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A note on perturbations of authomorphisms of type II;
factors
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Abstract

We study perturbations of *-homorphisms of type II; factors with re-
spect to the norm || - ||2,00 introduced by Sinclair and Smith. We show
that automorphisms close to the identity in this norm are implemented by
unitary operators close to the identity in the Hilbert-Schmidt norm.
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In [1] Kadison and Ringrose proved the remarkable fact that if an automor-
phism ¢ of a von Neumann algebra M satisfies ||¢ — Idy|| < 2, then ¢ is inner,
that is, ¢(z) = uzu* for some unitary operator u € M.

In this paper we consider a different metric on Aut(M), the automorphism
group of a type II; factor M. Our approach is inspired by the work of Popa,
Sinclair and Smith on perturbations of subalgebras of type II; factors ([2], [3],
[4]). This metric, denoted by [|.||2,00, is of Hilbert - Schmidt type and, from the
perturbations viewpoint, has proved to be more flexible than the usual Hausdorff
distance.

Throughout this paper M denotes a type II; factor with trace 7 and unitary
group U(M). Aut(M) denotes the group of *—automorphisms of M, the identity
automorphism being Idar. The Hilbert-Schmidt norm on M is given by ||z||2 =
T(z*x)'/2. If A C M is a subalgebra and if f and g are bounded linear maps from
A to M, define (following [3])

1f = 9ll2.00 = sup{[|f(z) = 9(2)[]2, z € A, ||2[| <1}

The main result is the following

Theorem. Let M be a type Iy factor and let N C M be a subfactor with
trivial relative commutant. If ¢ : N — M is a unital x-homomorphism such
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that || — Idn||2,00 < V2, then ¢ is implemented by a unitary v in M satisfying
l[v = Il2 < |l¢ — Idn|]2,00-

Proof: Denote ||¢ — Idn||2,00 = t < v/2. Then ||p(u)u* —I||s <t
YV u € U(N). We have

lo(wu* =113 = ((p(u)u” — I)(up(u®) = 1)) = 2 - 2Re (p(u)u*) < ¢

It follows that Re 7(p(u)u*) > % > 0. If a is the element of smallest 2-norm
in the closed, convex hull of {¢(u)u*}, then p(u)au* = a and
[la — I||2 < t. Also, by the preceding remark, Re 7(a) > 0, so 7(a) # 0.

On the other hand, p(u*)a = au* = a*p(u) = ua* = a*p(u)u* = ua*u*.
There is a net of convex combinations of elements of the form p(u)u* converging
ultraweakly to a. By passing, if necessary, to a subnet, we may assume that the
corresponding convex combinations of ua*u* converge ultraweakly to some d. By
applying the trace, we get a*a =d = 7(a*a) = 7(d) = 7(a*). This shows that
7(a) = 7(a*) = 7(a*a) = A > 0.

For all u in U(N) we have p(u)a = au and a*p(u*) = u*a* = a*¢(u) = ua*.
It follows that a*au = a*p(u)a = ua*a, therefore a*a commutes with N and, since
N'N M is trivial, a*a = 7(a*a) = M. If we define v = a/v/), then v is a unitary
and satisfies p(z) = vzv* for all z in N.

To see how close v is to I, note that

lo =TI} =7((v = D" = 1) =7(2] —v —v) =2 - i(T(a) +7(a"))

VA
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On the other hand,
2 —¢2 2 —¢2
A =1(a) = Re 7(a) > = 2(1-X)<2(1- 5 ) =t?
which implies |[jv —I|]3 <#* = |jv—I||2 < |l¢ — IdN||2,00- 0

Corollary. (i) Lety: M — M be a unital x-homomorphism. If
I = Idnr|l2,00 < V2,
then ¢ is implemented by a unitary v in U(M) satisfying
[lo=1I|l2 < l¢ — Tdn|[2,00-
In particular, ¢ is an automorphism.
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(i5) If ¢ and ¢ are automorphisms of M such that ||p — ¥||2,00 < V2, then
¢ and ¥ are conjugate via o unitary v in U(M) satisfying |lv—1I|]2 < ||l¢ —¥||2,00-

Remark. In the theorem we cannot drop the condition N' N M = CI. Take
M = N® M,, and let ¢ be an outer automorphism of N. Let N consist of diagonal
operators @ @ ...® x and define § : N - NQ M, by §(z Dz @ .. D) =
z2®T®...0xd (). For all z € N with ||z|| <1 we have

1 4 2
b(z @ ... - 3=- —z|)3 < = = |0 — Idg]|2,00 < —=
.00 - @ . onlE = lle( ~ =} < - = |~ Tyl < —
We will show that 6 is not implemented by any unitary in M. To get a con-
tradiction, suppose there exists a unitary U = (a;;) in M satisfying

U(z®...0z)=(z® ... 6 x)U
Then, for all 1 < 4,5 < n —1, a;;z = za;;, hence a;; are scalar multiples
of the identity of N. Denote a;, = b;. Since UU* = I, it is easily seen that
bib} = t2I for all 1 < i < n—1 and for some t; > 0. If t; # 0, then w; = b;/t;
is unitary and w;p(x) = zw;, which is impossible, since ¢ is outer. This shows
that b; = 0 for all 1 < i <n — 1, which forces w = an, to be a unitary in N such
that wp(z) = zw, contradiction. O
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