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An application of Dirichlet L-series to the computation of
certain integrals *

by
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Abstract
In this article we compute integrals of the form

1 q—1 n—1
/ don1X—q (M) In <ln l) da,
0 11—z T
where x4 is the odd Dirichlet character (mod ¢). The argument is based on

the theory of L-series due to Dirichlet. Our formulas were initially found
via the PSLQ algorithm of H.R.P. Ferguson.
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1 Introduction

In the book of I. S. Gradzhteyn and I. M. Ryzhyk [11], the following two formulas
may be found:

1 3
/ In <lnl) dv_ _ T In r(3)
0 ) 1+22 2 (1)

1 2
1 dx ™ F(*) 1/3
In(ln-)——p=—2I 32 (2m)"/ ¢ L (L2
/0 n(nw>1—|—x+x2 \/gnlr(é)(w) ,  at page 57 (1.2)

Other intricate integrals reduce to these ones via a change of variable, for example,

/2 1 1
/ In(Intanz) dz = / In (hq ) dixw
/4 0 ) 1+x

*Paper presented to the 6th Congress of Romanian Mathematicians, Bucharest, June 28-July
4, 2007.

\/27r1 , at page 532 (1.1)

and
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or can be deduced by algebraic manipulations, as it is the case of

! 1 dx o [5 1
mn({ln=) ———— =2 |Zm2r—InT(=)]. 1.
/o “(“w)lxw ﬁ[ﬁ‘“’r : (6” (13)

See [11], page 572.
The right way to approach these formulas comes from the Dirichlet L-series
theory. In fact, both are of the form

q—1
VS et
I_,= / n=1 In (ln ) dz, (1.4)
O x

1—ax9

where x_, is the odd Dirichlet character (modq). More precisely, the integral
(1.1) corresponds to the odd Dirichlet character (mod 4),

1 if n=1 (mod4)
X—4:2Z—{-1,0,1}, x_4(n)=< -1 if n=3 (mod4)
0 if n=0,2 (mod4)

while the integral (1.2) corresponds to the odd Dirichlet character (mod 3),

1 if mn=1(mod3)
X-3:2Z—{-1,0,1}, x_3(n)=< -1 if n=2 (mod3)
0 if n=0 (mod3)

The aim of this paper is to compute in compact form all integrals of the type
(1.4). Similar integrals were computed by V. Adamchik (see [1] or [2]), but our
approach is different.

2 Background on Dirichlet characters

Let m € N* and f a multiplicative morphism from (Z/mZ)* into {—1,1}. The
function

X:Z—>{—1,0,1};X(n):{ f(”n(l)‘)dm) i Ezzgzi (2.1)

is called a Dirichlet character (mod m).

A character is even if x (—n) = x (n) for all n, and odd if x (—n) = —x (n)
for all n.

The trivial (or the main) character is given by

1 if (n,m)=1
Xo,m(n){ 0 if (n,m)#1.
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Some properties of the Dirichlet character (mod m):

If my is a multiple of m we define the induced character (mod mq):

Gz 0, wm={ X 2

A primitive character (mod m) is a character that cannot be induced by any
other character.
Examples of primitive characters (see [9], [16], [13] for details):

e x1(n)=1,
1 if n=1 (mod3)
e x_3(n)=¢ =1 if n=2 (mod3)
0 if n=0 (mod3),
1 if n=1 (mod4)
e x_4(n)=¢ —1 if n=3 (mod4)
0 if n=0,2 (mod4),
1 if n=1,4 (mod5)
e x5(n)=¢ —1 if n=2,3 (modH)
0 if n=0 (modb),
1 if n=1,2,4 (mod7)
e x_7(n)=¢ -1 if n=23,56 (modT)
0 if n=0 (mod7),
1 if n=1,3 (mod8)
e x_s(n)=¢ —1 if n=5,7 (mody)
0 if n=0,2,4,6 (mod8),
1 if n=1,7 (mod8)
e xs(n)=¢ —1 if n=3,5 (mod8y)
0 if n=0,2,4,6 (mody),
1 if n=1,3,4,5,9 (mod11)
e x_11(n)=4¢ -1 if n=2,6,7,810 (mod11)
0 if n=0 (modll),
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1 if n=1,11 (mod12)
e xi2o(n)=4¢ —1 if n=57 (modl12)
0 if n=0,23,4,6,8,9,10 (mod12).

Notice that x1, x5, Xs,X12 are even primitive characters while x_3 x—4,X—7, X8, X—11
are odd primitive characters.
Examples of induced characters:

- 1(n) if (2,n)=1 1 if n=1(mod?2)
'XQ("):{XO it (2,n) #1 :{0 if n=0(mod2) ’

- _J x=s(n) if (6,n)=1
'X—G(")_{ 0 if (6,n)#1
1 if n=1 (m0d6)
=¢ -1 if n=5 (mod6)
0 if n=0,23,4 (mod6),

'X“’("):{ R A I 0F
. %10 (n):{ Xs(n) if (10,n) =1

0 if (10,n)#1

1 if n=1,9 (mod10)
=< -1 if n=3,7 (mod10)
0 if n=0,2,4,56,8 (mod10).

=

X2, X10 are even induced characters and y_g, X—9 are odd induced characters.
The Dirichlet L function is the complex function

L(s,x) = %, Res > 1, (2.2)
n=1

The function ¢ of Hurwitz is the complex function
o0

1
s,a) = —— =, Res>1,0<a<l. 2.3
=3 s (23)
This function has an analytic extension to C\{1}, with a simple pole at s = 1.

See [15], pp. 265-267.

Remark 1. If x is a character (mod k) andn = gk+r,1 <r <k, ¢=0,1,2,...,
then
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In particular,

tor= () -<(-2)
tor= £((-3) ()

Lemma 1. The L — series of Dirichlet is absolutely convergent for Res > 1 and
convergent for Res > 0. Moreover L (s,x) is analytic on the entire complex plan
if x # x1, while L (s, x1) has a pole at s = 1.

and

The following are known:
Lemma 2. (See [3], pp.171 and 262) Every x character (mod k) has the form
x(n)=vn)xo(n), neZ (2.4)

where xo is the main character (mod k) and ¥ is a primitive character (mod d),
for some d|k. Moreover,

L(s,x)=L(s,%) [] (1 - w}f@) : (2.5)
plg

For example, since x_¢ = X—3X0,6, We have
X-3(2) X-3(3) 1
L(s,x-¢) = L(s,x-3) (1—23) (1—38 =Lsx-s) (145 )

Lemma 3. (See [5], p. 303) For A > 0, the primitive L-series verifies the
following formulas:

i) L(s,x-a)=2°T""LATFL20 (1 — s) cos () L_a (1 — 5,x-a);

ii) L(s,xa) = 257" LATSH2T (1 — s)sin (5F) La (1 — 5, xa) -

Lemma 4. (See [5], p.294) If L is the primitive series of Dirichlet, then

7/ (3v/3) if A=-3
/4 it A=-4

LLxa) =9 [h(A)/V=A if A<-4 (2:6)
2h (A)In(e) /VA if A >1,
where, according to Zucker and Robertson for A > 0,
=
h(=8)=—% Y nox-a() (2.7)
n=1
and
= '
h(A)ln(e) = —3 Xxa (n) - Insin — (2.8)
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In particular,

L(LXJ)ZW, L(l,)(,g)zz\/57 L(1,x 11)—\/?,
L<17><5>=%1 ( **f> L<1,x8>=%1n(1+ﬁ),
L(17X12):%1n(2+\/§).

3 Main results

Theorem 1. If x_a is an odd primitive character (mod A) then

A-1
1 2 X-a(n)an

n=1 1
/0 T 1n<1n$)dx

o (LR if A=3
_ wln( (3f/4>) if A=4

\/WZ{IDQTF—TZ_%X_A(T)IHF(E)} if A>4

Proof: We start with some general considerations.
The change of variable ¢t = nz in the integral

F(s)z/ et tdt
0

gives us
F(s)z/ e " (nz)* 'ndz=n / e "5
0 0
so that
OOX(”‘)_OOX(”) S > —nz,_ s—1
T (s)L(s,x)=T1(s))_ pr => P} dz =
n=1 n=1
:ZX(n)/ e 25T 1dz—/ (ZX "2> 71z
n=1 0

A new change of variable (z = e™*) leads us to the formula

P 0= (iﬂn)x") (m;)dj
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Assuming that the main period of x is ¢, then for |x\ < 1 we have

[e%e} oo g—1
INCEED SRR RS TR
n=1 m=0n=1 n=1m=0

q— oo Z x (n)

SINCED R
n=1 m=0 1—a1
Therefore
qg—1

Now it is worth to notice that

1~ 74 (3.1)

s=1
In our case, x = x—a is an odd primitive character (mod A), so by Lemma 3
i) we have

L(s,x—a)=2°7m""TA7*+/20 (1 — ) cos (%) L(1—-s,x-n)-.

By Lemma 4,
1/3 if A=3
1/2 if A=4
L(O7X*A) = JE é—l
VA, nzzzl nx_a(n) if A>4
1/3 if A=3
1 if A>4.
According to Remark 1,
1= r
L(s,x-a)= %3 Tz::l X-a(r)¢ (S, Z) :
Since I (a)
"(0,a) = In a 3.2
¢ 0.0 =2 (:2)
(see [15], p. 271) we obtain
-1 I'(1/3) : _
In3+1In FF(%? ?f A=3
L,(07X—A): ln2+1 F(3/4) lf A:4

—InA+ Z X-a(r)InT (%) if A>4.
r=1
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By replacing s by 1 — s in formula i) of Lemma 3, we get

T(s)L(s,x-n)= @ (2A7T>SCSC (%) L_A(l—s,x-n),

which leads to

%{%111%—1—%11134—111?%33} if A=3

d T ™ r(3/4) . B
£F(S)L(s,x_A) = 5{%1115-1-1112—1—11111(1/4)} if A=4
s=1 A—1
\/”Z{ln%'— 721 X—A (r)lnf(g)} it A>4

The final result is now an easy consequence of the formula for the function T,

[(s)D(1—s)=

, 0<s<l, (3.3)

sin s

see [15], p. 239. 0

Theorem 2. If x_, is an odd character (mod q) induced by an odd primitive
character x_a (mod A), then

B PN e S JLLY B (1_><—A<m)7

p—x-a(p) p
plg plg
b prvme p prime
where
7/ (3V3) if A=3
/4 if A=4
L(laX—A) = A—l/ f

s

— \/Zzln-x,A(n) Zf A > 4.

Proof: The basic remark is formula (3.1), established above. By Lemma 2,

L(s,x-) = L(s,x-a) |] <1_><;<p>>
plg
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which leads to

ds ds
plg
p prime
d X-a (p)
plg
p prime
-1
ST Lisva) [T <1_XA(P)) qZ: X-a (p)Inp
’ P° p—x-a(p)
plg pla
p prime p prime
Therefore J
—TI'(s)L_
L L)
equals
() L(sxn)|  +TA)L(1xn) Z X-a lnp
ds s=1 P—X-A )
pla
p prime
X-A (P))
X 1- ==
H ( p
plg
p prime
X-a (p)lnp ( X—A(p))
=|Il_-A+L(1,x_ e 1] - &4———
(1. x-a) Z p—Xx-a(p) 11 P
plg plg
p prime p prime
and the proof is done. 0

4 Applications
Our first application is the formula
1 2 5 7
1 rez)-r(s
/ +x4 In (ln )dm—ﬂln %(8) . (4.1)
To prove this, we have to remark that

7
1> X-s(n)z" !

1 2
1 1 — 1
/ el In{In— |dxr= / n=1 In{ln—|de=1_g,
o 1+a* x 0 1—a8 x
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where y_g is the odd primitive character. By Theorem 1,

e

7 {ln2ﬂ' - éxg (r)InT (r)}

8

e () () e () o ()

_ 7 Jior oy ER)T
_\/é{l 27 +1 F(%)F

o)

and it remains to take into account the formula 3.3.
A second application concerns the formula

1
/ 14 2%+ 22+ 223 + 2

In (1 ! d T 12 +1 F(%)F
n n— Xr = 127 n
I1+o+ad3+at 425426 T VT r(i

0

In this case,

Dl 22 4+ 2% + 228 4 2t 1
In{In— |dx
o l+z+a3+at+a5+ab

By Theorem 1,

I .= % {mzw - é;m(k) InT (i)}

- e () e (2) o () e ()
swr () +ur (3)}

_ r(zr
—\/?{IHQTI'—FIHF(% T

A third application is provided by the formula

1 2 33/4F3 2
/ L In { In 1 de = —~1In 7(3) : (4.3)
o I+z+22)(1—x+22) x V3 7. 27/6
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In fact,

/1 Lo In lnl dz
o I+z+22)(1—a+2?) x

5
1 2 X-s(n)a" !
n=1

1
:/0 =6 In (hlx) dr =1_g,

where x_g is the odd character induced by odd primitive character y_3. So we
can apply the Theorem 2. By Theorem 1,

so that

e () (2)
<(1-52) (1- =)

— <1—3+L(1,x—3) (_ In?2 )

-3(-3%)

_ VT, (‘/§F2 @)) ~ m/3In2

18

()
3 - 27/6
A final application is provided by the formula
14 a? 1 3 (2)
/iln In—)de=—=lIn|—— 23/ ; (4.4)
1—x+a? T V3 (2m)/3 . 21/3
0

that appears in the book of I. S. Gradzhteyn and I. M. Ryzhyk [11], p. 572, under
the following equivalent form:

! 1 dx o 5 1
n({ln=) ————— =2 |Zm2r—InT(=)]. 4.
/<>1+ \/3[6]” ! (6)] (45)
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In fact
1 2
I:/ Hizln 111l dx
o 1—a+a? x
1 2 1
1 1 1 1
:2/ Rk In{Iln— dx—/ ———In{ln—)dz.
0o I+z+22)(1—2a+2?) x o 1+z+a? x

and it was already noticed that

! 1 1
W (m=)dz=1s
o 1+a+a? x

o 33/473 (3) T V31?2 ( )
I=26—-13= ﬁln <7r27/63> - ﬁl < (2m)*/?

_om (3G )
V3 \ (2m)'? 218

By using the duplication formula

Then

22710 () T <s + ;) = 7/21 (2s) . (4.6)

(see [15], p. 240) and the formula 3.3 cited above, we can establish the equivalence
of the formulas (4.4) and (4.5).

5 How computers can help us

In our Computer Era, the interest for formulas of any kind aroused considerably
in an attempt to replace human been by machine. Trying to avoid some contro-
versial issues, we will mention here the existence of the powerful PSLQ algorithm
(developed in 1991 by H.R.P. Ferguson), that is able to detect integer relations
of special constants (see [12]).

For example, the numerical methods give us

f1+a; ( 913>dx

(1+ :L‘4
~ —.2989635353504119097386984364488063077154.

and the PLSQ algorithm based program offers for the right hand side the guess

Jiy=In (Féf/l"l:/(?f)).
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We proved rigorously this formula as application (4.1).
Similarly, in the case of

VT (14 20+ 2® + 22% 4 2t 1
Joo [ YTOF 202 x))ln(ln)dx

o T(1+a+ x84 2+ 2® + 26
~ —.5615799749078124816498893387317537687973.

)

the PLSQ algorithm based program offers the guess

3 5 6
J2—1n<2W-F(I)F(7)F(Z
7

FErEr(

A rigorous proof is offered by application (4.2).
For

Jg/olw( v3(1+a?) 2)ln<ln316>dx

l+z4+22)1—a+x
A —.2199915545590167272228424465796706555926.

the PLSQ algorithm based program offers the equivalent guesses:

BT TE) L (FER) ()
m( Var L e ol R vzl B

which are correct, see (4.3).
The same works for

1 3 (1 2
J, = Mln 1nl dx
o m™(1—x+2?) x

~ —.3703384261409051151212601644904693816874.

The PLSQ algorithm based program indicates as possible value

() ) (e
(2m)*/3 . 21/3 (2m)'/3

which is indeed the case, by our formula (4.4).
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