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Stanley depth of complete intersection monomial ideals

by
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Abstract

We compute the Stanley depth of irreducible monomial ideals and we
show that the Stanley depth of a monomial complete intersection ideal is
the same as the Stanley depth of it’s radical. Also, we give some bounds
for the Stanley depth of a monomial complete intersection ideal.
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Introduction

Let K be a field and S = K|z1,...,z,] the polynomial ring over K. Let I C S
be a monomial ideal. A Stanley decomposition of I, is a decomposition D :
I = @, _,u;K|[Z;)], where u; € S are monomials and Z; C {z1,...,2,}. We
denote sdepth(D) = min]_, |Z;| and sdepth(/) = max{sdepth(D)| D is a Stanley
decomposition of I}. The number sdepth(I) is called the Stanley depth of I.
Stanley’s conjecture says that sdepth(I) > depth(I). The Stanley conjecture was
proved for n < 5 and in other special cases, but it remains open in the general
case. See for instance, [4], [6], [8], [1] and [3].

Let I C S be a monomial ideal. We assume that G(I) = (vy,...,v), where
G(I) is the set of minimal monomial generators of I. We recall some notations
from [7]. Let g = (g(1),...,9(n)) € N™ with v;|z? for all ¢ = 1,...,m, where
a9 = x‘f(l) - 28™ . We denote P} = {0 € N"| o < g and v;]|z” for some i}. If
P? =J._,[ci,d;] is a partition of P{, we denote p(d;) = #{j| di(j) = g9(j)}

Herzog, Vladoiu, Zheng proved in [7, Theorem 2.4] that there exists a partition
Ui_,lei, di] of P{ such that sdepth(I) = min{p(d;) : i € [r]}. Another result
from [7] says that if I C S is a monomial ideal and I.S[x,41] is the extension of I
in S[zy41] then sdepth(I.S[x,41]) = sdepth(I)+1. In [7], it was conjectured that
sdepth((z1,...,2,)) = [n/2]. Herzog, Vladoiu and Zheng reduced this question
to a purely combinatorial problem: to show that for any n, there exists a partition
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of P([n]) \ {0} = UI_,[X;,Y:] such that |Y;] > n/2 for all i. Csaba Biro, David
M.Howard, Mitchel T.Keller, William T.Trotter and Stephen J.Young give in [5,
Theorem 1.1] a positive answer to this problem.

In the first section, we compute the Stanley depth of monomial irreducible
ideals and show that this is the same as the Stanley depth of monomial prime
ideals, see Theorem 1.3. In the second section we show that the Stanley depth
of a monomial complete intersection ideal is the same as the Stanley depth of
it’s radical, see Theorem 2.1. Also, we give some bounds for this invariant in
Theorem 2.4.

1 Stanley depth of monomial irreducible ideals.

Lemma 1.1. Let vq,...,v, € Klza,...,2y] be some monomials and let a be a
positive integer. Let I = (x§v1,va,--- ,vm) and I' = (25T 01, vg, -+ ,v). Then
sdepth(I) = sdepth(I’).

Proof: Let g € N™ such that 29 = LCM (x%v1,va,+ -+ , V), where

Obviously, 9 := z129 = LCM (¢ vy, 09, ,vp). We denote P = PY and
P = PIg,/. According with [7, Theorem 2.4], we choose a partition J;_, [¢;, d;]
of P, with sdepth(I) = min{p(d;)| ¢ € [r]}. We will construct a partition
P = Ui_[c},d;] with min{p(d;)| i € [r]} = min{p(d})| i € [r]}. Therefore,
sdepth(I’) > sdepth(I).

Suppose |J._,[ci, d;] is a partition is a partition of P. We define:

K2

D Lk Z,fci(1><aandd§: d;, z.fdi(1)<a—1.
cite, ifc(l)y=a di+e, ifdi(1)>a—1

Note that p(d;) = p(d}) for all i € [r]. Indeed, d;(1) = ¢’(1) = a+ 1 if and only
if d;(1) = g(1) = a and d}(j) = g(j) if and only if d;(j) = g(j), for all j > 2. We
claim that |J;_, ¢}, d}] is a partition of P’

Firstly, we show that P’ = (J;_,[c},d!]. Let o € P'. If o(1) < a it follows

that o € P, thus o € [¢;,d;] for some i. Indeed, if o ¢ P then, since o € P’ it
follows that 2§ v; |27 and therefore (1) = a + 1, a contradiction.

If o(1) < a, it follows that ¢;(1) < a and therefore ¢, = ¢;. We get ¢} = ¢; <
d; < dj, thus o € [¢},d}]. If o(1) = a, it follows that d;(1) = a and d}(1) = a + 1.

Suppose o ¢ [¢},d}]. Since o — ey € P (this is true, because 0 € P/, o(1) #a+1

and thus z{"'v; does not divide z7) it follows that o — e; € [c;,d;] for some
j #i. But (6 —e1)(1) = a — 1 which implies d;(1) > a — 1. It follows that
o<dj+e = d;- and therefore o € [c;-, d;-], because c;- =¢j.

If 0(1) = a+ 1, it follows that o — e; € P and therefore o — e; € [¢;,d;] for

some i. Indeed, if z{ vy |27 then 2fv,|z7 ¢, else, if v;|27 for some j > 2 then
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vjlz?7¢. But (0 —e1)(1) = a and therefore d;(1) = a. We get 0 < d; + e = d}
and thus o € [}, d}].

(2t

Now, we must prove that for any ¢ # j, we have [c}, d;] ¢}, d}] = 0. Assume
by contradiction, that there exists some o € [c,d;] N [c},d}]. We consider two

cases.

(1) Cased;:dj. If 0(1) < a then 0 < d; and 0 > ¢} = ¢;. Asdj:d;Zaz
c; =c; we get 0 € [c;,d;] N [cj,d;] = 0, which is false. If o(1) > a then d}(1) > a
and so d;j(1) > a — 1. But then, d’ = d; + e1, a contradiction.

(2) Case d; > d;, d; > d;. If 0(1) < a then as before, 0 < d;, 0 < d; and so
o € e, di] N [cj, il = @ which is false. If 0(1) > a then 0 — ey < d;, 0 —e1 < d;.
On the other hand, if ¢;(1) < a then (1) =1 > ¢;(1) and so o —e; > ¢;, because
o(j) > ci(y) = cl-(j) for j > 1. Thus 0 —e; € [¢;,d;]. The same thing follows if
¢i(1) = ay because o — e; > ¢, — e; = ¢;. Similarly, 0 — e; € [¢;, d;], which gives
again a contradiction.

Suppose |J;_, [¢}, d}] is a partition of P’ with sdepth(I") = min{p(d})| i € [r]}.
We define

o, if (1) <a dj, if di(1) <a
c; = ) and d; = ;
ci—ey, ifcd(l)=a+1 di —er, if di(1) >

We may have [¢;,d;] = 0 for some indexes i. We claim that Ulesaij0lcis dil is
a partition of P. Suppose the claim is true. Note that p(d;) = p(d}) for all
1 < i <m. It follows that

min{p(d;)|i € [r]} < min{p(d;)|i € [r] and [c;, di] # 0}

and thus, sdepth(I’) < sdepth([).

Now, we prove the claim. Let o € P. If (1) < a, it follows that o € P’
and therefore o € [¢}, d}] for some i. Indeed, since o(1) < a it follows that z%v;
does not divide 27 and therefore, v;|z” for some j > 1. Since (1) < a we get
¢;(1) < a and therefore ¢; = ¢;. If d;(1) > a it follows d; = d} — ey, otherwise
d; = d}. In both cases, o(1) < d;(1). Thus o € [¢;,d;].

Suppose (1) = a. We have o+¢; € P’, because (c+e1)(1) = a+1. Therefore
o+e; € [¢},d}] for some i. It follows that d’( ) = a+1 and therefore d; = d; —e;.
On the other hand, o(1) < a. Thus, we get o € [¢;, d;].

Now, we must prove that for any i # j, we have [¢;,d;|N[cj,d;] = 0. If ¢; = ¢
and ¢; = ¢} it follows that [c;,d;] C [c},d}] and [c;,d;] C [c],d;] Thus, there

is nothing to prove. We can assume ¢; = ¢; — e;. In this case, it follows that
ci(1) = di(1) = a and [c;, di] = [c] — e1,d} — e1]. I (1) < a+ 1, then d;(1) <a

K3

and thus [¢;,d;] N [¢j,d;] = 0. Otherwise, d/( ) = a+1and d;j(1) = a. Let
o € [¢;,d;]. Obviously, o + e € [¢,d}]. On the other hand, if o € [¢},d;], then
o+ ey € [¢),d}], a contradiction. 0

The following theorem is a direct consequence of [5, Theorem 1.1] and [7,
Theorem 2.4].
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Theorem 1.2. sdepth((z1,...,z,)) = [2].

As a consequence of Lemma 1.1 and Theorem 1.2, we get.

Theorem 1.3. Let ay,...,a, be some positive integers. Then:

sdepth((z]*,...,z%)) = sdepth((x1,...,2y)) = {g—‘ .

In particular, sdepth((z]*,..., %)) =n—m+ (%1 forany 1 <m <mn.

m

Proof: We apply Lemma 1.1 several times. The second part of the theorem,
follows from [7, Proposition 3.6]. O

2 Stanley depth of monomial complete intersections

Theorem 2.1. Let I C S be a complete intersection monomial ideal. Then
sdepth(I) = sdepth(v/T).

Proof: Let I = (v1,...,v,,) C S be a complete intersection monomial ideal. If T
is square free, then there is nothing to prove. Otherwise, we may assume z?|v;.
By Lemma 1.1, sdepth(I) = sdepth((vy/x1,v2,...,vm,)). Thus, we can replace
I with (v1/x1,v2,...,vy) and than we apply the previous step. After a finite
number of steps, we must stop. The last ideal obtained with this algorithm will

be V1. 0O

Now, we prove a version of a result of Sumiya Nasir [9, Corollary 3.2] for
ideals.

Lemma 2.2. Let I' C S[xy+1] be a monomial ideal. We consider the homomor-
phism ¢ : S[xni1] — S, (xi) = x; for i <n and (xn41) = 1. Let I = o(I').
Then sdepth(I") < sdepth(I) + 1.

Proof: We choose a Stanley decomposition D' : I' = @._, u;K[Z]] of I’ with
sdepth(D’) = sdepth(I’). We claim that I = @zn+1€Z{ i /X1 K[ Z\ {@ns1}],
where a; is maximum integer such that z, 1% divides u;.

We consider a monomial w € anﬂezé Ui /X1 “ K[ Z] \ {zn41}], that is,
there exists ¢ € [r] such that w € w;/xp11“K[Z] \ {zn4+1}]. It follows that
Tpp1%w € w; K[Z] \ {Tns1}]- S0 Tpp1%w € I'. Since x,41 does not divide w it
follows that w € I.

In order to prove other inclusion we consider a monomial v € I. Since I =
@(I") we have !, yu € I’ for sufficiently large ¢. Then !, | ,u € u;K[Z]] for some
i€ [r]. a1 € Z then we get u € u;/xy  K[Z]\{%y41}]. Otherwise increasing
t we may suppose that z!, ., u € u; K[Z]] for some j € [r] with z,,11 € Z] and we
may continue as above.
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Now, we prove that this sum is direct. Let
V€ Ui /Tp1 " K[Z]\ {Zn1}] N uj /201 K[Z;\ {2n41}]

be a monomial for i # j. We have v = w;/Tn1%fi = u;j/2n1% f; where
fi € K[Z]\{zn11}] and f; € K[Z}\ {2 +1}] are monomials. We obtain vz, | €
u; K[Z[]Nu; K[Z}] where a = max{a;, a;}, since v, 41 € K[Z]], K[Z}] and thus, we
get a contradiction. Hence I = @MHEZ; Ui/ Tnp1% K[Z]\ {Zn+1}] and therefore
sdepth(I) + 1 > sdepth(I’). O

Corollary 2.3. Let I C S be a monomial ideal with G(I) = {vy1,...,vm}. Let
S' = S[xps1] and I’ = (v1,. .., Vm—1, Tnt1Um). Then sdepth(I’) < sdepth(I) +1.

Theorem 2.4. Let I C S be a monomial complete intersection ideal. Then:
14+ n—m <sdepth(J) < [%—‘ +n—m.
In particular, 1 satisfy the Stanley’s conjecture.

Proof: The first inequality is a particular case of [7, Proposition 3.4]. Moreover,
depth(I) = n — m + 1 and thus sdepth(I) > depth(/). In order to prove the
second assertion, we consider a monomial complete intersection ideal I C S. By
Theorem 2.1, we can assume that I is square free. Let I = (vy,...,v), where
v1,...,Umn 1S a regular sequence of squarefree monomials in S. We use induction
on n. The case n = 1 is obvious. If I is generated by variables, then Theorem
1.3 implies sdepth(I) = [2] +n — m. Otherwise, we can assume that z,|v;,
and supp(vm) \ {zn} # 0. We denote J = (v1,...,0m/xn) N K[21,...,2n-1]. By
induction, it follows that sdepth(J) < {%1 4+ n —m — 1. Thus, Corollary 2.3
implies sdepth(I) < sdepth(J) 4+ 1 < [Z] + n — m, as required. O

Open problem 1. If I C S is a monomial complete intersection ideal, then
sdepth(I) = [2] +n —m.

Herzog, Vladoiu and Zheng show in [7] that this conjecture is true for n < 3.

Example 2.5. Let I = (z1,22) C Klx1,22]. With the notations of Corollary
2.3, we have I' = (x1,x923) C K[x1,29,23]. We consider the following Stanley
decomposition of I':

I/ = l‘g.’L‘gK[.’El, o, 1‘3} (&) .’ElK[l'l, .’133] (&%) 371.’1?2[([.’1717 .’172].
Then I = 29K |21, x2) @ 21 K[x1] is a Stanley decomposition of I.

We recall some definitions from [6]. A Stanley space uK[Z] is called square-
free, if u € S is a squarefree monomial and supp(u) C Z. A Stanley decomposition
of I is called squarefree if all its Stanley spaces are squarefree. We shall use the
following notation: for F' C [n], we set 2 = [[,cp 2 and Zp = {x4|i € F'}.
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Remark 2.6. Let I C S be a squarefree monomial ideal. Then I has square-
free Stanley decompositions. For instance, @ pc () »per TFK[ZF] is a squarefree
T

Stanley decomposition for I. Moreover, if D : I = @,_, v;K[Z;] is a Stanley
decomposition for I, then, by the proof of [7, Theorem 2.4],

D:I= @ul squarefree ulK[Zl U Supp(ul)]

is a (squarefree) Stanley decomposition for I. Note that sdepth(D’) > sdepth(D)
and therefore

sdepth(I) = max{sdepth(D)| D is a squarefree Stanley decomposition for I}.

An algorithm to compute a squarefree Stanley decomposition for an arbitrary
squarefree monomial ideal I C S was given by Imran Anwar in [2, Lemma 2.2].

Remark 2.7. Let I C S be a squarefree monomial ideal with G(I) = {v1,..., v}
Let I" = (v1,...,Um-1,vmy) C Sly]. Suppose I = @P._, u;K[Z;] is a squarefree

Stanley decomposition of I. One can easily see that IS[y] = @._, u;K|[Z; U{y}].

Since I’ C IS[y], it follows that

T

I'=PwK[Z; u{y}InT).

i=1

We can refine this direct sum to a squarefree Stanley decomposition D’ of I'.
As the following example shows, the decomposition of I’ obtained may have
sdepth(D’) < sdepth(I”).

Example 2.8. Let I = (x1,29,23) C Klx1,29,23] and I' = (z1,29,2324) C
K[z, 29,23, 24]. We consider the following (squarefree) Stanley decomposition
of I:

I = 1‘1$21’3K[ZE1,1¢2,$3] [S2) 1‘1K[1‘1,1‘3] (&) CEQK[LIZl,ZCQ] ) 1‘3K[1‘2,1‘3].

Since x1 € I' it follows that x1xow3K[x1, T2, T3, 24)NI' = 212023 K |71, T2, T3, T4].
Similarly,

$2K[.’L‘1,$2,$L’4] NI = .’1?2K[$1,:L‘2,334]
and z1 K[z, 23, 24) NI = 21 K21, 23, 24]. Also,
IgK[IQ,CCg,JM] n I = ,1331‘4K[1‘2,I3,I4} S5 I2$3K[$2,I3].

Thus, I' = x1x0x3K[11, T2, 73, 24] B 22 K[21, T2, 4] & 21 K21, T3, T4]D
Prsry K[z, 13, 24] & wox3K |22, 23]. On the other hand, by [7, Proposition3.8],
we have sdepth(I’) = 3.
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