H(S/J,t) = (1 +t+t3)* = (1 + 2t + 3t2 + 2t3 + t1)2 =

=1+ 4t + 10¢% + 16¢> + 19¢* + 16¢° + 10t® + 447 + 8.

Since | J3| = 4 and J3 is revlex, it follows that J3 = {z1,z2}3. Therefore, we have
Shad(J3) = {{z1,22}*, {1, 72} {3, 24}}. Since |J4| — |Shad(J3)| = 4, we must
add 4 new generators to Shad(Js;) to obtain Jy. Since x4 is a strong Lefschetz
element for S/J we cannot add any monomial of the form z4 - m, where m # 0 in
Js. Therefore, since J is strongly stable, we have to choose 3 monomials from the
list 2 {1, 22}, ¥3{x1, 72}, z3. There are two different chooses: either we add (I)
z3{x1,72}?, either (II) ziz1{z1, 72,73}
In the case (I), we get Jy = {{z1, 72}, {21, 22> {x3, 24}, 23 {71, 22}?}, s0

Shad(J;) =

{1, 22}, {21, 22} {w3, 24}, {21, 22} {23, 24}, 23 {3, ma Har, 227}
Since |J5| — |Shad(Js)| = 40 — 34 = 6, we need to add 6 new generators at
Shad(Jy) to get Js. Since x4 is a strong Lefschetz element for S/J we cannot
add any monomial of the form z3m, where m is a nonzero monomial in Js. So,
we must add: z3{z1, %2, 73}, 2473{T1, T2, 23}. Thus

J5 = {{xl;m27$3}57$4{$17x27$3}47$2{$1ax2}3}-

In the case (II), we have Jy = {{z1, z2}*, {z1, 22} {23, 24}, 1122 {21, T2, T3} },
so Shad(Jy) is the set {{z1,22}%, {z1, 22} {23, 74},
{z1, 22} {z3, 74 }%, 2321 {23, T4 } {1, T2}, 2371 {T3, 24} }. Since |J5|—|Shad(Js)| =
40 — 34 = 6, we must add 6 new generators at Shad(Js) to get Js. Since x4 is a
strong-Lefschetz element for S/.J, we cannot add any monomial of the form z2m,
where m # 0 in J3. So, we must add: 322, x40, 23, 247323, 247322, 473, Thus

Js = {{z1, 22, 23}°, 24 {m1, 72, w3 }*, 23 {21, 7217},
the same as in the case (I). Thus, in both cases (I) and (IT), we get:
Shad(Js) = {{z1,2,23}°, x4{m1, 72, 23}°, 23 {w1, 72, w3 }*, 23 {w1, 22 }°}.

Since |Shad(J5)| = |Se| — 16 and |Js| = |Se| — 10, we must add 6 new generators
to Shad(Js) in order to obtain Jg. Since x4 is a strong-Lefschetz element for S/.J,
these new generators are not divisible by z}. So, we add

3 2 3,2 3..3
zir3{21, 22}, T4w3{21, T2 }, T3
and thus,

JG = {{xl;1'2;273}6;$4{m1;$21$3}51$2{m1;$271.3}4;272{1'1;1'271.3}3}- So
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Shad(Js) = {{z1,z2,23}", xa{m1, 22, 23}°%, ..., 2 {21, 22, 25 }°}.

|S7|—|Shad(Js)| = 6+4 = 10 and | S7|—|J7| = 4, so we must add 6 new generators
at Shad(Js) to get J7. Using the same argument, these new generators must be
z5{x1, T2, 73}? and therefore

Jr = {{z1, 72, 23}7, wa{w1, 22, 23}5, . .., 25 {@1, 22, 23} }.

We get
Shad(J7) = {{z1, 72, 23}°, wa{m1, 22, 23}", ..., 2§ {@1, 22, w3}7}.

Since |Sg| — |Shad(J7)| = 4 and |Ss| — | Js| = 1, we must add 3 new generators at
Shad(J;) in order to get Jg. Since x4 is strong-Lefschetz, these new generators
are T1{r1, T2, 73}, 0 Jg = {z1,T2,73,74}% \ {z}. Finally, we must add zj to
Shad(Jg) in order to obtain Jy. We proved the following proposition, with the
help of [4, Theorem 1.2] and Theorem 1.5.

Proposition 2.3. If I = (fi1, f2, f3, f1) C K[z1,22, %3, 4] is an ideal generated
by a generic (regular) sequence of homogeneous polynomials of degree 3 or if
f1, f2, f3, fa is a regular sequence of homogeneous polynomials of degree 3 with
fi € k[zi,...,x4], fori=1,...,4, then J = Gin(I) the generic initial ideal of I
with respect to the revlex order has one of the following forms:

(I) J = ({z1,22}°, a3{w1,22}°, w3{w1, 22,23}, zazi{z1, 22,23},
$2$3{~Z’1;1’2}2;$i$§{1’1,$2};1’21’§; mi{$17x27m3}27 $1{$1,$27fl}'3}, .Z'Z)
(I1) J = ({z1,22}3, 2331 {m1, 20,23}, w323, mé:@, T3, T4TAITS, T4TITH, mxé,
wiws{m1, 2}?, wiai{ws, wo}, wdad, wi{w1, w2, 23}, wi{m1, 72,23}, 27)

Remark 2.4. It seems Conca-Herzog-Hibi noticed in [3], page 838, that, if
f1, f2, f3, fa is a generic sequence of homogeneous polynomials of degree 3 then
the generic initial ideal J has the form (I), and J = Gin(23, 23,23, z3) has the
form (II).
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