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An ergodic characterization of uniformly exponentially

stable evolution families
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Abstract

Suppose that ϕ : [0,∞) → [0,∞) is a nondecreasing function such that
limt→∞ ϕ(t) = ∞ and U = {U(t, s)}t≥s≥0 is an exponentially bounded
evolution family on a Banach space X having the property that for each
x ∈ X and each s ≥ 0 the map t → ||U(s + t, s)x|| is continuous on (0,∞).
Then U is uniformly exponentially stable if and only if there exist two
positive constants α and C such that

1

t

Z

t

0

ϕ(eατ ||U(s + τ, s)x||)dτ ≤ ϕ(C||x||).

for all t > 0, s ≥ 0 and x ∈ X.
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The aim of this paper is to discuss the long time behavior of some evolution
families of bounded linear operators.

Given a Banach space X, we will denote by L(X) the Banach algebra of all
bounded linear operators A : X → X. We say that A is power bounded if

sup
n∈N

‖An‖ < ∞,

and that A is power-stable if

‖An‖ ≤ Ce−ωn for every n ∈ N,
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where C and ω are suitable positive constants. A well known result (that can be
traced back to J. A. van Casteren [2]) asserts that A is power bounded if and
only if for some pair (equivalently, for all pairs) of numbers p, q ∈ (1,∞) with
1/p + 1/q = 1, the following two conditions are fulfilled:

sup
n≥1

1

n

n−1
∑

k=0

∥

∥Akx
∥

∥

p
< ∞ for every x ∈ X (1)

and

sup
n≥1

1

n

n−1
∑

k=0

∥

∥A⋆kx⋆
∥

∥

q
< ∞ for every x⋆ ∈ X⋆. (2)

Simple examples show that the conditions (1) and (2) are independent. See [2].
A consequence of the above result is that an operator A ∈ L(X) is power-stable
if and only if for some pair (equivalently, for all pairs) of numbers p, q ∈ (1,∞)
with 1/p + 1/q = 1, and some α > 0 the following two conditions are fulfilled:

sup
n≥1

1

n

n−1
∑

k=0

eαpk
∥

∥Akx
∥

∥

p
< ∞ for every x ∈ X, (3)

and

sup
n≥1

1

n

n−1
∑

k=0

eαqk
∥

∥A⋆kx⋆
∥

∥

q
< ∞ for every x⋆ ∈ X⋆. (4)

Surprisingly, this remark can be considerably improved. Indeed, the condition
(3) implies the condition (4), and a much more general result works for the
evolution families of bounded linear operators. To see that, we need a preparation.

A semigroup T = (T (t))t≥0 is a family of operators T (t) ∈ L(X) such that
T (0) = I (the identity of L(X)) and T (t + s) = T (t) ◦ T (s) for all s, t ≥ 0. T is
said to be uniformly exponentially stable if

ω0(T ) := inft>0
ln ||T (t)||

t
< 0.

In this case there exist positive constants M and ν such that

||T (t)|| ≤ Me−νt for all t ≥ 0.

An important result due to R. Datko [4], [5] and A. Pazy [11] asserts that
a semigroup T = (T (t))t≥0 is uniformly exponentially stable provided that T
verifies the following two conditions:

(SC) T is strongly continuous, that is, for each x ∈ X the map t 7→ T (t)x is
continuous on [0,∞);
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(DP) there exists a number p ∈ [1,∞) such that for every x ∈ X,

M(p, x) :=

∫ ∞

0

||T (t)x||pdt < ∞.

The property of strong continuity assures the finitude of the exponential
growth bound ω0(T ). The role of (DP) is to provide a fast decay of orbits at
infinity. If M(p, x) ≤ C||x||p for some positive constant C, then ω0(T ) < −1/pC.
See [10], Theorem 3.1.8.

Remind that a family U = {U(t, s)}t≥s≥0 of bounded linear operators on a
Banach space X is said to be an evolution family if U(t, t) = I and U(t, s) =
U(t, r)U(r, s) for all t ≥ r ≥ s ≥ 0.

An evolution family U is called exponentially bounded if there exist two con-
stants ω ∈ R and Mω ≥ 0 such that

||U(t, s)|| ≤ Mωeω(t−s) for all t ≥ s ≥ 0. (5)

The family U is called uniformly exponentially stable if the inequality (5) works
for a negative ω.

To each semigroup T = (T (t))t≥0 we can attach an evolution family via the
formula U(t, s) = T (t − s). Conversely, if {U(t, s)}t≥s≥0 is an evolution family
that verifies the convolution formula

U(t, s) = U(t − s, 0),

then the family (U(t, 0))t≥0 represents a semigroup of operators. Under this
correspondence, a semigroup is exponentially bounded (respectively uniformly
exponentially stable) if and only if the corresponding evolution family has that
property.

Let N : [0,∞) → [0,∞) be a nondecreasing function satisfying N(0+) = 0
and N(t) > 0 for t > 0. A well-known result due to S. Rolewicz, [13], [12] (see
also W. Littman [8] or van Neerven [10] in the semigroup case) asserts that an
exponentially bounded evolution family U = {U(t, s)}t≥s≥0 on a Banach space
X is uniformly exponentially stable if for each x ∈ X one has that

R(x) := sup
s≥0

∫ ∞

0

N(||U(s + τ, s)x||)dτ < ∞.

In particular, (DP) will do the same job even for p in the range (0, 1).
It is worth to mention that there exist a function N as above, an uniformly

exponentially stable evolution family U , and a x0 ∈ X such that R(x0) = ∞. See
[13] for further details.

We will prove that Rolewicz’s aforementioned result has an ergodic analogue
that works in the framework of evolution families. However, the class of functions
N is slightly different.

The following result provides an useful criterion of uniform exponential sta-
bility:
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Lemma 1. Let U = {U(t, s)}t≥s≥0 be an exponentially bounded evolution family

on a Banach space X, such that for each x ∈ X and each s ≥ 0, the map

t → ||U(s + t, s)x|| is continuous on (0,∞). Then the family U is uniformly

exponentially stable provided that there exist two real numbers h > 0 and q ∈ (0, 1)
such that for every x ∈ X one can find a t(x) ∈ (0, h] for which

sup
s≥0

||U(s + t(x), s)x|| ≤ q||x||.

Proof: Let x ∈ X be arbitrarily fixed. According to our hypotheses we can
find a t1 ∈ (0, h] such that ||U(s + t1, s)x|| ≤ q||x||. The same argument yields a
t2 ∈ (0, h] (which depends on U(s + t1, t1)x) and verifies the condition

||U(s + t2 + t1, s)x|| = ||U(s + t2 + t1, s + t1)U(s + t1, t1)x||

≤ q||U(s + t1, s)x|| ≤ q2||x||.

By mathematical induction we infer the existence of a sequence (tn)n of elements
in (0, h] such that

||U(s + t1 + t2 + · · · + tn, s)x|| ≤ qn||x||,

for all s ≥ 0. Put sn := t1 + t2 + · · ·+ tn. If sn → ∞, then for each t ∈ [sn, sn+1]
we have t ≤ (n + 1)h and thus

||U(s + t, s)x|| ≤ ||U(s + t, s + sn)|| · ||U(s + sn, s)x|| ≤ Mqn||x||

≤ Me− ln qeln q·t/h||x||,

where M := supt∈[0,h] sups≥0 ||U(t + s, s)||.
If the sequence (sn)n is bounded, then it must be convergent, say to σ. Since

||U(s+sn, s)x|| ≤ qn||x|| and the map t → ||U(s+ t, s)x|| is continuous, it follows
that

U(s + σ, s)x = 0,

for every s ≥ 0. Consequently U(t + σ, s)x = U(t + σ, s + σ)U(s + σ, s)x = 0 for
every t ≥ σ and every s ≥ 0, a fact that assures the uniform exponential stability
of U .

A result similar to Lemma 1 for semigroups has been proved in [1], while the
case of reversible evolution families was noticed in [3], pages 190-192. See also
[12] for further information.

Theorem 1. Let ϕ,ψ : [0,∞) → [0,∞) be two nondecreasing functions with

lim
t→∞

ϕ(t) = lim
t→∞

ψ(t) = ∞

and let U = {U(t, s)}t≥s≥0 be an exponentially bounded evolution family on a

Banach space X such that for each x ∈ X and each s ≥ 0 the map t → ||U(s +
t, s)x|| is continuous on (0,∞). Then U is uniformly exponentially stable if
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sup
t>0

sup
s≥0

1

t

∫ t

0

ϕ (ψ(τ)||U(s + τ, s)x||) dτ < ∞ for all x ∈ X.

Proof: If the condition in Lemma 1 doesn’t work, then for each h > 0 and each
0 < q < 1 there must exist a norm-1 vector x0 and a number s0 ≥ 0 such that

||U(s0 + τ, s0)x0|| ≥ q||x0|| = q for all τ ∈ [0, h].

Therefore

M = sup
t>0

1

t

∫ t

0

ϕ(ψ(τ)||U(s0 + τ, s0)x0||)dτ

≥ sup
t∈(0,h]

1

t

∫ t

0

ϕ(qψ(τ))dτ

for all h > 0, whence

M ≥ sup
t>0

1

t

∫ t

0

ϕ(qψ(τ))dτ

≥ lim sup
t→∞

1

t

∫ t

0

ϕ(qψ(τ))dτ

≥ lim
t→∞

ϕ(qψ(t)) = ∞,

by the l’Hospital Rule. This contradiction shows that Lemma 1 applies and thus
U is uniformly exponentially stable.

Corollary 1. Let φ and U be as in Theorem 1. Then U is uniformly exponentially

stable if and only if there exist two positive constants α and C such that

sup
t>0

sup
s≥0

1

t

∫ t

0

ϕ(eατ ||U(s + τ, s)x||)dτ ≤ ϕ(C||x||) for all x ∈ X.

Proof: Let ν > 0 and N > 0 such that

||U(s + τ, s)|| ≤ Ne−ντ for all s ≥ 0, τ ≥ 0.

and fix arbitrarily α ∈ (0, ν] and C ≥ N. Then for each x ∈ X we have

1

t

∫ t

0

φ(eατ ||U(s + τ, s)x||)dτ ≤
1

t

∫ t

0

φ(C||x||)dτ = φ(C||x||)

whenever t > 0 and s ≥ 0. The conclusion follows now from Theorem 1.
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It is well-known that the strong measurability of a semigroup T is equivalent
with its strong continuity on (0,∞). See [7]. Then the above Theorem 1 can
be applied to a large class of semigroups. The next theorem shows that the
assumption on the continuity on (0,∞) of all the maps t → ‖T (t)x‖ (x ∈ X) can
be replaced by the assumption on exponential boundedness.

Theorem 2. Suppose that ϕ : [0,∞) → [0,∞) is a nondecreasing function with

limt→∞ ϕ(t) = ∞, and T = (T (t))t≥0 is an exponentially bounded semigroup of

bounded linear operators. Then T is uniformly exponentially stable if and only if

there exist two positive real numbers α and C such that

sup
t>0

1

t

∫ t

0

ϕ (eατ ‖T (τ)x‖) dτ ≤ ϕ (C ‖x‖) for all x ∈ X. (6)

The measurability of the map t → ‖T (t)x‖ (for each x ∈ X) follows from the
exponential boundedness of the semigroup. See [9] for details. In connection with
this remark, let us recall here that the dual of a strongly continuous semigroup
T = {T (t)}t≥0 is not necessarily strongly continuous. However, since T verifies
an estimate of the form

||T (t)|| ≤ Meωt for all t ≥ 0,

(for suitable constants M ≥ 1 and ω ∈ R), then a similar estimate works for
T ∗ = {T (t)∗}t≥0, which assures that the map t 7→ ||T (t)∗x∗|| is measurable for
each x∗ ∈ X∗.

The proof of Theorem 2 is based on the following fact that can be found in
[9]: If T = {T (t)}t≥0 is exponentially bounded and is not uniformly exponentially

stable, then there exists a positive constant K such that for all complex-valued

function γ ∈ C0(R+) with supt≥0 |γ(t)| = 1 one can find a norm-1 vector x0 ∈ X
with

||T (t)x0|| ≥ K |γ(t)| for all t ≥ 0.

In this case, by (6),

ϕ (C ‖x0‖) = ϕ (C) ≥ sup
t>0

1

t

∫ t

0

ϕ (eατ ‖T (τ)x0‖) dτ

≥ sup
t>0

1

t

∫ t

0

ϕ (Keατ |γ(τ)|) dτ

≥ lim sup
t→∞

1

t

∫ t

0

ϕ (Keατ |γ(τ)|) dτ

≥ lim
t→∞

ϕ
(

Keαt |γ(t)|
)

,

by l’Hospital Rule. Or, for a suitable choice of γ, we may have

lim
t→∞

ϕ
(

Keαt |γ(t)|
)

= ∞.

This shows that T should be uniformly exponentially stable.
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Corollary 2. Suppose that ϕ : [0,∞) → [0,∞) is a nondecreasing function with

limt→∞ ϕ(t) = ∞, and T = (T (t))t≥0 is an exponentially bounded semigroup of

bounded linear operators. Then T is uniformly exponentially stable if and only if

there exists a positive real number α such that

sup
t>0

1

t

∫ t

0

ϕ (eατ ‖T ⋆(τ)x⋆‖) dτ ≤ ϕ (C ‖x⋆‖) for all x⋆ ∈ X⋆.

The discrete versions of Theorem 2 and of Corollary 2 yield the fact that an
operator A ∈ L(X) is power stable if and only if it verifies one of the conditions
(3) and (4).

The natural assumption in Theorem 2 is the measurability of all the maps t 7→
||T (t)x||, for x ∈ X. We leave open the question whether Theorem 2 still works
when the condition of exponential boundedness is replaced by this apparently
weaker condition.

In this connection it is worth to mention the following easy consequence of
the Hölder inequality:

Let T = {T (t)}t≥0 be a semigroup of operators acting on X, and let p, q ∈
(1,∞) with 1/p + 1/q = 1. We assume that for each x ∈ X and each x∗ ∈ X∗

the maps t 7→ ‖T (t)x‖ and t 7→ ‖T (t)∗x∗‖ are measurable and moreover there

exists a positive real number α such that

sup
t>0

1

t

∫ t

0

epαs||T (s)x||pds < ∞

and

sup
t>0

1

t

∫ t

0

eqαs||T (s)∗x∗||qds < ∞.

Then the semigroup T is uniformly exponentially stable.
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40 Constantin Buşe and Constantin P. Niculescu

[4] R. Datko, Extending a theorem of A. M. Liapunov to Hilbert space, J.

Math. Anal. Appl. 32 (1970), 610-616.

[5] R. Datko, Uniform asymptotic stability of evolutionary processes in a Ba-
nach space, SIAM. J. Math. Analysis 3 (1973), 428-445.

[6] B. Z. Guo and H. Zwart, On the relation between stability of continuous-
and discrete-time evolution equations via the Cayley transform, Integr. Eq.

Oper. Theory 54 (2006), 349-383.

[7] E. Hille, R. S. Philips, Functional Analysis and semi-groups, Amer.
Math. Soc., Providence, 1957.

[8] W. Littman, A generalization of a theorem of Datko and Pazy, Lect. Notes

in Control and Inform. Sci. 130, pp. 318-323, Springer-Verlag, 1989.

[9] J. M. A. M. van Neerven, Exponential stability of operators and operator
semigroups, J. Funct. Anal. 130 (1995), 293-309.

[10] J. M. A. M. van Neerven, The Asymptotic Behavior of Semigroups of

Linear Operators, Birkhäuser Verlag, 1996.
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